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FOREWORD 


The  sixth  'Aha  Huliko'a^  Hawaiian  Winter  Workshop  was  held  from  January  15 
to  18, 1991  at  the  East-West  Center  in  Honolulu,  Hawaii.  The  topic  was  the 
"Dynamics  of  oceanic  internal  gravity  waves." 

The  workshop  marked  a  deep  penetration  into  the  subject  of  internal  waves  and 
mixing.  Progress  in  theory  and  observations  have  advanced  the  field  to  the  point 
where  it  becomes  feasible  to  construct  a  global  model  to  predict  the  internal-wave 
field  and  diapycnal  mixing.  The  participants  were  tasked  to  assess  the  physical 
basis  for  such  a  model.  Their  lectures  are  published  in  these  proceedings  as 
submitted  in  camera  ready  form  by  the  authors.  The  order  of  the  papers  loosely 
follows  the  agenda  of  the  workshop,  covering  observations  of  internal-wave 
induced  mixing,  the  theory  and  modeling  of  specific  dynamical  processes,  and  a 
discussion  of  major  issues  such  as  tidal  versus  wind  forcing  or  interior  versus 
boundary  mixing.  Also  included  is  a  summary  of  the  meeting,  which  appeared  in 
Eos,  Transactions  of  the  American  Geophysical  Union. 

The  workshop,  made  possible  by  a  grant  from  the  U.S.  Office  of  Naval  Research, 
was  hosted  by  the  Department  of  Oceanography  of  the  newly  established  School  of 
Ocean  and  Earth  Science  and  Technology  of  the  University  of  Hawaii.  The 
excellent  facilities  of  the  East-West  Center  and  the  capable  staff  directed  by  James 
McMahon  contributed  greatly  to  the  success  of  the  meeting.  The  local  organization 
and  logistical  arrangements  were  expertly  and  cheerfully  handled  by  Crystal 
Miles.  This  proceedings  volume  came  into  existence  through  the  creative  and 
dedicated  research  of  the  scientists  who  gathered  in  Hawaii  and  provided  the 
articles  that  follow  and  with  the  help  of  Brooks  Bays,  May  Izumi,  and  Paula 
Yoshioka. 

Peter  Muller  Department  of  Oceanography 

Diane  Henderson  School  of  Ocean  and  Earth  Science  and  Technology 

1000  Pope  Road 
University  of  Hawaii 
Honolulu,  HI  96822 


t'Aha  Huliko'a  is  a  Hawaiian  phrase  meaning  an  assembly  that  seeks  into  the 
depth  of  a  matter. 


Accesion  For 


Oy 
Q  . 


This  work  is  related  to  Department  of  the  Navy  Grant  N-00014-90-J-4010  issued 
by  the  Office  of  Naval  Research.  The  U.S.  Government  has  a  royalty- *.Vee  license 
throughout  the  world  in  all  copyrightable  material  herein. 


UNCLASSIFIED 


r 


r 


SECURITY  CLASSIFICATION  OF  THIS  PAGE 


REPORT  DOCUMENTATION  PAGE 


U  REPORT  security  CLASSIFICATION 

Unclassified 


lb  RESTRICTIVE  MARKINGS 


2a  security  CLASSIFICATION  AUTHORITY 


,2b  DECLASSIFICATION /DOWNGRADING  SCHEDULE 


3  DISTRIBUTION /AVAILABILITY  OF  REPORT 

Approved  for  public  release; 
distribution  unlimited 


4,  PERFORMING  ORGANIZATION  REPORT  NUMBER{S) 


S  MONITORING  ORGANIZATION  REPORT  NUMBER(S) 


6«  NAME  OF  PERFORMING  ORGANIZATION 
School  of  Ocean  and  Earth 
Science  and  Technology 


6b.  OFFICE  SYMBOL 
(If  applicahit) 


7a.  NAME  OF  MONITORING  ORGANIZATION 

Office  of  Naval  Research 


a.  ADDRESS  (City,  Stare,  and  ItPCodt) 

Department  of  Oceanography*  Univ.  of  Hawaii 
1000  Pope  Road 

Honolulu  I  ttl  .36822 _ 


7b.  ADDRESS  (C/ty,  State,  and  ZIPCodt) 
Department  of  the  Navy 
800  N.  Quincy  Street 
Arlington,  Virginia  22217 


8a.  NAME  OF  FUNDING /SPONSORING 
ORGANIZATION 


Bb.  OFFICE  SYMBOL 
(If  applUablt) 


9.  PROCUREMENT  INSTRUMENT  IDENTIFICATION  NUMBER 

K00014-90-J-4010 


Be.  ADDRESS  (City,  Staff,  and  ZIP  Coda) 


10.  SOURCE  OF  FUNDING  NUMBERS 


PROGRAM 

PROJECT 

TASK 

ELEMENT  NO. 

NO. 

NO 

4222922-02 

WORK  UNIT 
ACCESSION  Ni 


It.  TITLE  (IntIudt  Security  Classification) 

Dynamics  of  Oceanic  Internal  Gravity  Waves 


12.  PERSONAL  AUTHOR(S) 

MUller,  Peter  and  Henderson,  Diane  (eds.) 


13a.  TYPE  OF  REPORT 

Workshop  Proceedings 


13b  TIME  COVERED 
FROM  7/1/90  TO  12/31/9 


14.  DATE  OF  REPORT  (Year.  Month,  Day) 

November  1991 


15  PAGE  COUNT 

520 


16.  supplementary  NOTATION 

Proceedings,  'Aha  Huliko'a,  Hawaiian  Winter  Workshop,  January  1991,  Honolulu,  Hawaii 


1  17.  COSATI  COOES  | 

FIELD 

GROUP 

SUB-GROUP 

IB  SUBJECT  TERMS  (Continue  on  reverse  if  necessary  and  identify  by  block  number) 
internal  gravity  waves,  inertial  oscillations,  internal 
tides,  flnestructure,  vortical  motion,  nonlinear  inter¬ 
ne  t  ion  ,’  mixing  ; _ 


19.  ABSTRACT  (Continue  on  reverse  if  necessary  and  identify  by  block  number) 

These  proceedings  contain  the  lectures  given  at  the  sixth  'Aha  Huliko'a  Hawaiian 
Winter  Workshop  on  "Dynamics  of  oceanic  internal  gravity  waves"  and  a  summary  of 
the  workshop,  which  appeared  in  Eos,  Transactions,  American  Geophysical  Union. 

The  lectures  and  the  summary  cover  the  major  aspects  of  Internal  wave  dynamics  and 
internal  wave  Induced  mixing. 


92 


20  DISTRIBUTION /AVAILABILITY  OF  ABSTRACT 

UNCLASSIFIED/UNLIMITED  □  SAME  AS  RPT.  □  OTIC  USERS 


21.  ABSTRACT  SECURITY  CLASSIFICATION 

Unclassified 


22*  NAME  OF  RESPONSIBLE  INDIVIDUAL 


22b  TELEPHONE  (Include  Area  Code)  22c.  OFFICE  SYMBOL 


DDFORM  1473, 84  mar 


83  APR  edition  may  be  used  until  exhausted 


cgrimiTv  ri  AccitirATi/-M.i  r,c  tu.c  pa/tc 


cooo-vjocnj^coro 


PARTICIPANTS 

1.  Peter  Muller 
Crystal  Miles 
Dave  Ramsden 
Chris  Garrett 
Alex  Warn-Varnas 
Ken  Watson 
Mel  Briscoe 
Greg  Holloway 


Mike  Gregg 


10.  Tom  Dillon 


11. 

Trevor  McDougall 

19. 

Frank  Henyey 

27. 

Gary  Geernaert 

12. 

Henry  Abarbanel 

20. 

Eric  Kunze 

28. 

Dave  Siegel 

13. 

Rob  Pinkel 

21. 

Dave  Rubenstein 

29. 

Eric  D’Asaro 

14. 

Dave  Fritts 

22. 

Ren-Chieh  Lien 

30. 

Eric  Hirst 

15. 

Colin  Hines 

23. 

Kraig  Winters 

31. 

Denis  Gilbert 

16. 

Tom  Sanford 

24. 

Steve  Anderson 

32. 

Claude  Frankignoul 

17. 

Murray  Levine 

25. 

Jim  Riley 

Charlie  Eriksen 

18. 

Terry  Ewart 

26. 

Lauiie  Padman 

Naihuai  Xu 

Table  of  Contents 


Foreword 

Participants 

Internal  Wave  Shear  and  Dissipation 

Michael  C.  Gregg,  D.P.  Winkel,  and  Thomas  B.  Sanford 

Internal  Wave  Dissipation  in  a  Non-Garrett-Munk  Ocean 

L.  Padman,  T.M.  Dillon,  H,W.  Wijesekera,  Murray  D.  Levine, 

C.A.  Paulson,  and  Itebert  Pinkel 


Testing  the  Critical  Reflection  Hypothesis 


Denis  Gilbert 

Observations  of  Near-Inertial  Internal  Waves  and  Mixing  in  the  Seasonal 
Thermocline 


Charles  C.  Erikson 


On  the  Statistics  of  Pine  Scale  Strain  in  the  Thermocline 

Robert  Pinkel  and  Steven  Anderson 

Spatial  Structure  of  Thermocline  and  Abyssal  Internal  Waves 

Thomas  B.  Sanford 

Estimates  of  Small-Scale  Horizontal  Divergence  and  Relative  Vorticity  in 
the  Ocean 

Ren-Chieh  Lien  and  Peter  Muller 

Measurements  of  Ertel  Vorticity  Finestructure  in  the  Easitern  North 
Atlantic 

Eric  Kunze  and  Thomas  B.  Sanford 

Symmetry  Preserving  Mode  Truncations  of  Inviscid  Geophysical  Fluid 
Dynamical  Equations 

Henry  D.I.  Abarbanel  and  Ali  Rouhi 


Weak  Wave  and  Vortex  Interactions 

James  J.  Riley,  Marie-Pascale  G.  Lelong,  and  Donald  N.  Slinn 

Internal  Wave-Wave  Resonance  Theory:  Fundamentals  and  Limitations 

Eric  Hirst 


iii 

V 


1 


31 

53 


71 

89 

109 


143 


157 


179 

193 

211 


Choosing  Variables  for  Internal  Wave  Dynamics 

Frank  S.  Henyey  227 

Is  Scattering  or  Reflection  More  Effective  in  Causing  Boundary  Mixing? 

Naihuai  Xu  and  Peter  Muller  237 


On  the  Exchange  of  Energy  Between  Surface  and  Internal  Wave  Fields 

Kenneth  M.  Watson  251 

The  Saturation  of  Middle-Atmosphere  Gravity  Waves 

Colin  0.  Hines  261 

Diagnosi’-iC  Diapycnal  Mixing 

Kraig  B,  Winters  and  Eric  A.  D’Asaro  279 

Energy  Transfers  Across  an  Internal  WaveA^ortical  Mode  Spectrum 

Dave  Ramsden  and  Greg  Holloway  295 

Large-Eddy  Simulation  of  Internal  Wave  Motions 

David  A.  Siegel  315 

Numerical  Modeling  of  the  Large-Scale  Dynamics  of  Internal  Waves 

David  Rubens tein  341 


Parameterizing  Mixing  in  Inverse  Models 
Oceanic  Model  Testing 


Trevor  McDougall 


Claude  Frankignoul 

Acoustic  Implications  of  a  New  Model 

Terry  Ewart  and  Stephen  Reynolds 

Inferences  of  Gravity  Wave  Processes  From  Atmospheric  Spectra 

David  C.  Fritts 


355 

387 

399 

417 


Paradigm  Lost? 


Chris  Garrett 

A  Strategy  for  Investigating  and  Modeling  Internal  Wave  Sources  and  Sinks 

Eric  A.  D’Asaro 


433 

451 


Observing  Oceanic  Internal  Waves:  What  have  we  learned?  What  can  we 
learn? 

Murray  D.  Levine  467 

Overview  of  Ocean  Background  Conditions  and  Modeling  of  Internal  Waves 

Alex  Warn-Varnas  481 


Internal  Gravity  Waves  and  Mixing 

Peter  Muller,  Eric  A.  D’Asaro,  and  Greg  Holloway  499 


INTERNAL  WAVE  SHEAR  AND  DISSIPATION 


M.  C.  Gregg,  D.  P.  Winkel,  and  T.  B.  Sanford 

Applied  Physics  Laboratory  and  School  of  Oceanography,  College  of  Ocean  and  Fishery 
Sciences,  University  of  Washington,  Seattle,  Washington,  98105-6698 


ABSTRACT 

With  the  Multi-Scale  Profiler  (MSP),  we  are  able  to  obtain  shear  spectra  extending 
from  vertical  scales  of  hundreds  of  meters  to  the  viscous  cutoff  of  small-scale  turbulence. 
Comparing  shear  spectra  from  five  sites  reveals  varied  spectral  shapes  and  amplitudes  over 
0.01-0.1  cpm  (cycles  per  meter).  The  amplitudes  converge,  however,  near  0.14  cpm,  just 
beyond  the  start  of  the  rolloff  of  the  internal  wave  range  of  the  spectrum.  Cross-spectra  of 
the  u  (east)  and  v  (north)  velocity  components  reveal  significant  coherence  squared, 
phases  of  «  ±90®,  and  corresponding  asymmetries  in  clockwise  and  anticlockwise  rotary 
spectra  at  the  beginning  of  the  rolloff  in  most  spectra.  We  interj^ret  these  signatures  of 
near-inertial  motions  as  evidence  that  the  rolloff  is  caused  by  critical  layer  interactions  of 
waves  having  vertical  scales  of  about  10  m  being  advected  by  larger-scale  waves.  Similar 
signatures  occur  irregularly  throughout  the  rolloff  range,  usually  0.1-1  cpm,  consistent 
with  critical-layer  interactions  continuing  with  increasing  wavenumber  until  the  waves 
break  down  into  turbulence.  For  waves  close  to  the  Garrett  and  Munk  spectrxun  (GM76), 
this  breakdown  occurs  at  wavenumbers  larger  than  1  cpm.  Owing  to  the  variety  of 
spectral  shapes  at  low  wavenumbers,  variances  of  kinetic  energy  and  shear  do  not  change 
in  the  same  proportion  when  spectra  depart  from  GM76.  Spectra  from  low  latitudes  in 
the'  central  Pacific  fail  to  exhibit  the  inverse  dependence  on  ihe  Coriolis  parameter,  /, 
predicted  by  Munk  (1981).  Their  shape  also  differs  substantially  from  GM76.  Some  have 
lower  kinetic  energies  than  mid-latitude  spectra  but  retain  comparable  shear  variances.  In 
addition,  all  of  the  low-latitude  spectra  roll  off  much  more  steeply  than  do  the 
mid-latitude  spectra.  The  steep  rolloff  forms  a  weak  spectral  gap  separating  internal 
waves  and  turbulence. 

INTRODUCTION 

For  several  decades,  most  turbulence  in  the  ocean’s  interior  has  been  attributed  to 
breaking  internal  waves,  even  though  the  mechanisms  of  breaking  remain  obscure. 
Possibilities  include  shear  instability,  advective  overturning,  strain,  and  critical  layers 
formed  by  large  waves  advecting  smaller  waves.  The  probability  of  breaking  is  estimated 
using  the  Garrett  and  Munk  (1975)  model  spectrum,  ^{k,u}),  of  the  wavenumber  and 
frequency  content  of  the  internal  wave  field.  Aside  from  imder  the  arctic  ice  cap  (Levine  et 
al.,  1985),  observations  find  internal  wave  intensities  at  or  above  GM,  but  rarely  below, 
e.g..  Smart  (1988).  Consequently,  GM  appears  to  describe  the  background  state,  with 
average  forcing  in  equilibrium  with  average  dissipation  by  breaking. 
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We  are  attempting  to  observe  both  equilibrium  and  nonequilibrium  internal  wave 
states  and  to  determine  how  vertical  wavenumber  spectra  depart  from  GM,  what  clues 
these  departures  offer  about  internal  wave  dynamics,  and  how  they  alter  (e),  the  average 
turbulent  dissipation  rate.  Here  we  examine  vertical  shear  spectra  obtained  with  the 
Multi-Scale  Profiler  (MSP).  The  spectra  extend  from  0.01  cpm  (cycles  per  meter)  to  the 
viscous  cutoff,  usually  near  10  cpm.  They  were  obtained  at  five  sites,  four  of  which  were 
used  by  Gregg  (1989)  in  comparing  moments  of  10-m-shear  with  (e). 

In  exaiiiining  the  shear  spectra,  we  ask 


•  How  do  spectral  shapes  at  low  wavenumbers  vary  with  changes  in  spectral 
amplitude?  Are  the  variations  systematic,  and  do  kinetic  energy  and  shear  variances 
change  proportionately? 

•  Do  the  spectra  change  systematically  with  latitude? 

•  How  do  spectra  from  the  thermohaline  staircase  observed  during  CSALT  compare 
with  spectra  at  a  similar  latitude  in  a  normal  profile? 

•  Do  the  spectra  contain  signatures  of  critical  layer  interactions,  proposed  by  Holloway 
(1980)  as  the  mechanism  causing  the  rolloff? 

•  Does  the  wavenumber  at  which  internal  waves  roll  off  vary  with  spectral  amplitude? 

•  Is  Nasmyth’s  universal  spectrum  for  turbidence  in  stratified  fluids  an  adequate 
description  of  the  dissipation  range? 


BACKGROUND 

Spectra  of  vertical  strain  (Gregg  et  al.,  1973;  Gregg,  1977a)  and  of  vertical  shear 
(Gargett  et  al.,  1981;  Sherman  and  Pinkel,  1991)  change  from  being  nearly  flat,  at  low 
wavenumbers  to  approximately  at  wavenumbers  higher  than  about  0.1  cpm.  We 
define  k^-i  as  the  wavenumber  where  the  rolloff  occurs.  Munk  (1981)  incorporates  the 
rolloff  into  the  GM  model,  but  also  inadvertently  changes  the  relationship  between  kinetic 
energy  and  shear  variance.  Consequently,  we  use  the  intermediate  model,  known  as 
GM76,  with  a  modification  for  the  rolloff,  as  given  by  Gregg  and  Kunze  (1991). 

Holloway  (1980)  points  out  that  internal  waves  with  short  \'ertical  wavelengths  are 
strongly  advected  by  arger,  and  hence  faster,  internal  waves.  Away  from  inertial  and 
buoyancy  frequencies,  i.e.,  /  <  w  <  iV,  the  horizontal  phase  speed  of  internal  waves  is 

N 

Ch^j  (m  s-^]  (1) 

where  /?  is  the  vertical  waveiiumber  in  radians  per  meter.  For  /3  =  0.063  m“^ 

{ks  =  0.01  cpm),  Ch  »  0.09  m  s“^,  compared  with  an  rms  velocity  for  the  entire  wave  field 
of  Urms  =  0.07  m  s“^,  obtained  by  iutegrating  GM76  for  N  =  0.0056  s~^  (3  cycles  per 
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hour).  With  increeising  wavenumber,  Ch  -*  Urmsi  equaling  it  at  ;0  =  0.08  m”^  (fca  = 

0.013  cpm).  Holloway  convincingly  argues  that  wave/wave  interactions  cannot  be  weak  for 
Ch  <  Unns-  Why  then  does  the  shear  spectrum  remain  flat  to  0.1  cpm  instead  of  rolling  off 
at  kz  =  0.01-0.02  cpm? 


In  discussing  the  rolloff,  Munk  (1981)  cites  Ericksen  (1978),  who  computes  the 
gradient  Richardson  number,  Ri  =  N'^/{AU/Az)'^,  from  moored  sensors  having  Az  =  7  m. 
A  scatter  plot  shows  few  values  smaller  than  1/4,  the  necessary  condition  for  shear 
instability.  Defining  the  Richardson  function 


Riikz)  = 


fo^  <?shear(0 


(2) 


Munk  concludes  that  the  internal  wave  field  is  characterized  by  Ri{kk-i)  =  0(1)  and 
argues  that  the  rolloff  should  shift  with  changes  in  energy  as 


E  X  kk-i  =  constant 


(3) 


where  E  is  the  dimensionless  energy  density  in  GM76.  This  criterion  should  apply  for 
shear  instability,  advective  overturning,  and  instability  due  to  lateral  strain.  Sherman  and 
Pinkel  (1991)  point  out  that  when  E  =  Egm76)  Rt(O.l)  «  0.5  and  Ri{kz)  =  1  occurs  well 
into  the  rolloff. 


Gregg  (1977b)  interprets  the  rolloff  region  of  scalar  spectra  as  composed  of  decaying 
internal  waves  and  irreversible  density  flnestructure,  i.e.,  density  structmre  produced  by 
mixing.  Gargett  et  al.  (1981)  interpret  the  rolloff  as  the  buoyancy  subrange  of  turbulence 
and  take  its  upper  bound  as  the  buoyancy  wavenumber 


kB  = 


/(^2)3/2y/2 

V  (^)  ) 


(4) 


They  identify  the  corresponding  buoyancy  length  scale,  Lb  =  27rfcg  ^ ,  as  the  vertical  scale 
of  the  largest  overturns.  To  explore  whether  the  rolloff  results  from  buoyancy-modified 
turbulence,  they  assume  that  the  turbulence  is  controlled  only  by  {N^)  and  (e)  and 
nondimensionalize  their  spectra  using  ks  and 


^B  = 


(AQ 

kB 


(5) 


In  the  rolloff  region,  the  scaling  reduces  amplitude  variations  among  their  spectra  from  a 
factor  of  4  to  a  factor  of  2.  The  slope  of  the  rolloff  is  similar  to  predictions  by  some 
theories  of  the  buoyancy  subrange  (Shur,  1962;  Lumley,  1964),  but  Gargett  et  al.  cannot 
determine  whether  the  agreement  is  fortuitous  or  results  from  the  rolloff  actually  being  a 
buoyancy  subrange. 


We  believe  that  the  agreement  is  fortuitous  because  Gargett  et  al.  are  inconsistent  in 
taking  Lb  as  the  scale  of  the  largest  overturns  and  in  identifying  the  rolloff  region  with  the 
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buoyancy  subrange.  Their  identification  of  Lb  with  the  largest  overturns  has  been 
confirmed  by  Dillon  (1982)  and  subsequent  investigators,  who  find  that  root-mean-square 
(rms)  overturning  scales  are  about  1.25((e)  /  or  0.2Lb  in  the  notation  of 

Gargett  et  al.  (1981).  (Gargett  et  al.  and  Dillon  differ  by  27r  in  defining  the  buoyancy 
scale.)  Because  the  largest  overturns  must  be  several  times  larger  than  Dillon’s  rms  scale, 
Lb  is  a  good  upper  bound.  This,  however,  means  that  the  rolloff  region  cannot  contain 
three-dimensional  turbulence,  which  is  assumed  by  Shur  (1962)  and  Lumley  (1964)  when 
they  consider  how  stratification  flattens  the  overturns  to  produce  anisotropic  structures. 

In  the  atmosphere,  internal  wave  shear  spectra  also  roll  off  as  A: at  high 
wavenumbers,  but  at  low  wavenumbers  the  spectra  often  rise  with  increasing  wavenumber 
(Smith  et  al.,  1987).  This  shape  so  concentrates  velocity  and  shear  variance  near  the 
rolloff  that  the  waves  are  sometimes  modeled  as  a  single  Fourier  component.  Stratospheric 
waves  originate  in  the  troposphere  and  grow  rapidly  with  altitude  in  response  to  the 
exponential  decrease  in  air  density.  As  a  consequence,  the  rolloff  shifts  to  lower 
wavenumbers  with  increasing  altitude,  and  the  shift  is  attributed  to  saturation  of  the  wave 
field.  Pritts  (1984,  1989)  reviews  the  extensive  literature,  which  includes  much  debate 
about  the  mechanisms  saturating  the  wave  field.  Dewan  and  Good  (1986)  argue  that  both 
shear  instability  and  convective  overturning  produce  spectra  of  the  form 

<fs*T(*3)  =  ^  [^]  (6) 

where  6  is  a  constant.  They  obtain  6  =  4  for  shear  instability  when  each  wavenumber 
component  saturates  individually  and  6  =  1  for  convective  instability,  leading  to  the 
conclusion  that  waves  reach  convective  instability  before  shear  instability.  Dewan  and 
Good  also  note  that  turbifient  layers  can  be  much  thinner  than  the  scale  at  which  the 
spectrum  saturates.  The  spectrum  rolls  off  because  waves  at  that  scale  lose  energy. 
However,  the  tmbulent  overturns  extracting  the  energy  may  be  only  a  few  percent  of  the 
scale  of  the  wave.  Smith  et  al.  (1987)  conclude  that  the  instability  criteria  used  by  Dewan 
and  Good  are  too  large  and  obtain  6  =  1/2  for  a  single  Fourier  component  and  6  =  1/6  for 
a  spectrum  of  superposed  waves, 

Hines  (1991a)  holds  that  the  saturated  spectrum  in  t.v  atmosphere  results  from  the 
same  mechanism  as  proposed  by  Holloway  for  the  ocean,  i.e.,  by  Doppler  shifting  and 
critical  layer  interactions,  rather  than  by  shear  instability  or  convective  overturning. 
Furthermore,  he  develops  a  spectrum  for  this  mechanism  that  asymptotically  approaches 
(6)  (Hines,  1991b). 

Discussions  of  internal  waves  in  the  ocean  have  concentrated  on  the  extensive 
observations  in  the  upper  ocean  at  mid-latitude.  The  limited  observations  available  from 
the  deep  ocean  (Sanford,  1991)  and  from  low  latitudes  (Wunsch  and  Webb,  1979;  Sriksen, 
1980)  appear  different.  To  incorporate  the  low-latitude  observations,  Munk  (1981) 
modifies  GM76  by  replacing  the  dimensionless  energy  density,  E,  with  E'/f,  where 
E'  =  8.8  X  10“^  and  /  is  the  Coriolis  parameter.  This  changes  the  model  from  constant 
energy  in  the  wave  field  to  constant  spectral  density,  thereby  accommodating  Wunsch  and 
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Webb’s  report  that  “  ...  on  the  equator  the  frequency  spectrum  does  not  change  shape 
but  the  vertical  and  horizontal  coherences  are  much  reduced  compared  to  midlatitude 
values,  suggestive  of  higher  modes.”  With  this  change,  the  shear  spectrum  becomes 


^shearC^s)  = 


2i.7r/ 


(7) 


In  their  theoretical  models  of  wave/wave  interactions,  McComas  and  Muller  (1981) 
and  Henyey  et  al.  (1986)  give  the  energy  flux  through  the  spectrum  as  proportional  to  /. 
Consequently,  (e)  is  also  proportional  to  /.  Both  Muller  and  Henyey  (personal 
communications,  1990)  allow  that  the  /  scaling  is  dictated  mostly  by  the  need  for  correct 
dimensions  rather  than  by  serious  consideration  of  the  effect  of  /  on  wave/wave 
interactions.  Nevertheless,  both  predict  that  for  constant  shear  variance  (e)  -♦  0 
approaching  the  equator.  Coupled  with  Munk’s  (1981)  prediction  (7),  one  would  expect  to 
And  the  anomalous  situation  of  increasing  shear  variances  and  decreasing  dissipation  rates. 


OBSERVATIONS  AND  DATA  ANALYSIS 

Encompassing  a  six-fold  variation  in  /,  the  observations  come  from  one  cruise  in  the 
Atlantic  and  two  in  the  Pacific  (Table  1).  The  Atlantic  data  were  taken  in  October  1985 
during  CSALT  and  span  the  thermohaline  staircase  lying  east  of  Barbados  at  pressures  of 
3-6.5  MPa  (Gregg  and  Sanford,  1987).  Retaining  much  of  the  steppiness  in  the  density 
field,  the  CSALT  velocity  profiles  are  not  primarily  signatures  of  internal  waves  but  are 
included  for  comparison  with  the  other  profiles,  which  are  dominated  by  internal  waves  in 
regions  with  little  or  no  mean  shear  (Fig.  1).  PATCHEX  was  conducted  a  year  later  on 
the  western  side  of  the  California  Current,  and  the  profiles  appear  typical  of  the  open 
ocean,  except  for  ubiquitous  .'.alt-stabilized  temperature  inversions  (Gregg  and  Sanford, 
1988).  After  the  primary  PATCHEX  observations,  we  worked  for  two  days  in  a  coastal  jet 
off  Crescent  City,  California,  obtaining  the  profiles  referred  to  as  PATCHEX  north.  Both 
sets  of  PATCHEX  profiles  extend  to  10  MPa.  The  following  spring,  while  transiting  to 
and  from  the  equator  for  TROPIC  HEAT  2,  we  took  three  test  drops  to  5  MPa  at  6°N 
and  five  drops  to  10  MPa  at  11°N. 


Table  1:  MSP  data  sets. 


Cruise 

Dates 

Position 

#  Profiles 

Pmax/MPa 

CSALT 

Nov  23-24,  1985 

12°N,  56.5°W 

5 

7 

PATCHEX 

Oct  17-24,  1986 

34'’N,  127'’W 

28 

PATCHEX  north 

Oct  26-27,  1986 

42®N,  126°W 

9.73 

5 

TROPIC  HEAT  2 

Mar  28-29,  1987 

6.0°N,  143.5°W 

1.52 

3 

5 

TROPIC  HEAT  2 

Apr  18-19,  1987 

11.5°N,  134.8°W 

5 

10 

Because  GM76  describes  the  average  behavior  of  random  wave  fields,  we  tested  the 
PATCHEX  and  PAiCHEX  north  shear  profiles  for  randonmess  by  first-differencing  u 
(east)  and  u  (north)  with  Az  =  10  m.  After  WKB  scaling,  Au/Az  and  Av/Az  have 


p/MPa  p/MPa 
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(a)  (b) 


Figure  1:  Typical  velocity  profiles  (a)  and  average  velocity  spectra  (b).  PATCHEX  north 
has  the  largest  velocity  fiuctuations  and  the  highest  spectral  levels  at  low  and  at  high 
wavenumbers.  The  CSALT  profiles  show  some  of  the  steppiness  of  the  density  field,  but 
their  average  spectrum  is  similar  to  that  of  the  PATCHEX  profiles.  The  spectrum  for 
TROPIC  HEAT  2  at  11°N  is  dominated  by  noise  for  ks  >  3  cpm.  All  spectra  are  slightly 
aliased  just  before  the  Nyquist  wavenumber  at  5  cpm. 

normal  probability  densities  with  zero  means  and  are  independent  of  each  other  (Gregg  et 
al.,  1991).  In  addition,  we  used  the  nm  test  (Bendat  and  Piersol,  1971)  and  the 
cumulative  periodogram  (Jenkins  and  Watts,  1969)  to  determine  that  these  shear  profiles 
have  no  significant  departures  from  vertical  randomness.  These  data  sets,  therefore, 
satisfy  the  criteria  for  random  internal  wave  fields  assumed  by  Garrett  and  Munk  (1975). 
The  other  data  sets  are  too  small  for  adequate  testing,  but  we  find  no  visual  suggestions  of 
deterministic  features. 

To  avoid  the  near-surface  internal  wave  duct,  we  analyze  only  data  below  the  shallow 
thermocline  and,  when  the  records  are  sufficiently  long,  take  two  sets  of  spectra,  referred 
to  as  shallow  and  deep.  Depending  on  the  record,  the  sections  are  2.5-3.5  MPa  thick. 
Considering  all  sections,  the  average  buoyancy  frequency  has  a  small  range, 

=  0.0028-0.0042  s-^ 

The  MSP  senses  velocity  with  two  pairs  of  electrodes,  two  airfoil  probes,  and  a 
two-axis  N.  Brown  acoustic  cmrent  meter  (ACM).  The  acoustic  channels  are  recorded  at 
62.5  Hz,  corresponding  to  Az  =  4  mm  at  typical  fall  rates  of  0.25  m  s“^.  To  convert  the 
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acoustic  data  to  u  and  u,  we  adapt  previous  models  (Evans  et  al.,  1979:  Hayes  et  al.,  1984) 
for  the  MSP  configuration.  Corrected  velocities  are  low-passed  with  a  2-kPa  Bartlett  filter 
and  digitized  at  1  kPa.  At  low  wavenumbers,  these  data  are  compared  with  velocities 
derived  from  the  motionally  induced  electromagnetic  signals,  which  are  much  less  sensitive 
to  vehicle  motion.  At  high  wavenumbers,  we  compute  velocity  from  the  airfoil  probes, 
which  sense  fluctuations  for  1-2  cpm  <kz<  100  cpm. 

Data  are  conditioned  for  spectral  analysis  by  subtracting  the  mean,  first-differencing, 
anc’  applying  the  Harm  filter.  For  the  ACM  records,  u  and  v  are  put  in  real  and  complex 
arrays,  and  Singleton’s  (1969)  algorithm  is  used  to  take  Fourier  transforms  of  pieces 
containing  1000  points  (corresponding  to  1  MPa).  This  yields  two  autospectra,  and 

^v(fc3))  and  the  co-  and  quadspectra,  ^^yiks)  and  ^2v(^3))  all  of  which  are  corrected  for 
first-differencing,  for  the  loss  in  variance  to  the  Hann  window,  and  for  the  Bartlett 
window.  Successive  pieces  are  overlapped  by  50%,  resulting  in  4-6  pieces  for  sections  of 
2.5-3.5  MPa.  Wavenumbers  are  given  in  cycles  per  meter  as  kz  =  (0.01//lp)  cpm,  where 
Ap  is  the  pressure  interval  in  megapascals. 


For  one  profile,  the  degrees  of  freedom  per  spectral  estimate  is 


ui  =  2L^I{\mL  -  0.056) 


(8) 


where  L  is  the  number  of  pieces  overlapped  by  50%  (D.  Percival,  personal  communication, 
1991).  After  averaging  R  records,  the  total  number  of  degrees  of  freedom  is  1/  =  i?  x  i/j. 
With  L  =  6  and  R  =  28,  PATCHEX  has  v  =  321.  At  the  other  extreme,  TROPIC  HEAT 
2  at  6°N  has  L  =  4  and  R  =  3,  yielding  v  =  23.  Defining  ^{kz)  as  a  spectral  estimate  and 
^{kz)  as  the  true  spectrum,  the  95%  confidence  limits  are 


v^{kz) 

v2 

Xi/jO.025 


<  ^{kz)  < 


vS{kz) 

v2 

Ai/;0.975 


(9) 


where  xl  o.ozs  chi-square  distribution  evaluated  for  u  degrees  of  freedom  and  the 
0.025  percentile.  These  limits  are  plotted  as  shading  around  the  spectra. 


Adding  the  two  autospectra  forms  the  spectrmn  of  total  velocity, 

^VEL(fc3)  =  ^u{k3)+^v{k3)  ((m/s)^  cpm"^)  (10) 

which  is  twice  the  spectrum  of  specific  kinetic  energy.  Near  the  Nyquist  wavenumber, 

5  cpm,  all  spectra  are  slightly  aliased,  in  spite  of  the  Bartlett  window.  Some  have 
negligible  noise,  e.g.,  PATCHEX  north;  others,  e.g.,  TROPIC  HEAT  2  at  11°N,  become 
noisy  near  3  cpm.  Taking  the  noise  level  as  1.8  x  10“®  m^  s“^  and  the  noise  ba  idwidth  as 
2  cpm  gives  an  rms  noise  of  0.16  rum  s“^. 


The  velocity  spectra  are  used  to  compute  the  shear  spectra 

^shbar(%)  =  i^T^kz^  ^WElikz)  (s'^cpm-^l 
which  are  cut  off  before  2  cpm  to  avoid  noise  contamination  (Fig.  2). 


(11) 
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Figure  2:  Average  shear  and  Froude  spectra  for  the  shallow  (a)  and  deep  (b)  sections. 
GM76  is  shown  on  the  FVoude  spectra  as  a  heavy  dashed  line.  Although  the  FVoude  spectra 
differ  by  a  factor  of  5  at  0.01  cpm  and  by  10-20  at  high  wavenumbers,  they  have  nearly  the 
same  amplitude  at  0.14  cpm. 


To  compare  shear  spectra  from  records  having  different  stratification,  we  present 
them  as  Froude  spectra 


^Fr(^3)  =  ^SHEAr(*3)  (cpm 

For  reference,  we  use  the  Froude  spectrum  for  GM76, 


ON 


3Eb^N^  0^ 


2j>  (l+/?//3.)2 
and  the  saturated  atmospheric  spectrum  with  6=1/2, 

1  1 


m 


-1 


(1 


(13) 


m 


-1 


(14) 
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Co-spectra  and  quadspectra  are  used  for  coherence-squared 


coh?{kz)  = 


(15) 


and  phase 

The  sign  convention  gives  (f)>  Q  when  v  leads  u  with  increasing  pressure.  Confidence 
limits  (95%)  are  computed  using  Percival  (1991). 


Because  the  ACM  data  are  limited  to  k^  <  3-4  cpm,  the  vertical  spectrum  is 
completed  using  data  from  the  airfoil  probes.  The  two  airfoil  probes  on  the  MSP  are 
aligned  with  their  sensitive  axes  in  the  same  direction,  which  aids  in  removing  spectra 
contaminated  by  plankton  impacts.  Consequently,  we  analyze  the  spectrum  of  one 
channel,  compare  with  the  spectrum  of  other  channel  to  detect  noise  spikes,  assume 
horizontal  isotropy,  and  multiply  by  2  to  obtain  ^vel(^3)-  For  the  deep  data,  spectra  are 
taken  over  intervals  of  0.07-0.08  MPa,  again  with  50%  overlap.  For  the  shallow  data,  we 
use  a  new  robust  procedure  (Hess  et  al.,  1993)  and  take  spectra  over  0.02  MPa  intervals. 
Comparisons  of  the  two  procedures  reveal  no  significant  differences  in  average  spectra.  As 
the  airfoils  are  recorded  at  125  Hz,  their  spectra  have  many  degrees  of  freedom,  e.g., 

1/  =  5, 253  for  PATCHEX.  Consequently,  some  95%  confidence  limits  are  too  narrow  to  be 
seen  on  plots.  We  form  the  composite  spectra  by  overlaying  spectra  from  the  ACM  and 
airfoil  probes,  without  adjusting  amplitudes.  Variance-preserving  plots  show  that  the 
dissipation  ranges  are  moderately  well  resolved,  except  for  the  deep  spectrum  at  11°N, 
which  has  the  weakest  signals  (Fig.  3). 

At  high  wavenumbers,  the  observed  spectra  are  compared  with  the  Nasmyth  universal 
turbulence  spectrum  (Oakey,  1982).  It  depends  only  on  the  kinematic  viscosity  and  (e), 
which  we  obtain  by  averaging  the  e’s  we  compute  routinely  over  5  or  10  kPa  intervals. 
Owing  to  its  nonlinear  dependence  on  (e),  the  Nasmyth  spectrum  of  (e)  does  not  equal 
the  average  of  the  individual  Nasmyth  spectra;  numerical  simulations  show  that  the  two 
average  spectra  can  diverge  significantly,  depending  on  the  distribution  of  e  (H.  Seim, 
personal  communication,  1991).  Therefore,  although  the  Nasmyth  spectrum  is  a  useful 
approximate  reference,  we  should  not  expect  exact  agreement. 


AMPLITUDES  AND  SHAPES 

Prom  Figure  2  and  from  the  individual  spectra  in  Figures  4-7,  we  draw  the  following 
conclusions: 


•  Deep  and  shallow  spectra  from  the  same  data  set  are  usually  more  alike  than  are 
spectra  from  different  sets.  The  shallow  spectra  from  6°N  and  11°N  are  the 
exception;  they  are  nearly  identical  even  though  they  were  taken  1000  km  and  3 
weeks  apart. 
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Figure  3:  Variance-preserving  plots  of  the  spectra  in  Figure  2. 

•  All  spectra  have  nearly  the  same  amplitude  at  0.14  cpm:  (0.65-1.0)  x  <f^*^^®(1.4). 
By  contrast,  their  amplitudes  vary  by  factors  of  5  at  0.01  cpm  and  20  in  the 
dissipation  range. 

•  Between  0.01  and  0.1  cpm  the  spectra  exhibit  little  uniformity  in  amplitude  or 
shape.  Average  slopes  span  -0.55  to  +0.75,  but  in  most  cases,  power  laws  fail  to 
represent  the  spectra  accurately.  Adjustment  of  the  slope  to  meet  GM76  near 
0.14  cpm  is  the  only  consistent  pattern;  spectra  above  GM76  at  0.01  cpm  slope 
downward  toward  this  common  point,  £ind  those  starting  below  GM76  slope  upward. 

•  The  rolloff  for  ks  >  0.1  cpm  is  the  most  uniform  feature  for  CSALT,  PATCHEX, 
and  PATCHEX  north.  The  rolloff  terminates  at  high  wavenumbers  where  it 
intersects  the  Nasmyth  spectrum. 

•  Froude  spectra  often  have  local  maxima  at  or  near  kj^-i .  These  are  most  evident  in 
variance-preserving  plots  (Fig.  8). 
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•  The  three  TROPIC  HEAT  2  spectra  peak  near  0.08  cpm  and  roll  off  as  for 

fca  >0.1  cpm.  The  steep  rolloff  produces  a  weak  spectral  gap  between  internal  waves 
and  dissipation. 

•  Turbulence  is  so  weak  in  most  records  that  the  dissipation  range  follows  the 
Nasmyth  spectrum  only  in  the  viscous  cutoff.  PATCHEX  north  is  the  exception, 
with  a  distinct  inertial  subrange,  extending  over  half  a  decade  in  wavenumbers. 


Because  most  of  the  spectra  change  slope  near  0.1  cpm,  we  estimate  average  slopes 
using  linear  fits  over  0.01-0.1  cpm  and  0.1-1  cpm  (Table  2),  except  where  local  maxima 
call  for  different  limits.  Most  fits  over  0.01-0.1  cpm  are  nominal,  as  few  spectra  are  truly 
linear. 


Table  2:  Average  slopes  and  standard  deviations  of  shear  spectra.  Owing  to  particu¬ 
lar  features,  some  fits  cover  restricted  intervals:  (a)  0.1-0.4  cpm,  (b)  0.1-0.37  cpm,  (c) 
0.01-0.045  cpm,  (d)  0.01-0.06  cpm,  (e)  0.02-0.1  cpm. 


Cruise 

p/MPa 

0.01-0.1  cpm 

0.1-1  cpm 

PATCHEX 

2.50-5.50 

+0.07  ±  0.04 

-1.01+0.02 

PATCHEX 

5.75-9.25 

+0.16  ±0.05 

-0.89  ±  0.02 

PATCHEX  north 

2.50-5.50 

-0.54  ±  0.04 

-0.96  ±  0.08^ 

PATCHEX  north 

5.75-9.25 

-0.33  ±  0.06 

-1.03  +  0.09’’ 

TROPIC  HEAT  2  6°N 

2.50-5.00 

+0.75  ±  0.13'= 

-1.43  +  0.03 

TROPIC  HEAT  2  IPN 

2.50-5.50 

+0.50  ±  0.04'^ 

-1.38  +  0.03 

TROPIC  HEAT  2  11°N 

6.50-10.0 

-0.55  ±  0.04*= 

-1.37  +  0.03 

CSALT 

3.00-6.50 

+0.15  ±  0.05 

-0.89  ±  0.03 

Closest  to  GM76  throughout  the  full  range  of  wavenumbers  (Fig.  4),  the  PATCHEX 
spectra  are  0.8  and  0.6  times  GM76  at  0.01  cpm.  From  there,  they  slope  upward  as  ° 
and  ^3  The  shallow  spectrum  makes  a  sharp  transition  at  the  rolloff  and  initially 
decreases  more  steeply  than  ,  dropping  close  to  the  saturated  spectrum  from  the 
atmosphere  which  has  an  amplitude  about  50%  smaller  than  GM76  when  b  =  1/2.  The 
deep  spectrum  rolls  off  more  gradually  and  stays  closer  to  Near  1  cpm,  both 
PATCHEX  spectra  cease  to  roll  off  as  steeply  and  lie  close  to  the  Nasmyth  spectrum  until 
5-8  cpm,  where  they  fail  to  roll  off  as  steeply  as  the  reference.  Such  weak  turbulence  is 
unlikely  to  produce  an  inertial  subrange;  the  viscous  rolloff  occurs  at  2-3  cpm,  only  an 
octave  past  the  end  of  the  internal  wave  part  of  the  spectrum. 

The  PATCHEX  north  spectra  are  3-4  times  GM76  at  0.01  cpm  and  slope  downward 
to  the  common  point  at  0.14  cpm  (Fig.  5).  By  0.02  cpm,  the  shallow  spectrum  is  close  to 
an  extension  of  the  k^^  portion  of  GM76,  and  it  comes  closer  with  increasing 
wavenumber.  The  deep  spectrum  is  initially  nearly  flat  and  then  curves  downward  to 
approach  the  extension  near  0.08  cpm.  For  fca  >  0.1  cpm,  both  PATCHEX  north 
spectra  are  nearly  identical  to  GM76  imtil  0.3-0.4  cpm,  where  they  make  sharp  transitions 
to  the  k\^^  inertial  subrange  of  the  turbulent  spectrum.  (Note  that  both  the  ACM  and  the 
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Figlire  4:  Proude  spectra,  coherence-squared,  phase,  and  the  ratio  of  clockwise  (CW)  to 
anticlockwise  (ACW)  velocities  for  PATCHEX.  Shading  shows  95%  confidence  limits.  Also 
shown  in  the  top  panel  are  GM76,  the  saturated  internal  wave  spectrum  applied  to  atmo¬ 
spheric  observations  (6  =  1/2),  Nasmyth’s  imiversal  turbulence  spectrum  in  stratified  fluids, 
and  the  Proude  function.  Data  from  the  acoustic  current  meter  is  used  for  Aa  <  1.5  cpm. 


airfoil  probes  detect  the  inertial  subrange.)  Beyond  the  viscous  cutoff,  these  spectra 
continue  to  decrease  (Fig.  3),  but  less  steeply  than  the  Nasmyth  spectrum.  The  total 
range  from  where  the  spectrum  initially  follows  to  the  peak  of  the  dissipation 
spectrum  is  a  factor  of  6-8,  less  than  a  decade.  Either  the  close  agreement  with  the 
inertial  subrange  is  fortuitous,  or  it  indicates  that  locally  universal  turbulence  can  occur 
at  wavenumbers  only  2-3  times  larger  than  the  energy-containing  overturns. 

The  shallow  spectra  for  TROPIC  HEAT  2  are  surprisingly  similar,  even  to  their  small 
irregularities  (Figs.  2  and  6).  Prom  amplitudes  0.6  times  GM76  at  0.01  cpm,  they  slope 
upward  to  broad  maxima  near  0.08  cpm.  Their  most  distinctive  feature,  however,  is  the 
steepness  of  the  rolloff,  The  combination  of  the  rise  to  a  peak  near  0.08  cpm  and 
the  rapid  rolloff  at  high  wavenumbers  resembles  the  narrow-band  structures  observed  in 


the  stratosphere  more  than  the  broad-band  fields  observed  in  the  mid-latitude  ocean.  By 
1  cpm,  the  spectra  are  about  1/3  of  GM76.  As  a  result  of  this  steep  rolloff,  their  turbulent 
spectra  are  more  distinctive  than  for  PATCHEX,  even  though  (e)  is  smaller. 

The  deep  spectnun  at  ll^N  starts  at  GM76,  rises  to  almost  twice  GM76  at  0.02  cpm, 
and  then  slopes  gradually  downward  until  j\ist  past  0.1  cpm,  where  it  too  rolls  off  rapidly 
into  a  weak,  but  distinct,  dissipation  range  (Fig.  7). 

The  CSALT  spectrum  (Fig.  7)  is  close  to  the  PATCHEX  spectra  and  to  GM76,  which 
is  imexpected  in  view  of  the  markedly  different  appearances  of  the  profiles  (Fig.  1).  At 
0.01  cpm,  CSALT  is  about  half  of  GM76,  slightly  lower  than  the  PATCHEX  spectra.  It 
slopes  upward  to  0.03  cpm,  where  it  flattens  until  it  rolls  off  near  0.1  cpm.  Unlike 
PATCHEX,  however,  this  spectrum  remains  below  GM76  when  it  is  nearly  fiat  and 
consequently  rolls  off  from  a  lower  amplitude  than  do  the  other  spectra.  Initially,  the 
rolloff  is  less  steep  than  but  for  kz>2  cpm  the  rolloff  does  not  differ  significantly 
from  the  model. 


Figure  6:  Shallow  Proude  spectra  at  6°N  and  11°N  during  TROPIC  HEAT  2.  They  are 
nearly  identical,  including  small  fluctuations,  even  though  they  were  taken  1000  km  apart 
at  an  interval  of  three  weeks. 


For  this  collection  of  spectra,  variance-preserving  plots  of  the  internal  wave  range 
(Fig.  8)  differ  considerably,  as  expected  from  the  differences  in  the  log-log  plots.  The  deep 
PATCHEX  spectrum  is  closest  to  GM76  and  has  the  expected  concentration  of  variance  in 
the  rolloff  (a  slope  of  on  a  log- log  plot  is  flat  on  a  variance-preserving  format).  The 

shallow  PATCHEX  spectrum  has  a  distinct  peak  at  the  beginning  of  the  rolloff,  and  both 
PATCHEX  north  spectra  have  similar  peaks  at  slightly  lower  wavenumbers,  corresponding 
to  the  start  of  their  rolloffs.  Steep  rolloffs  of  the  TROPIC  HEAT  2  spectra  result  in 
variance  contributions  decreasing  between  0.1  and  1  cpm,  constituting  the  weak  spectral 
gap  mentioned  previously.  Finally,  for  CSALT  the  variance  is  more  concentrated  at  high 
wavenumbers  than  for  any  other  spectrum,  consistent  with  concentration  of  much  of  the 
shear  across  density  steps  several  meters  thick  (Gregg  and  Sanford,  1987). 


VARIANCES  AND  SIGNIFICANT  WAVENUMBERS 

Owing  to  the  variety  of  their  shapes,  differences  in  the  spectra  cannot  be  described 
adequately  by  E,  the  dimensionless  energy  density.  In  particular,  variances  of  velocity  and 
of  shear  do  not  always  vary  in  the  same  proportion  when  spectra  depart  from  GM76. 


kj  /  cpm  kj  /  cpm 


Figure  7:  Froude  spectra  for  the  deep  TROPIC  HEAT  2  spectrum  and  for  CSALT. 

Because  the  velocity  spectra  are  ‘red,’  velocity  variances  are  dominated  by  the  lowest 
spectral  estimate  and  receive  little  contribution  past  the  first  4  or  5  estimates. 
Consequently,  they  depend  on  the  length  of  the  data  window  and  have  relatively  few 
degrees  of  freedom.  As  a  compromise  between  length  and  degrees  of  freedom,  for  the 
longer  records  we  compute  from  2.4  MPa  pieces,  overlapped  by  50%.  GM76  is 

digitized  at  the  same  wavenumbers  and  integrated  in  the  same  manner  to  yield 

_  fe<l>VEL(fe3)dfe3 

A^GM76(k3)dk3 

where  kiw>  the  upper  limit  of  the  internal  wave  regime,  makes  little  difference  to  the 
integral,  and  the  factors  of  1/2  relating  kinetic  energy  and  velocity  variances  cancel.  As 
shown  in  Table  3,  kinetic  energy  variances  are  (0.6-4.2)x  GM76,  consistent  with  previous 
observations  that  internal  waves  in  the  open  ocean  do  not  fall  far  below  GM76.  The 
contrast  between  PATCHEX  eind  PATCHEX  north  appears  to  be  between  a  typical 
‘quiet’  site  in  open  ocean  and  an  energetic  region  near  strong  forcing,  presumably  the 
coastal  jet  several  hundred  meters  above  the  depths  of  these  spectra. 

Contrary  to  expectations,  the  low-latitude  kinetic  energies  are  less  than  or  only 
modestly  larger  tnan  GM76.  If  the  site  at  G‘’N  had  the  same  E'  as  PATCHEX,  from 
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(a)  (b) 


Figure  8:  Variance-preserving  plots  of  the  internal  wave  spectra.  The  deep  PATCHEX  spec¬ 
trum  is  closest  to  GM76  and  has  uniform  contributions  to  the  variance  in  the  rolloff  between 
0.1  and  1  cpm.  Both  PATCHEX  north  spectra  rise  rapidly  near  0.4  cpm,  where  turbulence 
becomes  the  dominant  signal.  The  TH2  spectra  have  broad  maxima  centered  at  0.08  cpm; 
hence  a  weak  spectral  gap  separates  internal  waves  from  turbulence.  Several  spectra  have 
local  maxima  near  0.1  cpm,  indicating  concentrations  of  variance  at  the  beginning  of  the 
rolloff. 


integrating  (7),  we  would  expect  the  kinetic  energy  at  6°  to  be  /340 //go  =  5.4  times  higher 
than  PATCHEX.  Instead,  we  find  the  kinetic  energy  at  6°N  to  be  0.83  times  PATCHEX. 
With  only  three  profiles,  this  could  be  a  statistical  anomaly,  but  finding  the  same  spectrum 
and  level  at  11°N  suggests  that  this  condition  prevailed  over  a  large  area,  at  least  in  the 
spring  of  1987.  Moreover,  we  would  have  expected  the  level  at  11°N  to  be  half  of  that  at 
6°N.  To  the  contrary,  we  find  little  difference.  We  conclude,  therefore,  that  (7)  may  not  be 
an  accurate  representation  of  the  latitudinal  structure  of  the  internal  wave  field. 

Analogous  to  the  Richardson  function  used  by  Munk  (1981),  we  quantify  the  shear 
variance  with  the  Proude  fimction 

Fr{ks)= 


(18) 
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Table  3:  Variances  and  evaluations  of  proposed  universal  constants.  is  the  ratio  of 

kinetic  energy  in  the  observed  spectrum  to  that  in  GM76  digitized  and  integrated  numer¬ 
ically  over  the  same  wavenumbers.  Spectra  with  3.5  MPa  data  windows  were  integrated 
from  bounds  of  0.004  cpm,  and  the  others  from  0.01  cpm.  Values  of  k).-i  are  taken  from 
Table  4. 


Cruise 

P 

MPa 

KE  1 

J  ^  ^  ^  V  A-ir  . 

EEqm  V. 

cpm 

cpm 

PATCHEX 

2.50-5.50 

0.86 

0.15 

0.10 

PATCHEX 

5.75-9.25 

0.64 

0.13 

0.06-0.07 

PATCHEX  north 

2.50-5.50 

3.86 

0.23 

0.15-0.42 

PATCHEX  north 

5.75-9.25 

4.23 

0.30 

0.17-0.55 

TROPIC  HEAT  2  6°N 

2.50-5.0 

0.71 

0.13 

0.06-0.09 

TROPIC  HEAT  2  11°N 

2.50-5.50 

0.81 

0.13 

0.06-0.11 

TROPIC  HEAT  2  irN 

6.50-10.0 

1.38 

0.35 

0.12-0.19 

CSALT 

3.00-6.50 

0.71 

0.18 

0.06-0.09 

where  the  lower  limit,  ^l,  makes  little  difference  because  the  principal  contributions  come 
from  about  a  decade  of  wavenumbers  in  the  middle  or  high  end  of  the  internal  wave  band, 
resulting  in  well-resolved  shear  variances  and  many  degrees  of  freedom.  Overlaying  the 
FVoude  functions  (Fig.  9)  reveals  PATCHEX  north  standing  well  above  the  others.  The 
others  vary,  but  much  less  than  the  differences  between  any  of  them  and  PATCHEX 
north.  For  example,  at  0.01  cpm  the  deep  spectrum  from  11°N  is  largest  of  those  in  the 
‘pack,’  but  at  2  cpm  it  is  less  than  PATCHEX.  Froude  functions  are  also  plotted  on 
Figures  4  to  7,  and  in  Table  4  they  are  evaluated  at  several  significant  wavenumbers. 

We  choose  A:iw  as  the  wavenumber  where  an  increase  in  slope  marks  the  start  of  the 
dissipation  range.  PATCHEX  and  CSALT  spectra  have  only  minor  inflections  marking 
kiwj  but,  owing  to  the  more  rapid  internal  wave  rolloff,  the  TROPIC  HEAT  2  spectra 
exhibit  well-defined  changes.  For  all  cases,  kiw  <  ks,  often  by  about  a  factor  of  2.  For 
PATCHEX  north,  fciw  occurs  at  0.3  and  0.4  cpm,  where  the  rolloff  ends  and  the  slope 
changes  to  A3  We  also  see  that  Ab  occurs  at  0.7  and  0.6  cpm,  the  beginning  of  the 
inertial  subrange.  We  have  yet  to  investigate  overturning  scales  thoroughly  in  the  scalar 
records,  but,  as  the  inertial  subrange  implies  isotropic  turbulence,  this  narrow  difference 
should  be  the  transition  from  overturns  affected  by  stratification  to  those  not  affected.  If 
so,  0.3-0.7  cpm  is  much  too  narrow  to  be  considered  a  buoyancy  subrange. 

Evaluating  the  Froude  function  at  Aiw,  the  shear  variance  that  can  be  assigned  to 
internal  waves  has  a  relatively  small  range,  corresponding  to  Fr(Aiw)  =  1.5-2. 5.  Thus,  in 
all  cases  the  dissipation  lange  begins  well  before  Fr  =  4,  the  necessary  condition  for  shear 
instability.  This  does  not  imply  that  individual  turbulent  events  do  not  have  Fr  =  4,  only 
that  it  is  not  met  on  average  throughout  the  profile.  When  we  use  the  airfoil  spectra  to 
extend  the  Froude  function  through  the  dissipation  range,  we  find  that  some  spectra  do 
not  reach  Fr  =  4  even  by  the  end  of  the  dissipation  range. 
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Figure  9:  Comparison  of  all  Proude  functions  shows  two  classes:  PATCHEX  north  and  the 
others. 

The  begimiing  of  the  rolloff,  which  we  estimate  visually  as  k^-i ,  is  not  sharply  defined 
for  most  spectra,  but  occurs  over  about  an  octave  of  wavenumbers.  Considering  all 
records,  the  limits  are  0.04  cpm  <  k/.-!  <  0.14  cpm.  Munk  (1981)  and  Gargett  et  al. 

(1981)  argue  that  the  rolloff  begins  where  the  Proude  function  equals  1,  i.e.,  A:fv=i  = 
However,  from  Figures  4-7  and  Table  4  we  see  that,  except  for  PATCHEX  north, 
kpr=;i  =  (1.5-3)  X  kf.-i.  As  noted  by  Sherman  and  Pinkel  (1991),  this  is  also  obtained  by 
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integrating  GM76,  and  it  agrees  with  their  observations  for  1.5-1. 8  MPa  during 
PATCHEX.  Again,  PATCHEX  north  is  the  exception,  having  k^-i  =  A^v=i-  Why  does  the 
rolloff  occur  well  before  A:Fr=i  for  the  other  spectra?  Does  the  mechanism  of  instability 
differ?  For  example,  the  analysis  of  instability  in  the  atmosphere  shows  that  convective 
overturning  should  precede  shear  instability.  Aspect  ratios  of  oceanic  internal  waves 
generally  preclude  convective  overturning,  but  were  conditions  unusual  for  PATCHEX 
north? 


Table  4:  Significant  wavenumbers  and,  in  the  last  two  columns,  evaluations  of  the  Froude 
function  at  the  low  and  high  wavenumber  ends  of  the  rolloff.  Because  the  location  of  the 
rolloff,  fcjfe-i ,  is  often  indistinct,  the  estimates  are  made  visually  on  intersection  of  the  95% 
confidence  limits  with  the  rolloff  or  its  extension  to  lower  wavenumber.  Lower  boimd  for 
the  Froude  function,  Fr{k3),  is  0.01  cpm, 


Cruise 

P 

MPa 

kk-i 

cpm 

cpm 

fciw 

cpm 

cpm 

Fr{kk-r) 

Fr(fciw) 

PATCHEX 

2.50-5.50 

0.12 

0.18 

1.0 

2.3 

0.75 

1.9 

PATCHEX 

5.75-9.25 

0.09-0.11 

0.20 

1.0 

2.0 

0.52-0.64 

2.0 

PATCHEX  north 

2.50-5.50 

0,04-0.11 

0.06 

0.3 

0.7 

0.83-1.53 

2.2 

PATCHEX  north 

5.75-9.25 

0.04-0.13 

0.07 

0.4 

0.6 

0.69-1.60 

2.5 

TROPIC  HEAT  2  6°N 

2.50-5.00 

0.08-0.13 

0.19 

0.9 

2.7 

0.58-0.86 

1.5 

TROPIC  HEAT  2  IFN 

2.50-5.50 

0.08-0.13 

0.16 

0.8 

1.8 

0.63-0.93 

1.6 

TROPIC  HEAT  2  11°N 

6.50-10.0 

0.09-0.14 

0.25 

0.8 

2.6 

0.61-0.87 

1.6 

CSALT 

3.0-6.5 

0.08-0.12 

0.25 

1.2 

2.0 

0.38-0.57 

2.1 

Because  we  caimot  obtain  the  total  kinetic  energy  from  these  profiles,  we  test  (3)  as 

KE 

— — —  X  ki,-i  =  constant  (19) 

KEgu 

Closely  related  is 

KE 

— — —  X  kpr=i  =  constant  (20) 

KEgm 

found  by  Duda  and  Cox  (1989)  to  be  a  good  representation  of  their  profiles.  In  both  cases, 
the  measure  of  the  cutoff,  kh-i  or  kpr=i,  varies  inversely  with  the  energy  level.  In  neither 
case  do  (19)  or  (20)  accurately  describe  our  observations  (Table  3).  Instead,  there  appear 
to  be  several  groups  having  approximately  the  same  products.  One  group,  containing 
PATCHEX,  shallow  TROPIC  HEAT  2,  and  CSALT,  has  {KEIKEgm)  x  fcFV=i  = 
0.13-0.18  and  (KE/KEgm)  x  kk-i  =  0.06-0.11,  compared  with  0.23-0.30  and  0.15-0.55 
for  the  PATCHEX  north  spectra,  which  constitute  a  second  group.  The  deep  spectrum 
from  11°N  is  a  group  by  itself,  with  (19)  close  to  PATCHEX  north  and  (20)  intermediate 
between  the  first  two  groups.  In  any  event,  neither  kpt=i  nor  kk-i  decreases  sufficiently  to 
compensate  the  increase  in  kinetic  energy  for  PATCHEX  north  relative  to  PATCHEX. 
Therefore,  (19)  and  (20)  fail  to  describe  even  our  mid-latitude  data. 
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VERTICAL  SYMMETRY,  COHERENCE,  AND  PHASE 


Although  GM76  asc’unes  vertical  symmetry,  observations  often  reveal  asymmetry. 
Most  kinetic  energy  in  ihc,  internal  wave  field  resides  at  near-inertial  frequencies  and  is 
polarized,  with  significant  coherence  between  u  and  v.  In  the  northern  hemisphere, 
near-inertial  motions  with  downward  group  velocity  have  clockwise  rotation  (CW,  with 
<j)  =  -b90®)  and  those  with  upward  group  velocity  have  anticlockwise  rotation  (ACW,  with 
<f)  =  -90®).  Rotary  decomposition  of  velocity  profiles  often  reveals  ^cw/^ACW  >  L 
corresponding  to  an  excess  of  downward  propagating  energy  (Leaman  and  Sanford,  1975). 

At  low  wavenumbers,  the  shallow  PATCHEX  record  has  small,  but  significant,  co/i^, 

(f)  w  +90®,  and  ^cw/^ACW  >  1  for  fc  =  0.01-0.03  cpm  (Fig.  4).  (Because  confidence  limits 
for  <l>  depend  inversely  on  coh?^  cf)  is  unreliable  when  co/i^  is  insignificant.)  At  0.01  cpm, 
the  flux  asymmetry  is  large,  upward  exceeding  downward  by  nearly  2:1.  The  excess 
decreases  with  increasing  wavenumber,  and  does  not  differ  significantly  from  1  for 
0.04-0.07  cpm.  Over  nearly  the  same  interval,  coh*  also  decreases  and  is  not  significantly 
different  from  0.  Coherence-squared  is  again  significant  between  0.08-0.13  cpm  and 
0.16-0.2  cpm.  In  the  first  instance,  (}> «  +60®  (the  confidence  limits  include  +90®),  and 
^cw/^ACW  >  1,  all  consistent  with  downward  propagation.  In  the  second  instance, 

<f)  ta  -90®  and  ^'cw/^ACW  <  L  indicating  upward  propagation.  Furthermore,  replotting 
the  spectra  with  a  linear  wavenumber  axis  reveals  similar  patterns  throughout  0.1-1  cpm 
(Fig.  10).  In  these  cases,  however,  the  significance  is  much  less. 

At  low  wavenumbers,  the  deep  PATCHEX  record  does  not  have  significant  co/i^,  and 
^cw/4^acw  is  not  significantly  different  from  1  (Fig.  4).  The  vertical  symmetry  of  this 
record  may  be  a  consequence  of  its  distance  from  surface  forcing.  Lack  of  coherence  at  low 
wavenumbers,  however,  does  not  appear  to  affect  intermediate  scales.  Coherence-squared 
is  significant  for  0.05-1.2  cpm  and  0.18-2.0  cpm,  with  the  same  pattern  of  phase  and  flux 
asynunetry  as  found  in  the  shallow  spectrum;  i.e.,  the  first  coherent  band  has  ^  w  +90® 
and  ^cw/^ACW  >  L  the  second  has  <t>  w  —90®  and  ^cw/^ACW  <  L  Furthermore,  using  a 
linear  wavenumber  axis  shows  additional  coherent  patterns  throughout  the  rolloff 
(Fig.  10). 

We  are  not  aware  of  previous  reports  of  near-inertial  signatures  at  high  wavenumbers. 
To  the  contrary,  after  decomposing  a  time  series  of  velocity  profiles  into  mean, 
near-inertial,  and  high-frequency  internal  waves,  Sanford  (1991)  finds  that  “At  all 
wavelengths  shorter  than  about  100  m,  the  higher-frequency  waves  are  more  energetic.” 
Occurrence  of  the  first  coherent  band  at  the  beginning  of  the  rolloff  is  a  signature  one 
would  expect  if  the  rolloff  results  from  strong  Doppler  shifting  creating  critical  layers  for 
waves  of  this  scale.  The  small  magnitudes  of  co/i*  demonstrate  that  somewhat  less  than 
10%  of  the  variance  at  the  rolloff  scale  is  involved,  which  is  plausible.  Bands  of  coherent  u 
and  V  structures  throughout  the  rolloff  are  also  consistent  with  wave/wave  interactions, 
moving  energy  to  higher  wavenumbers  until  the  waves  break  down  into  turbulence  at 
ks  >  1  cpm.  Existence  of  coherent  structures  is  also  inconsistent  with  the  rolloff  being  a 
buoyant  subrange  of  three-dimensional  turbulence. 
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Figure  10:  The  PATCHEX  spectra  on  a  linear  waveniimber  axis.  Although  not  as  well 
defined  as  the  two  patterns  at  the  beginning  of  the  rolloff,  the  region  from  0.1-1  cpm  has 
numerous  sections  with  significant  coh?,  <}> «  ±90°,  and  matching  #cw/^ACW  greater  than 
or  less  than  1. 


Similar  coherent  patterns  occur  in  some  of  the  other  spectra,  but,  owing  to  fewer 
degrees  of  freedom,  their  significance  is  much  less.  At  0.01  cpm,  the  PATCHEX  north 
spectra  have  co/i^  =  0.1-0.2,  0  «  +90°,  and  #cw/^ACW  >  2  (Fig.  5).  Thus,  even  for  the 
deeper  record,  energy  at  low  wavenumbers  is  strongly  dominated  by  downward 
propagating  waves,  and  these  signatures  drop  off  with  increasing  wavenumber.  For  the 
shallow  record,  only  one  wavenumber  near  the  rolloff  has  significant  coh?,  but  for  the  deep 
record  the  band  is  wider,  0.07-0.1  cpm,  and  coincides  with  the  sigr*^''«nt  local  spectral 
maximum  which  is  very  prominent  in  the  variance-preserving  plot  8). 

The  shallow  TROPIC  HEAT  2  spectra  are  quite  different,  being  dominated  by 
upward-propagating  energy:  cob?  «  O.o.  (f>  —90°,  and  ^cw/^ACW  ^  0.3  (Figs.  6  and  7). 

Curiously,  coh^  is  equally  large  for  the  deep  spectrum  at  11°N  ,  but  (f)  «  +90°  and 
^cw  /^ACW  ^  3.  Thus,  at  low  wavenumbers,  the  shallow  records  are  strongly  dominated 
by  upward-propagating  energy  and  the  deep  record  is  strongly  dominated  by 
downward-propagating  energy,  a  situation  we  cannot  explain. 
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The  shallow  spectrum  at  11°N  has  two  additional  bands  with  significant  coh?: 
0.09-0.13  cpm  and  0.18-0.2  cpm  (Fig.  6).  For  both,  4>  ^  -90°  and  ^cw/^ACW  <  1) 
demonstrating  upward  propagation.  Perhaps  upward  propagation  in  the  second  of  these 
bands  results  from  the  strong  dominance  of  upward  propagation  at  0.01  cpm.  There  is  a 
suggestion  of  the  same  pattern  at  6°N,  but  the  degrees  of  freedom  are  too  small  for  it  to 
be  significant. 

The  deep  spectrum  at  11°N  has  only  one  spectral  estimate  with  significant  coherence 
near  the  rolloff  (Fig.  7).  The  phase  has  very  wide  confidence  limits  that  include  -90°. 

Finally,  CSALT  has  no  patterns  suggesting  critical  layer  interactions  (Fig.  7). 


SUMMARY  AND  DISCUSSION 

Returning  to  the  questions  posed  in  the  introduction,  for  these  observations  we  find 

•  Spectral  shapes  change  with  amplitude  principally  at  wavenumbers  less  than 

0.1  cpm;  near  0.14  cpm  all  of  the  FVoude  spectra  have  nearly  the  same  amplitude. 
Consequently,  the  only  systematic  structure  to  variations  for  ks  =  0.01-0.1  cpm  is 
sloping  downward  when  the  amplitude  exceeds  GM76  and  sloping  upward  when  the 
amplitude  is  smaller  than  GM76.  Owing  to  the  irregular  shapes,  kinetic  energy  and 
shear  variances  do  not  change  in  the  same  proportion. 

•  Spectra  from  low  latitudes  in  the  central  Pacific  differ  markedly  from  those  at 
mid-latitude,  but  the  differences  are  not  those  predicted  by  Munk’s  (1981)  addition 
of  latitude  dependence  to  GM76.  Mimk  predicts  kinetic  energies  3  and  5  times 
GM76  at  11°N  and  6°N,  respectively;  whereas  we  observe  0.8  and  1.4  times  GM76  in 
the  shallow  and  deep  spectra  at  11°N,  and  0.7  times  GM76  in  the  shallow  spectrum 
at  6°N.  Both  shallow  spectra  have  band-limited  shear  variances  concentrated  near 
0.08  cpm  and  roll  off  as  /cj rather  than  as  fcj ^  at  mid-latitude.  Although  not  as 
peaked  as  the  shallow  spectra,  the  deep  spectrum  at  11°N  rolls  off  as  steeply  and 
also  has  a  spectral  gap  separating  internal  waves  and  turbulence. 

•  The  CSALT  spectra  are  similar  to  PATCHEX  and  to  GM76,  the  principal  difference 
being  somewhat  lower  levels  near  0.01  cpm.  In  view  of  the  different  appearance  of 
the  CSALT  velocity  profiles,  the  similarity  of  the  spectra  to  PATCHEX  and  to 
GM76  is  unexpected.  It  is  not  clear,  however,  what  spectral  shape  is  typical  at  that 
latitude.  The  CSALT  spectra,  taken  at  12°N,  differ  markedly  from  those  observed  at 
11.5°N  during  TROPIC  HEAT  2.  More  spectra  at  low  latitudes  are  needed  to  define 
the  norm,  eissuming  one  exists. 

•  In  most  of  the  spectra,  bands  of  near-inertial  energy  (as  indicated  by  significant 
coherence-squared  between  u  and  v  with  phases  of  ±90°)  span  the  rolloff,  k^-i ,  and 
recur  irregularly  throughout  the  rolloff  region,  usually  0.1-1  cpm.  These  signatures 
are  unexpected,  as  high-frequency  waves  generally  dominate  wavenumbers  greater 
than  0.01  cpm  (Sanford,  1991),  and  we  interpret  them  as  evidence  of  critical  layer 
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interactions  causing  the  rolloff.  Preliminary  examination  of  overturning  scales  in 
these  profiles  shows  vertical  scales  consistent  with  fce,  i.e.,  tens  of  centimeters  or  less 
except  for  PATCHEX  north  which  has  overturns  of  about  1  m.  Thus,  in  both  cases, 
the  rolloff  cannot  contain  the  three-dimensional  turbulence  needed  for  a  buoyancy 
subrange. 

•  The  PATCHEX  north  spectrum  rolls  off  at  a  lower  wavenumber  than  does  the 
PATCHEX  spectrum,  as  expected  from  the  larger  velocity  and  shear  variances  of 
PATCHEX  north.  The  decrease  in  ,  however,  is  only  about  half  the  decrease 
predicted  by  Mimk’s  (1981)  E  x  k^-i  =  constant.  For  the  other  records,  k^-i  shows 
little  systematic  shift  with  changes  in  kinetic  energy  but  all  of  them  roll  off  where 
Fr  =  0.5-0.8. 

•  When  evaluated  with  (e),  Nasmyth’s  spectrum  adequately  approximates  the 
observed  spectra  in  the  dissipation  range,  particularly  for  the  PATCHEX  north 
records  which  are  strongly  turbulent.  Our  spectra,  however,  roll  off  more  gradually 
beyond  the  viscous  cutoff,  and  we  do  not  know  whether  this  results  from  the 
averaging  procedure  or  is  more  fundamental. 


Considering  the  range  of  spectral  amplitudes,  the  variety  of  spectral  shapes  for 
0.01-0.1  cpm  is  not  surprising.  Energy  enters  at  low  wavenumbers,  and  the  spectrum  is 
likely  to  contain  signatures  of  the  generation  mechanisms,  much  like  energy-containing 
scales  of  turbulence.  (This  is  especially  true  for  these  data,  which  were  collected  at 
relatively  shallow  depths  and  may  have  sampled  forced  rather  than  freely  propagating 
waves.)  The  observed  departures  from  white  shear  sp>ectra,  i.e.,  from  k^,  imply  some 
degree  of  coherent  structure  in  the  low-wavenumber  shear  field.  This  is  a  general 
consequence  of  a  white  spectrum  and  a  unit  impulse  autocorrelation  function  being  a 
Fourier  transform  pair,  and  is  the  basis  for  the  cumulative  periodogram  test  for 
correlatedness  (Jenkins  and  Watts,  1969).  As  generation  mechanisms  are  identified,  it  may 
be  possible  to  infer  mechanisms  from  spectral  signatures  and  to  relate  changes  in  kinetic 
energy  to  changes  in  shear.  At  present,  however,  we  cannot  identify  the  mechanisms.  Nor 
can  we  accurately  predict  variations  in  shear  from  those  in  kinetic  energy. 

During  eight  days  of  sampling,  internal  waves  did  not  change  appreciably  during 
PATCHEX.  The  other  observations  were  collected  much  more  rapidly  and  thus  represent 
only  snapshots.  However,  ibe  similarity  of  the  shallow  spectra  from  6°N  and  11°N  makes 
it  plausible  to  assume  that  these  also  represent  a  steady  state.  Furthermore,  the  long  time 
scale  of  the  thermohaline  staircase  east  of  Barbados  is  strong  evidence  that  CSALT  also 
sampled  a  steady  state. 

In  spite  of  significant  differences  in  low-wavenumber  shear  and  in  the  steepness  of 
their  rolloffs,  PATCHEX  and  TROPIC  HEAT  2  have  nearly  the  same  average  dissipation 
rates,  as  does  CSALT.  These  rates  are  minimal,  slightly  above  10“^°  W  kg“^  Minimal 
dissipation  rates  reflect  the  tendency  of  all  thermodynamic  systems  to  evolve  to  states  of 
minimum  entropy  production  consistent  with  the  constraints  imposed  upon  them  (De 
Groot  and  Mazur,  1962).  By  contrast,  (e)  is  not  minimal  for  PATCHEX  north. 
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We  conclude  that  the  most  likely  interpretation  of  the  spectra  and  their  dissipation 
rates  is 


1.  PATCHEX  and  TROPIC  HEAT  2  sampled  steady  states  or  nearly  steady  states  of 
freely  propagating  waves  close  to  equilibrium;  i.e.,  the  observations  typify  long-term 
averages  at  those  sites,  (e)  represents  the  average  energy  flux  through  the  shear 
spectra,  and  the  spectral  shapes  are  adjusted  to  maintain  that  energy  flux. 

2.  The  contrast  in  spectral  shapes  between  PATCHEX  and  TROPIC  HEAT  2  results 
from  differences  in  large-scale  forcing  of  the  internal  wave  field  and  in  latitudinal 
changes  in  the  rate  at  which  wave/wave  interactions  transfer  energy. 

3.  Either  PATCHEX  north  was  in  steady  state  with  active  forcing  or  it  was  decaying 
from  previous  forcing. 

In  view  of  the  limited  sampling,  we  obviously  cannot  prove  these  statements;  we 
regard  them  as  hypotheses  to  be  tested  by  further  observations  and  perhaps  by  numerical 
calculations.  In  Figure  9,  we  have  already  noted  how  the  Froude  function  for  PATCHEX 
north  stands  above  the  others.  Plotting  ratios  of  the  observed  Froude  functions  to  the 
Froude  function  for  GM76  shows  how  these  functions  change  with  wavenumber  (Fig.  11). 
Except  for  PATCHEX  north,  the  Froude  ratios  converge  to  about  0.8,  regardless  of 
whether  they  start  above  or  below  1.  All  of  these  records  have  low  dissipation  rates,  as 
shown  by  the  variance-preserving  dissipation  plots  in  the  right-hand  panels.  The  ratios  for 
PATCHEX  north  drop  with  increasing  wavenumber,  but  terminate  at  fcjw ,  the  end  of  the 
internal  wave  region,  before  reaching  0.8.  They  correspond  to  the  only  high  dissipation 
spectra.  We  conclude  that  Fr(fciw)  is  likely  the  major  factor  establishing  (e). 

Most  sampling  during  TROPIC  HEAT  2  was  concentrated  on  the  equator,  but  we 
also  profiled  at  1°N  and  2°N.  At  low  wavenumbers,  these  profiles  have  Froude  ratios  that 
fill  in  the  space  in  Figure  11  between  PATCHEX  north  and  the  deep  record  at  11°N. 
Unlike  PATCHEX  north,  however,  the  Froude  ratios  for  the  2'’N-0°N  spectra  drop  steeply 
with  increasing  wavenumber  and  terminate  near  0.8.  They  also  have  minimal  dissipation 
rates  and  overlay  the  low  values  on  the  variance-preserving  spectra.  Owing  to  the  strong 
mean  shears  within  2°  of  the  equator,  wave/wave  interactions  are  likely  to  be  more 
complicated  than  for  the  records  we  have  presented.  Nevertheless,  the  shapes  of  their 
spectra  are  consistent  with  the  hypothesis  that  {e)  is  controlled  by  Fr(fciw). 

The  rapid  rolloff  in  the  low-latitude  spectra  is  consistent  with  reduced  wave/wave  flux 
feeding  energy  to  small  scales.  But,  if  that  flux  is  linearly  proportional  to  /,  why  isn’t  the 
rolloff  steeper  at  6°N  than  at  11°N.  And,  why  are  the  dissipation  rates  at  these  stations 
nearly  the  same  as  at  PATCHEX?  Because  velocity  and  shear  variances  for  fca  <  k^-i  are 
comparable  to  PATCHEX,  we  expect  (e)  at  11°N  to  be  1/3  of  PATCHEX  and  (e)  at  6°N 
to  be  1/5  of  PATCHEX. 

The  location  of  the  rolloff,  kk-i ,  shows  the  same  two  groups  of  profiles  that  we  obtain 
from  the  Froude  functions,  namely  PATCHEX  north,  with  Fr{k).-i)  w  1,  and  the  others, 
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Figiire  11:  Ratios  of  observed  Froude  functions  to  the  Froude  function  and  vari¬ 
ance-preserving  dissipation  spectra  for  shallow  spectra  (left)  and  for  the  deep  spectra  plus 
CSALT  (right).  Froude  plots  are  cut  off  at  km.  In  spite  of  larger  differences  in  amplitude 
and  shape  among  the  spectra,  only  PATCHEX  north  stands  out. 


with  Fr{kk-i )  «  0.5.  Although  we  do  not  consider  the  rolloff  a  buoyancy  subrange,  we 
applied  the  buoyancy  scaling  used  by  Gargett  et  al.  (1981)  to  PATCHEX  and  PATCHEX 
north,  which  have  similar  values  of  /.  The  results  are  dramatic  (Fig.  12),  achieving  a 
better  collapse  than  obtained  by  Gargett  et  al.  In  addition,  the  collapse  extends  across  the 
internal  wave  range  and  is  not  limited  to  the  rolloff.  If  this  collapse  is  not  fortuitous,  the 
scaling  must  be  an  internal  wave  scaling  rather  than  a  buoyancy  scaling.  As  in  the  models 
of  wave/wave  interactions  by  McComas  and  Muller  (1981)  and  Henyey  et  al.  (1986),  for  a 
wave  field  in  equilibrium  (e)  is  also  the  rate  at  which  energy  flows  through  the  spectrum. 
In  which  case,  the  striking  collapse  of  PATCHEX  and  PATCHEX  north  indicates  that  the 
shape  of  the  PATCHEX  north  spectrum  is  close  to  that  required  to  maintain  a  uniform 
energy  flux. 


Occurrence  of  the  rolloff  at  0.1  cpm,  instead  of  near  0.013  cpm  as  predicted  by 
Holloway  (1980),  indicates  that  c/,  «  urms  is  not  the  criterion  for  Doppler  shifts  leading  to 
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(a)  (b) 


Figure  12:  Froude  and  buoyancy  scalings  applied  to  the  shallow  (left)  and  deep  (right) 
spectra  from  PATCHEX  and  PATCHEX  north.  The  buoyancy  scaling  gives  a  much  better 
collapse  throughout  the  internal  wave  range,  kzlk^  <  1  in  our  interpretation,  but  not  in 
the  turbulent  range,  fca/fce  >  !• 


critical  layers.  We  suggest  two  reasons  for  the  apparent  discrepancy  in  the  scale  of  the 
rolloff:  1)  The  probability  distribution  for  velocity  differences  produced  by  large-scale 
waves  is  skewed.  Consequently,  even  though  ch  w  urms  at  0.013  cpm,  half  or  more  of  the 
distribution  at  that  scale  has  smaller  velocity  differences.  2)  Critical  layers  also  require 
alignment  in  direction  between  the  ‘test’  wave  and  the  field  of  the  large-scale  waves.  For  a 
horizontally  isotropic  wave  field,  this  further  reduces  the  likelihood  of  a  critical  layer  when 
ch  URMS- 

When  u  and  v  are  normally  distributed,  -f  has  a  chi-square  distribution  (when 
suitably  normalized),  which  is  skewed.  Consequently,  the  most  probable  velocity  difference 
experienced  by  a  wave  is  less  than  urms-  In  Figure  13,  we  show  probability  density 
functions  of  logjoK^u)^  +  (4v)^]  for  a  range  of  Az.  For  PATCHEX,  when  Az  =  50  m, 
corresponding  to  Ch  «  urmSi  half  of  the  velocity  differences  are  less  than  c^,  and  the 
probability  of  matching  amplitude  and  direction  must  be  relatively  low.  For  Az  =  10  m, 
however,  only  a  few  percent  of  the  velocity  differences  are  less  than  (^,  and  the  probability 
of  matching  amplitude  and  direction  must  be  much  larger.  The  probability  densities  for 
PATCHEX  north  are  not  as  well  defined,  but  show  few  velocity  differences  less  than  (?^^  for 
Az  =  50-25  m,  consistent  with  the  rolloff  beginning  at  lower  wavenumbers. 
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Figure  13:  Probability  density  functions  of  {AV)^  for  different  vertical  lengths,  Az.  Shading 
shows  where  AV  >  Ch,  the  horizontal  phase  speed  of  internal  waves  having  the  same  vertical 
scale.  The  histograms  are  fully  shaded  only  when  Az  <  10  m. 

Much  of  this  discussion  is  speculation  in  an  attempt  to  formulate  the  hypotheses 
needed  to  move  from  internal  wave  kinematics  to  dynamics.  These  records  demonstrate 
that,  until  we  better  understand  dynamics,  we  need  to  continue  fully  resolving  the  vertical 
shear  spectrum.  Further  observations  are  needed  to  determine  the  full  range  of  shapes  and 
amplitudes  for  shear  spectra,  but,  even  more,  to  reveal  how  these  characteristics  evolve 
during  strong  forcing. 
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ABSTRACT 


Recent  work  by  M.C.  Gregg  has  suggested  that  the  dissipation  rate  of  turbulent 
kinetic  energy  in  the  oceanic  thermocline  may  be  closely  related  to  the  internal 
wave  shear  variance  measured  at  10  m  vertical  scales.  If  this  relationship  holds, 
it  significantly  decreases  the  experimental  effort  required  to  estimate  eddy  vis¬ 
cosities  and  diffusivities.  However,  as  Gregg  has  noted,  the  diffusivities  associated 
with  his  model  in  a  Garrett-Munk  (GM)  canonical  wave  field  are  quite  small,  and 
it  therefore  appears  that  mixing  driven  by  internal  waves  may  only  be  important 
where  the  meeui  energy  level  is  substantially  above  GM.  In  this  paper  we  explore 
the  relationship  between  internal  waves  and  microscale  dissipation  from  a  region 
of  energetic  mixing,  near  the  Yermak  Plateau  in  the  Arctic  Ocean.  The  dissipa¬ 
tion  rate  is  an  order  of  magnitude  above  that  predicted  by  Gregg’s  model,  and  we 
shall  discuss  several  aspects  of  the  local  internal  wave  field  which  may  contribute 
to  this  result.  We  also  suggest  one  way  in  which  Gregg’s  model  might  be  modified 
to  account  for  this  new  data  set. 


INTRODUCTION 


The  recent  paper  by  Gregg  (1989)  (hereinafter  G89),  which  suggested  a  close  rela 
tionship  between  internal  wave  (IW)  shear  and  dissipation  rate,  e,  has  prompted 
a  number  of  studies  aimed  either  at  (a)  applying  his  results  to  other  c^ppropriate 
data  sets,  or  (b)  searching  for  locations  in  which  the  scaling  model  does  not  work. 
As  Gregg  himself  has  indicated  (pers.  comm.,  1990),  anomalous  environments 
may  be  regions  of  large  diapycnal  transport  of  both  momentum  and  scalars,  per¬ 
haps  dominating  the  basin-averaged  diapycnal  fluxes.  It  is  therefore  necessary  to 
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determine  why  these  regions  differ  from  the  cases  studied  in  G89,  and  whether  a 
predictive  model,  beised  on  observed  IW  field  properties,  can  be  found  for  these 
regions.  G89  noted  that  the  diffusivities  implied  by  the  model  applied  to  a  GM 
wave  field  at  the  canonical  energy  density  level  are  small,  and  may  therefore  not 
be  relevant  to  the  dynamics  of  the  mid-ocean  thermocline,  except  perhaps  on 
time  scales  of  decades  or  longer.  Apparently  then,  the  places  to  look  for  vertical 
mixing  rates  which  are  sufficiently  large  to  be  dynamically  important  are  regions 
where  the  IW  energy  density  is  substantially  higher  than  the  canonical  value. 
However,  as  the  present  analysis  will  show,  regions  where  the  energy  density  is 
not  necessarily  abnon.ially  large,  but  the  wave  field  deviates  in  other  ways  from 
the  GM  assumptions,  can  also  be  regions  of  large  diapycnal  transports. 

One  of  the  aims  of  Gregg’s  study  weis  to  find  ways  to  reduce  the  field  effort  in¬ 
volved  in  estimating  e.  One  possibility,  which  he  explored,  was  to  use  Expend¬ 
able  Current  Profilers  (XCPs)  to  determine  the  shear  at  10  m  vertical  scales. 

For  the  data  sets  which  he  considered,  shear  variance  was  a  good  indicator  of  e 
in  some  averaged  sense.  However,  this  method  still  requires  that  the  experimen¬ 
talist  be  present  to  launch  the  XCPs,  and  the  questions  of  sampling  bias  in  e  es¬ 
timates  due  to  small  sample  size  (Baker  and  Gibson,  1987)  still  remain.  In  an 
ideal  world,  one  would  obtain  estimates  through  all  types  of  events  which  might 
contribute  to  c  within  the  time  and  space  intervals  of  interest.  For  example,  if 
c  could  be  linked  to  some  basic  variables  which  are  obtainable  from  long-term 
moorings  {e.g,  IW  energy  density,  and  buoyancy  frequency,  iV),  then  e  could  be 
“monitored”  throughout  the  life  of  the  mooring.  Unfortunately,  as  we  shall  show 
below,  a  model  based  simply  on  energy  and  N  doesn’t  work  well  in  some  envi¬ 
ronments  where  mixing  is  important.  However,  there  may  be  higher  order  IW 
statistics  which  could  be  measured,  and  used  to  improve  models.  The  require¬ 
ments  for  models  are  not  as  strict  as  they  might  seem  at  first,  since  even  a  factor 
of  two  error  in  a  model  prediction  might  be  much  less  than  the  errors  involved  in 
extrapolating  the  results  of  a  short-duration  microstructure  or  XCP  program. 

The  data  set  which  we  shall  use  to  explore  this  topic  was  obtained  from  the 
Oceanography  (“0”)  Camp,  deployed  on  the  pack  ice  in  March- April  1989  dur¬ 
ing  the  Coordinated  Eastern  Arctic  Experiment  (CEAREX).  A  background  paper 
which  fully  describes  the  program  and  the  data  is  in  press  (Padman  and  Dillon, 
1991;  hereinafter  PD91),  however  a  short  review  is  provided  in  the  following  sec¬ 
tion  of  the  current  paper.  We  then  review  some  of  the  anomalous  claaracteristics 
of  the  0  Camp  IW  climate,  followed  by  a  discussion  of  the  implications  for  pre¬ 
dictive  modelling  of  e  in  this  environment.  There  are  two  seemingly  dichotomous 
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aims  to  this  study:  first,  we  wish  to  show  how  the  observed  wave  field  is  incon¬ 
sistent  with  the  assumptions  of  existing  wave/dissipation  models;  and  second,  we 
wish  to  indicate  that  some  modelling  success  can  be  retained  despite  these  incon¬ 
sistencies.  Hopefully,  however,  the  two  approaches  are  actually  complementary, 
even  if  the  empirical  modeling  is  primarily  a  short-term  effort  awaiting  the  con¬ 
struction  of  more  versatile  IW  dissipation  models. 


THE  CEAREX  PROGRAM 


CEAREX  was  a  multi-investigator  Arctic  oceanographic  experiment  conducted 
from  several  platforms,  including  the  0  Camp  from  which  the  data  discussed  in 
this  paper  were  obtained.  Apart  from  direct  microstructure  measurements,  data 
from  0  Camp  include  Acoustic  Doppler  Current  Profiler  (ADCP)  measurements 
in  the  upper  several  hundred  meters,  and  densely  sampled  CTD  data,  as  well  as 
water  depth  and  meteorological  information.  A  schematic  of  the  various  programs 
at  0  Camp  is  shown  in  Fig.  1.  The  drift  track  (Fig.  2)  was  determined  from  ap- 


Fig.  1.  Schematic  of  CEAREX  0  Camp,  showing  the  principal  sampling  pro¬ 
grams. 
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proximately  hourly  satellite  fixes,  then  smoothed  with  the  complex  demodulation 
algorithm  described  by  McPhee  (1988).  This  algorithm  assumes  that  the  ice  mo¬ 
tion  consists  solely  of  tidal  and  inertial  oscillations,  and  low-frequency  drift. 

Approximately  1500  microstructure  profiles  were  made  with  the  Rapid-Sampling 
Vertical  Profiler  (RSVP)  (Caldwell,  et  al,  1985;  Padman  and  Dillon,  1987)  from 
March  31  to  April  25,  1989.  Data  were  obtained  between  the  surface  and  a  typ¬ 
ical  maximum  depth  of  340  m,  and  the  cycling  time  between  profiles  was  usu¬ 
ally  15-20  minutes.  The  RSVP  (Fig.  3)  is  a  tethered,  freefall  profiler  about  1.3 
m  long,  equipped  with  sensors  for  measuring  pressure,  P,  orthogonal  microscale 
velocity  shears,  Uz(=  dufdz)  and  Vz{=  dvfdz),  temperature,  T,  and  conductivity, 
C.  The  average  fall  rate  is  about  0.7  m  s“^,  constrained  by  a  drag  element  con¬ 
sisting  of  ein  annular  brush  near  the  rear  of  the  probe  during  descent,  but  able  to 
slide  towards  the  RSVP’s  nose  for  improved  retrieval  dynamics.  A  profile  to  340 
m  takes  about  8  minutes.  The  raw  data  sampling  rate  during  CEAREX  was  256 
Hz  for  all  channels.  Microscale  temperature  was  measured  with  a  Thermometries 
FP07  thermistor  (Ti)  projecting  forward  from  the  probe  nose  assembly.  Gregg 
and  Meagher  (1980)  measured  a  3-dB  attenuation  point  for  similar  thermistors  to 
be  approximately  15  Hz.  Conductivity  was  measured  with  a  Neil  Brown  Insiru- 
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Fig.  2.  Drift  track  of  the  CEAREX  0  Camp.  Depth  contours  are  in  meters.  Sym¬ 
bols  are  given  once  daily,  and  are  marked  in  day-of-year  (1989). 
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Fig.  3,  Schematic  of  the  Rapid- Sampling  Vertical  Profiler.  Sensors  are  thermistors 
(Ti  and  Tj),  conductivity  cell  (N-B  Cond.),  pressure  transducer  (P),  and  airfoil 
shear  probes  {Uz  and  V^). 


ment  Systems  (NBIS)  conductivity  cell  {N-B  Coni.)  mounted  on  the  side  of 
the  probe,  0.15  m  above  the  probe  tip.  For  salinity  determination  a  second  FP07 
thermistor  {T^)  was  mounted  adjacent  to  the  conductivity  sensor.  The  NBIS  cell 
heis  a  response  length  of  0(0.1)  m  (Gregg  et  a/.,  1982),  so  that  at  the  nominal 
fall  rate  the  time  constant  of  the  conductivity  cell  is  0.14  s.  Post-analysis  of  the 
conductivity  data  indicated  a  small,  time-varying  calibration  offset  voltage:  con¬ 
ductivities  have  therefore  been  corrected  by  comparison  with  CTD  data,  pro¬ 
vided  by  J.  Morison.  Vertically  averaged  salinity,  5,  was  determined  from  sim¬ 
ilarly  filtered  T  and  C:  the  effective  resolution  for  S  and  density,  cr<,  is  about 
0.2  m.  Least  significant  bit  {Ish)  resolutions  of  the  raw  16-bit  records  are  about 
1.5  X  10“^°C  in  temperature,  and  1.5  x  10“^  S  m~^  in  conductivity.  Typical  rrns 
noises,  based  on  measurements  deep  within  non-turbulent  surface  mixed  layers, 
are  comparable  to  the  Isb  resolutions. 

Velocity  microstructure  was  measured  with  tv/o  orthogonally  mounted  airfoil 
shezu"  sensors  {Uzi  Vj)  on  the  RSVP’s  nose.  These  probes  (Osborn  and  Crawford, 
1980)  have  a  spatial  resolution  of  about  0.02  m,  sufficient  to  resolve  most  of  the 
“universal”,  or  Kolmogorov,  shear  spectrum  for  typical  oceanic  dissipation  rates. 
Estimates  of  e  were  made  for  approximately  1.4  m  depth  intervals  (2  s  of  data) 
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by  integrating  the  velocity  shear  spectra  in  the  wavenumber  range  of  2  to  20  cpm. 
Assuming  isotropy  of  velocity  fluctuations  in  this  wavenumber  band, 


2^\  2 


) 


(1) 


where  u  is  the  kinematic  viscosity  of  seawater,  about  1.8  x  10“®  m^  s”^  at  these 
low  temperatures,  and  (  }  denotes  vertical  averaging.  The  noise  level  based  on 
measured  microscale  shears  in  the  quietest  regions  appears  to  be  about  10“® 

W  kg"^  substantially  higher  than  during  the  Arctic  Internal  Wave  Experiment, 
AIWEX,  (Padman  and  Dillon,  1987).  We  believe  that  this  is  due  to  a  change  in 
the  dynamics  of  the  RSVP,  which  in  CEAREX  was  an  air-filled,  pressure-sealed 
case  compared  with  an  oil-filled  instrument  in  AIWEX.  The  probable  result  of 
the  latter  change,  which  was  compensated  for  by  a  reduction  in  the  number  and 
size  of  drag  and  buoyancy  elements  near  the  instrument’s  tail,  is  an  increase  in 
motion  near  the  instrumented  nose.  However,  e  in  energetic  mixing  patches  was 
10^  times  greater  than  the  noise  level,  so  that  the  mixing  processes  which  con¬ 
tribute  most  to  the  time-averaged  evolution  of  the  large-scale  hydrographic  fields 
were  well  resolved.  The  noise  level  was  lowest  in  regions  where  the  thermal  gra¬ 
dients  were  smallest,  notably  in  a  warm,  almost  isothermal  Atlantic  Layer  slab 
which  was  sampled  at  the  end  of  the  experiment.  This  suggests  that  the  shear 
probes’  thermal  response,  discussed  by  Osborn  and  Crawford  (1980),  may  also 
contrioutv^  to  setting  the  noise  level  on  e  measurements. 


An  upper  limit  on  fully  resolved  shear  spectra  is  determined  by  the  finite  response 
length  scale  of  the  airfoil  shear  probes.  The  universal  shear  spectrum  contains 
energy  at  all  scales  larger  than  the  Kolmogorov  microscale, 

h  =  2T(u^/iyi^  (2) 

although  the  spectral  peak  occurs  at  wavelengths  of  about  10/*,..  For  e  =  1  x 
10-®  m^s-^,  h-  is  about  0.01  m,  and  the  peak  spectral  density  lies  at  wavelengths 
of  about  0.1  m.  Some  correction  can  be  made  for  the  frequency  response  of  the 
shear  probes,  however  in  all  the  data  discussed  in  this  paper  the  correction  to  e 
was  less  than  20%,  which  is  smaller  than  the  potential  calibration  errors  on  the 
probes  themselves.  Therefore,  in  this  paper,  no  spectral  corrections  have  been 
applied. 


The  complete  transect  of  e  averaged  over  4  hours  and  10  vertical  meters  is  shown 
in  Fig.  4.  Time,  t,  is  given  throughout  this  paper  in  decimal  day-of-year  (UTC), 
where  <-1.0  is  00:00  h  on  January  1,1989.  High  dissipation  rates  near  the  sur- 
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Fig.  4.  Transect  of  dissipation  rate,  logio(e),  throughout  the  0  Camp  drift.  Data 
have  been  averaged  over  4  hours  and  10  vertical  meters. 


face  between  t=101  and  110  are  related  to  high  surface  stresses  resulting  from 
enhanced  diurnal  tidal  currents  which  are  a  well-documented  phenomenon  in 
this  region  (Hunkins,  1986;  PD91).  Of  more  interest  to  the  present  paper  are 
the  large,  quasi-diurnal  bursts  of  high  dissipation  in  the  pycnocline  (below  about 
100  m),  which  also  occur  during  this  period  of  strong  diurnal  tides.  We  shall  dis¬ 
cuss  the  possible  causes  of  these  bursts  after  reviewing  the  IW  field  which  is  as¬ 
sumed  to  initiate  the  mixing. 


THE  INTERNAL  WAVE  FIELD 


The  0  Camp  phase  of  CEAREX  was  exceptionally  well  set  up  for  the  study  of 
the  IW  field  (see  Fig.  1).  Simultaneous  measurements  were  made  of  the  hydro- 
graphic  2ind  current  variability  throughout  the  upper  several  hundred  meters  of 
the  water  column,  encompassing  almost  ail  of  the  density  stratification.  A  hori¬ 
zontal  array  provided  information  on  the  propagation  direction  of  specific  wave 
packets,  while  unique  meeisurements  of  ice  tilt  and  strain  related  to  the  passage 
of  wave  packets  were  also  collected  (P.  Czipott,  pers.  comm.,  1990).  The  ice 
camp  drifted  southward  from  the  deep  water  of  the  Nansen  Basin,  up  the  plateau 


02. 


Padman  et  al. 


slope,  then  approximately  followed  the  2000  m  isobath  towards  the  southwest 
(Fig.  2).  Based  on  water  depth,  and  the  low  frequency  modulation  of  both  e  and 
the  apparently  dynamically  significant  diurnal  tide  (PD91),  the  drift  track  is  di¬ 
vided  into  four  sections.  Fig.  5  shows  this  division,  with  plots  of  water  depth, 
the  diumal-band  major  axis  current  speed,  and  e  averaged  over  the  pycnocline, 
(ipyc)-  As  this  figure  shows,  (cpyc)  is  substantially  higher  in  Period  3  than  else¬ 
where,  although  it  is  dominated  by  a  few  large  events.  Period  1  exhibits  relatively 
low  turbulence  levels.  However,  as  we  shall  show  below,  the  time-averaged  rate 
in  this  period  is  still  much  larger  than  the  G89  model  would  suggest.  D’Asaro 
and  Morison  (1991)  provide  an  independent  view  of  the  spatial  variability  of  mix¬ 
ing  rates  relative  to  topography  in  the  eastern  Arctic:  their  XCP  measurements 
suggest  that  the  wave  shear  is  significantly  higher  over  topography,  but  that  the 
decay  scale  of  the  wave  field  is  hundreds  of  kilometers.  On  that  basis,  even  the 
deep  Nansen  Basin  data  in  the  present  study  (Period  1)  lie  within  the  radiation 
field  associated  with  the  Yermak  Plateau. 


The  mean  profiles  of  buoyancy  frequency,  N,  dissipation  rate,  e,  and  wave  field 
energy  density,  Emeas,  for  the  entire  experiment  are  shown  in  Fig.  6.  These  pro¬ 
files  were  made  by  first  mapping  the  velocity  field  from  the  ADCPs  to  approx¬ 
imate  isopycnal  coordinates  in  order  to  reduce  the  vertical  “smearing”  by  the 
large-amplitude  diurnal  oscillations.  The  resultant  along- isopycnal  averages  are 
then  plotted  as  a  function  of  mean  isopycnal  depth.  This  “semi-Lagrangian”  ap- 


proach  will  be  used  throughout  this  paper.  The  energy  density,  Emeasi 

was  calcu- 

lated  as 

E„„.  =  \  [{ri^)N^  +  (U^)  +  (F^)] 

(3) 

where 

(n^)  = 

(4) 

and 

fH 

(V\  V‘)  =  /  [$.(0,), 

(5) 

/ 


is  the  power  spectral  density  of  RSVP  isopycnal  displacements, 

<^u(w),  $  „(u;)  are  the  power  spectral  densities  of  orthogonal  velocity  components, 
and  /  and  u^yg  are  the  local  inertial  frequency  (w  1.45  x  10“^  s"^)  and  the 
Nyquist  frequency  {ujnyq  «  1  cycle  per  hour  for  RSVP  data)  respectively.  The 
vertical  velocity  variance  is  negligible  compared  with  the  horizontal  components, 
and  is  therefore  ignored  in  determining  Emtas- 


Fig.  5.  (a)  water  depth  (m),  (b)  Fig.  6.  Mean  profiles  of  buoy- 

diurnal-band  major  axis  current  ancy  frequency  (A^),  dissipation 

(cm  s“^),  and  (c)  dissipation  rate  rate  (e),  and  internal  wave  energy 

(m^s“^)  averaged  through  the  py-  density  (Emeas),  for  the  period 

cnocline.  Horizontal  bars  indicate  96  <  t  <  114. 

the  division  of  the  experiment  into 
4  periods. 


The  highest  dissipation  rates  and  energy  densities  occur  in  the  upper,  strongly 
stratified  pycnocline,  with  a  decay  to  lower  values  in  the  less  strongly  stratified  re¬ 
gion  associated  with  the  Atlantic  Water  core  near  250  m.  Based  on  these  profiles, 
we  consider  the  pycnocline  to  consist  of  3  regions;  the  strongly  stratified  upper 
pycnocline,  100  <  2;  <  170  m;  a  transition  zone,  170  <  z  <  220  m;  and  the  lower 
pycnocline,  220  <  2r  <  270  m.  The  wave  field  experienced  by  each  region  in  each 
period  varies  widely,  with  commensurate  changes  in  the  mean  dissipation  rates. 

Table  1  presents  some  basic  characteristics  of  the  IW  field  for  each  of  the  time 
and  depth  ranges.  Buoyancy  frequency  changes  by  a  factor  of  about  two  from 
the  upper  (U)  to  lower  (L)  pycnocline,  however  the  mean  profile  of  N{z)  changes 
very  little  from  one  period  to  the  next.  Except  for  the  first  period,  however,  the 
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energy  density  scaled  by  the  TV-scaled  GM  level  varies  significantly  with  depth, 
indicating  that  WKB  scaling  of  the  wave  field  is  not  valid.  The  measured  dis¬ 
sipation  rate  varies  from  about  1  x  10“®  to  20  x  10~^m^s“^,  however,  values 
of  less  than  2  x  10”®m^s~^  may  be  seriously  biased  by  noise  (see  the  descrip¬ 
tion  of  the  RSVP,  above).  The  rms  internal  wave  band  strain,  is  a  mea¬ 

sure  of  the  IW-induced  variability  of  N,  and  is  discussed  in  more  detail  below. 


Table  1:  Mean  properties  of  the  internal  wave  field  and  dissipation  rates  for  the 
four  time  periods  shown  in  Fig.  5,  and  for  mean  isopycnal  depth  ranges  of  100- 
170  m  (U),  170-220  m  (T),  and  220-270  m  (L).  Tabulated  parameters  are:  buoy¬ 
ancy  frequency,  (TV)  (xlO'  ^  s“^);  mean  energy  density,  (£meas)  (xl0“^  m^s“^); 
mean  energy  density  scaled  by  TV-scaled  Garret t-Munk  energy  density,  Eo\ 
rms  internal-wave-band  strain  evaluated  over  10-m  mean  isopycnal  separation, 
Ajo^rma)  cquiveilent  number  of  vertical  modes,  j,;  measured  mean  dissipation  rate, 
Cmeaa  (xl0“®m^s"^);  and  decay  time  scale,  r  =  {Emeas)l^meas  (days). 


Period 

Depth 

range 

(TV) 

i^tneas) 

{Emeas)lEo 

A^'^' 

^10,rma 

J* 

^meas 

T 

1 

U 

6.7 

1.12 

0.30 

— 

6 

2.0 

6 

T 

4.8 

0.66 

0.25 

- 

6 

1.2 

6 

L 

2.9 

0.41 

0.26 

- 

6 

1.6 

3 

2 

U 

6.7 

2.23 

0.60 

0.37 

7 

7 

4 

T 

4.8 

2.66 

1.01 

0.40 

7 

4 

8 

L 

2.9 

2.24 

1.40 

0.48 

7 

2.0 

13 

3 

U 

6.7 

5.79 

1.56 

0.43 

4 

20 

3 

T 

4.8 

4.09 

1.55 

0.51 

4 

16 

3 

L 

2.9 

3.95 

2.48 

0.53 

4 

9 

5 

4 

U 

6.7 

4.16 

1.13 

0.36 

5 

6 

8 

T 

4.8 

3.33 

1.26 

0.39 

5 

4 

10 

L 

2.9 

3.54 

2.22 

0.32 

5 

2.0 

20 

GM 

5.2 

2.9 

1.0 

0.27 

3 

- 

- 

A  particularly  interesting  aspect  of  data  from  the  Arctic  Ocean  is  the  close  prox¬ 
imity  of  the  semi-diurnal  tidal  lines  to  the  inertial  frequency,  /.  For  example,  at 
83°  N,  the  frequency  of  the  M2  tidal  line  is  about  0.97 /.  Therefore,  while  the  M2 
tide  is  formally  a  subinertial  oscillation,  the  addition  of  relatively  little  negative 
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relative  vorticity,  —  |C|>  to  the  planetary  vorticity  can  result  in  the  M2  baroclinic 
tide  becoming  a  free  wave  (i.e.  uj  >  f  —  jC/2|).  This  effect  is  discussed  in  more 
detail  in  D’Asaro  and  Morison  (1991).  Perhaps  more  importantly,  it  becomes  dif¬ 
ficult  or  impossible  to  determine  the  free  wave  contribution  from  a  near-inertial 
spectral  peak,  especially  when  measured  from  a  non-stationary  ice  camp. 

Fig.  7  shows  frequency  spectra  for  several  relevant  variables  during  the  ice  drift. 
These  spectra  are  taken  along  an  isopycnal  with  a  mean  depth  near  150  m,  near 
the  e  peak,  for  the  period  97.0  <  t  <  113.0.  The  velocity  spectrum  is  dominated 
by  diurnal  energy,  with  a  secondary  peak,  as  expected,  near  the  inertial  frequency. 
The  cartesian  coordinate  shear  spectrum  shows  that  the  diurnal  tide  is  almost 
entirely  barotropic,  so  that  the  near- inertial  peak  dominates.  When  the  magni¬ 
tude  of  the  shear  vector  is  analyzed  (Fig.  7d)  the  dominant  peak  is  again  near- 
inertial,  consistent  with  a  shear  vector  that  rotates  with  time  rather  than  showing 
appreciable  magnitude  changes.  Other  spectra  show  the  principal  frequencies  of 
variability  in  iV,  strain,  and  e,  and  will  be  discussed  further  below.  However,  for 
the  moment  it  is  worth  noting  that  the  dominant  time  scales  for  variability  of  e 
are  diurnal  and  approximately  6  hours,  the  latter  not  corresponding  to  significant 
peaks  in  any  of  the  obvious  forcing  functions. 

With  this  degree  of  wave  field  variability  in  mind,  we  now  consider  higher  order 
statistics  of  the  displacement  field,  to  see  if  there  might  be  some  obvious  reason 
for  the  failure  of  the  G89  model  in  this  environment.  One  possible  candidate  is 
the  effective  vertical  wavenumber  bandwidth,  which  appears  in  the  McCo- 
mas  and  Muller  (1981)  and  Henyey  et  al  (1986)  models  (Eqs.  9  and  10,  below). 

In  practice,  because  is  expected  to  be  a  function  of  N,  we  consider  instead  the 
variability  in  the  “equivalent  number  of  vertical  modes”,  ;*  =  hNoPt/nN ^  where 
No  is  a  canonical  buoyancy  frequency  (0.0052  s“^),  and  b  is  the  scale  depth  of  the 
thermocline  (1300  m).  A  typical  mid-latitude  value  is  =  3. 

Desaubies  and  Smith  (1982)  used  an  analytical  approximation  (Desaubies  and 
Gregg,  1981)  to  the  GM  spectrum  to  show  that  shear  variance  was  simply  related 
to  kinetic  energy  density  by 

{U!)  =  (6) 

where  /3c  is  the  cutoff  wavenumber  in  the  IW  field,  which  Gargett  et  al  (1981) 
suggested  was  constant  at  about  0.6  m“^  Desaubies  and  Smith  argued  that  the 
statistics  of  mixing  in  a  GM  IW  field  are  dependent  only  on  the  rms  strain,  Xrms, 
where 

=  m/dzf)  (7) 

and  T}  is  an  isopycnal  displacement  from  its  mean  position.  Desaubies  and  Smith 
speculated  that  the  (at  the  time)  apparent  constancy  of  Arms  in  the  open  ocean 
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Fig.  7.  Area-preserving  frequency  spectra  of  (a)  currents,  (b)  shear  components, 
(c)  buoyancy  frequency,  (d)  shear  magnitude,  (e)  strain,  and  (f)  pycnocline- 
averaged  dissipation  rate. 


indicated  that  thv,  e  was  related  to  the  saturation  of  the  IW  field  at  a  level  where 
breaking  instabilities  rapidly  drained  energy  from  the  waves.  Their  numerical 
simulations  indicated  that  e  was  extremely  sensitive  to  A^msi  as  well  as  being 
strongly  influenced  by  the  addition  of  near-inertial  shear  to  the  GM  level.  The 
overall  result  was  a  model  which,  while  producing  plausible  diffusivities,  was  too 
sensitive  to  be  usefully  applied  to  field  measirrements.  Nevertheless,  the  con¬ 
cept  that  strain  might  be  an  important  parameter  to  monitor  is  valuable,  and  we 
shall  show  below  that  the  CEAREX  data  set  exhibits  strain  rates  which  are  much 
larger  than  are  typical  in  the  mid-ocean  thermocline. 


An 
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As  with  other  analyses  in  this  paper,  strain  is  measured  in  isopycnal-following 
coordinates.  We  have  traced  100  isopycnals,  having  a  mean  separation  of  Az  = 

1.7  m,  and  spanning  the  range  of  100  to  270  m  mean  isopycnal  depth,  through 
the  RSVP  data  set  between  t=96.0  and  <=114.0.  The  original  profiles  were  pre¬ 
filtered  to  0.7  m  resolution  in  order  to  minimize  the  impact  of  salinity  spiking.  A 
local  value  of  strain  is  estimated  as 

A.  =  +  (8) 

where  6  is  the  mean  separation  of  isopycnal  pairs  between  which  strain  is  being 
estimated.  For  consistency  with  G89  we  will  generally  use  Ajo.  This  choice  of 
^  =  10  m  also  reduces  the  noise  associated  with  interpolation  from  the  equi- 
spaced  (in  depth)  original  profiles.  The  time  series  for  finite-differenced  strain 
between  each  isopycnal  pair  is  then  filtered  to  remove  variability  at  frequencies 
below  0.8/,  most  of  which  is  due  to  compression  of  isopycnals  as  the  barotropic 
diurnal  tidal  currents  flow  across  the  plateau  slope.  The  rms  strain  is  then  sim¬ 
ply  the  square  root  of  the  variance  of  Xs  evaluated  throughout  the  time  and  depth 
ranges  of  interest.  The  value  of  Armai  b^lsed  on  a  10  m  mean  isopycnal  separation 

IW  JW 

and  after  filtering,  is  denoted  Ajq^,,,,,^.  Values  of  Ajo^rma  included  in  Table  1 
for  the  three  depth  ranges  and  the  latter  three  time  periods  (there  were  insuffi¬ 
cient  profiles  in  the  first  period  to  allow  reliable  isopycnal  tracking).  However, 
note  that  the  true  rms  strain  (Eq.  7)  is  very  sensitive  to  the  cutoff  wavenumber 
of  the  wave  field:  the  choice  of  /3c=0.63  m“^  is  based  on  Gargett  et  al  (1981), 
rather  than  being  substantiated  by  the  present  data. 

IW 

The  values  of  Ajq, rma  Table  1  are  all  much  larger  than  the  10  m  rms  strain 
expected  for  a  GM  ocean  with  =  3.  The  dissipation  rate  which  the  De- 
saubies  and  Smith  model  therefore  predicts  is  ordc.s  of  magnitude  higher  than 
in  a  canonical  ocean.  There  is  a  trend  in  periods  2  and  3  towards  higher  strain 
rates  with  decreasing  N.  Desaubies  and  Smith  (1982)  noted  that,  with  a  WKB- 
scaled  wave  field,  Xs.rms  should  be  independent  of  depth  (and  N).  As  we  found 
with  the  A'-dependence  of  energy  density,  this  result  suggests  that  WKB  scaling 
is  inappropriate  to  the  present  environment. 

Another  aspect  of  the  wave  field  which  deviates  markedly  from  the  GM76  as¬ 
sumptions  is  the  presence  of  intermittent,  but  large-amplitude,  wave  packets. 

Fig.  8  shows  the  passage  of  one  such  packet  as  measured  from  a  thermistor 
moored  at  150  m.  As  suggested  by  PD91,  there  is  some  evidence  that  the  mix¬ 
ing  rates  are  correlated  with  these  wave  packets,  which  are  in  turn  weakly  cor¬ 
related  with  the  observed  amplitude  of  the  diurnal  currents.  One  hypothesis 
is  therefore  that  these  waves  are  generated  somewhere  over  tb  ,  Plateau  by  the 
cross-shelf  flow  of  the  diurnal  tide,  then  propagate  towards  deep  water.  While  the 
generation  mechanism  itself  is  unclear,  this  scenario  is  supported  by  D’Asaro  and 


Padman  et  al. 


Morison’s  (1991)  estimates  of  the  decay  scale  of  shear  variance  away  from  topog¬ 
raphy,  and  our  own  observations  of  the  spatial  dependence  of  e  from  0  Camp. 
PYirthermore,  both  ice  tilt  measurements  (P.  Czipott,  pers.  comm.,  1990)  and 
estimates  of  phase  propagation  from  the  horizontal  array  of  T,  C  and  current 
sensors  at  0  Camp  indicate  a  cross-slope  phase  propagation  towards  deeper  wa¬ 
ter.  Coherent  wave  packets  such  as  this  violate  the  GM76  assumptions  both  of 
random  phase  between  different  waves,  and  isotropy.  It  is  not  clear  how  to  take 
such  packets  into  account,  other  than  to  re-run  the  HWF  eikonal  model  with  such 
waves  included,  however  there  is  a  strong  possibility  that  such  anomalous  waves 
contribute  substantially  to  the  observed  mean  mixing  rates. 

The  anisotropic  nature  of  these  near-iV  waves  is  also  apparent  in  plots  of  the  ver¬ 
tical  coherence  of  semi-Lagrangian  alongslope  and  cross-slope  currents  as  a  func¬ 
tion  of  frequency  (Fig.  9).  While  there  is  no  anisotropy  apparent  in  energy  den¬ 
sity  when  smoothed  over  a  number  of  days,  the  cross-slope  current  is  much  more 
vertically  coherent  than  the  alongslope  current.  Our  view  is  that  this  relatively 
high  coherence  arises  from  the  passage  of  these  near-A^  wave  packets,  even  though 
the  contribution  of  the  packets  to  the  time-averaged  ne&r-N  energy  density  is 
small. 


Fig.  8.  Temperature  at  150  m 
during  the  passage  of  a  high- 
frequency  wave  packet  past 
0  Camp. 


I  I 

Frequency  (cph) 

Fig.  9.  Coherence,  over  20 
vertical  meters,  for  cross-slope 
(Ux)  and  alongslope  (U i)  currents 
in  the  pycnocline  during  the 
most  energetic  mixing  period 
103<k110.  Dashed  line  indicates 
the  95%  confidence  level. 
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Finally,  we  are  left  not  fully  understanding  the  cause  of  the  6-hour  peak  in  the 
area-preserving  spectrum  of  e  (Fig.  7f).  We  have  seen  (Figs.  7c  and  7d)  that  no 
such  peaks  exist  in  the  density  gradient  or  shear  magnitude  spectra.  A  cross¬ 
spectrum  of  shear  magnitude  and  N  shows  no  coherence  at  this  frequency.  How¬ 
ever,  a  small  but  significant  coherence  is  found  near  4  cycles/day  in  the  cross¬ 
spectrum  of  cross-slope  shear  v/ith  N,  and  similarly  with  along-slope  shear  and 
N.  We  postulate  that  the  high  frequency  wave  packets  are  in  some  way  related 
to  the  6-hour  waves,  and  that  the  enhanced  mixing  at  this  periodicity  is  related 
to  low  Richardson  number  events  which  occur  on  time  scales  which  are  too  short 
to  be  resolved  by  the  present  CTD  data.  Fig.  10  shows  the  band-passed  (1/7  to 
1/5  hour)  isopycnal  displacements  plotted  as  a  function  of  mean  isopycnal  depth, 
for  the  5-day  period  when  mixing  was  most  energetic.  There  is  evidence  of  both 
downward  energy  propagation  (upward  phase),  particularly  in  the  first  2  days, 
and  upward  energy  propagation  for  107  <  t  <  109.5.  The  highest  dissipation  rates 
(Fig.  4)  occur  during  the  period  of  upward  energy  flux  in  this  frequency  band. 
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Fig.  10.  Band-passed  (l/7<  w  <  1/5  cph)  density  field  for  the  period  105  < 
t  <  110.  For  presentation,  the  mean  density  at  each  depth  has  been  added  to  the 
band-paissed  signal. 

Carrying  this  scenario  further,  we  suspect  that  the  6-hour  waves  might  be  gener¬ 
ated  at  the  seabed  as  a  higher  harmonic  of  the  cross-slope  diurnal  tidal  current, 
propagate  upwards  into  the  main  pycnocline,  then  create  the  near-A^  wave  packets 
£is  a  response  to  the  rapidly  increasing  shear  as  the  vertical  wavelength  is  com¬ 
pressed  by  increasing  N.  This  would  be  consistent  with  the  highest  values  of  e 
being  found  below  the  depth  of  maximum  N  (see  Fig.  6),  since  significant  energy 
would  presumably  be  lost  from  the  upward-propagating  waves  in  this  region. 
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The  proposed  mechanism  (above)  is  clearly  highly  speculative,  and  it  is  probable 
that  it  will  remain  so  in  the  foreseeable  future.  The  available  bathymetry  in  this 
region  is  totally  inadequate  for  an  assessment  of  the  bottom  slope  in  any  detail, 
while  the  buoyancy  frequency  profile  of  the  deep  ocean  in  this  region  is  also  inad¬ 
equately  sampled.  It  is  therefore  not  possible  to  construct  a  robust  model  of  wave 
refiection  and  propagation  in  this  region.  Nevertheless,  we  believe  that  all  the 
data  point  towards  a  ’•ertical  anisotropy  in  the  wave  fiuxes,  at  least  within  certain 
frequency  bands,  which  again  is  a  violation  of  the  GM  tenets. 
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We  have  shown  in  the  previous  Section  that  the  wave  field  during  the  CEAREX 
0  Camp  drift  differs  in  many  respects  Lorn  the  canonical  GM  wave  field.  It 
would  not  be  surprising,  therefore,  if  models  based  on  the  GM  parameterization 
failed  to  adequately  describe  e  in  such  anomalous  wave  fields.  Nevertheless,  as 
was  suggested  in  the  Introduction,  an  approximate  model  might  still  prove  valu¬ 
able  by  overcoming  the  necessarily  limited  sampling  domain  of  most  microstruc¬ 
ture  and  XCP  surveys.  We  therefore  consider  some  basic  statistical  properties 
which  might  allow  existing  models  to  be  extended  to  cope  with  this  new  data  set. 
We  emphasize,  however,  that  this  effort  does  not  imply  increased  deterministic 
knowledge  of  the  processes  involved  in  energy  transfer  through  anomalous  wave 
spectra.  The  aim  is  simply  to  look  for  a  refined  empirical  model  which  might  be 
useful  while  the  wave  field  dynamics  continue  to  be  explored. 

A  complete  discussion  of  existing  models  of  e  related  to  properties  of  the  IW 
field  is  given  in  Wijesekera  et  al.  (1991).  We  simply  provide  the  relevant 
equations  against  which  the  CEAREX  data  will  be  compared. 

The  model  of  McComas  and  Muller  (1981)  (hereinafter  MM),  which  is  based  on 
weak  resonant  interactions  between  internal  waves,  is: 

where  (—  Ejl^NNo)  is  the  GM  dimensionless  energy. 

The  model  of  Henyey,  Wright  and  Flatte  (1986)  (hereinafter  HWF)  is  based  on 
an  eikonal  approach  in  which  the  nonlinear  interactions  are  dominated  by  scale- 
separated  interactions,  with  no  effect  on  the  large-scale  background  field.  HWF 
predict  a  mean  value  of  e  in  a  GM  ocean  of 
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Note  that  the  forms  of  ^lnd  similar:  as  G89  noted, 

for  reasonable  values  of  /  and  N. 


Finally,  the  G89  model,  expressed  in  terms  of  10  m  shear,  5io,  is 


^G89 
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where  is  the  variance  of  shear  at  vertical  scales  greater  than  10  m  in  the 

GM  canonical,  iV-scaled  ocean.  If,  as  G89  assumed,  the  10  m  shear  variance  is 
simply  related  to  the  energy  density  by 
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where  Ejyy  =  Emea»/b^NNo,  then  «  ^hwf  mid-latitude  data  which 

he  considered,  provided  GM  canonical  values  of  j,  (=3)  and  b  (=1300  m),  are 
used  in  calculating  .  G89  also  investigated  the  /-dependence  in  the  other 
models,  but  the  test  was  inconclusive.  The  evaluation  of  ^jo  from  the  0  Camp 
ADCP  data  is  difficult:  Wijesekera  et  a/.  (1991)  attempt  to  quantify  the  shear 
variance  which  is  not  resolved  as  a  result  of  the  vertical  averaging  scales  for  cur¬ 
rents  and  finite-differencing  to  obtain  shear;  however  the  result  is  very  sensitive  to 
the  choice  of  cutoff  wavenumber,  ^c>  mid  the  slope  of  the  shear  spectrum  at  the 
unresolved  wavenumbers.  For  comparison  with  the  measured  dissipation  rates,  we 
therefore  introduce  an  ’’energy-dependent”  Gregg  model,  e^,  based  on  (11)  and 
(12): 


=  7  X  If 
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The  essential  difference  between  Gregg’s  scaling  model  and  the  MM  and  HWF 
models  is  that  Gregg’s  model  requires  measurements  of  the  velocity  shear,  while 
the  MM  and  HWF  models  require  estimates  of  the  wave  field  energy  density, 
Etneasi  and  the  vertical  wavenumber  bandwidth,  expressed  as  an  equivalent  num¬ 
ber  of  vertical  modes,  j*.  Since  energy  density  is  relatively  easih  obtained  from 
current  meter  moorings,  the  problem  is  therefore  in  estimating  j».  Gregg’s  as¬ 
sumption  that  j*=3  is  clearly  not  universally  true:  previous  work  in  the  Canada 
Basin  (Levine,  1990;  D’Asaro,  pers.  comm.,  1990)  indicate  that  w  30  —  60  in 
that  region.  The  Canada  Basin  is  a  site  where  Emeas  is  only  about  10%  of  GM, 
but  the  shear  variance  associated  with  the  greater  number  of  equivalent  modes  is 
much  closer  to  mid-latitude  levels.  We  estimate  j,  in  the  present  data  by  calcu¬ 
lating  the  correlation,  r,  between  pairs  of  isopycnals  with  a  mean  separation  of 
about  10  m.  Then,  for  0c  >  0*->  0*  ^  — ln(r)/^  ;  5  ■=  10  m  (from  Desaubies 
emd  Smith  (1982),  Eq.  16).  The  value  of  is  then  given  by  bNo0*l'n N .  The 
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measured  vertical  coherences  indicate  that  j*  w  6  during  CEAREX,  although 
it  actually  varies  from  about  4  to  7  between  periods  (Table  1).  The  MM  and 
HWF  models  therefore  predict  values  of  e  which  are  about  4  times  greater  than 
for  =  3.  The  /-scaling  in  those  two  models  also  implies  dissipation  rates  which 
are  a  factor  of  two  higher  in  the  Arctic  than  at  mid-latitudes. 

It  is  not  known  yet  why  j*  in  the  Arctic  is  larger  than  in  the  deep,  mid-latitude 
oceans.  Nevertheless,  if  an  experiment  is  somehow  able  to  estimate  j*,  then  pre¬ 
dictions  of  e  could  be  made  based  on  both  E  and  j*.  Table  2  shows  how  the  three 
models  compare  with  the  measured  averages  for  the  same  time  and  potential 
density  ranges  discussed  above.  In  the  mean,  the  energy-based,  modified  Gregg 
model  underestimates  Cmeaa  by  about  a  factor  of  6,  although  a  factor  of  two  im¬ 
provement  occurs  if  the  prediction  is  /-scaled.  MM  overpredicts  e^eas  by  a  factor 
of  3,  while  HWF  underpredicts  by  a  factor  of  2.3.  However,  there  is  a  large  scat¬ 
ter  in  predictive  ability  for  each  model  between  different  time  and  depth  ranges. 

Ti.ble  2:  Measured  mean  dissipation  rate,  Cmeas  (xlO“^m^s”^);  and  model  predic¬ 
tions  scaled  by  emeas  for  the  time  and  depth  ranges  shown  in  Table  1. 


Period 

Depth  ^meas 
range 

e* 

MM 

e* 

HWF 

1 

U 

2.0 

0.55 

0.07 

0.06 

— 

T 

1.2 

0.33 

0.04 

0.0? 

- 

L 

1.6 

0.09 

0.01 

0.01 

- 

2 

U 

7 

2.0 

0.29 

0.06 

0.21 

T 

4 

5.0 

0.73 

0.15 

0.73 

L 

2.0 

7.0 

1.0 

0.21 

2.1 

3 

U 

20 

1.55 

0.22 

0.14 

0.90 

T 

16 

0.94 

0.13 

0.09 

1.13 

L 

9 

1.56 

0.22 

0.14 

2.11 

4 

U 

6 

4.17 

0.60 

0.25 

0.77 

T 

4 

4.0 

0.58 

0.24 

1.03 

L 

2.0 

9.0 

1.3 

0.53 

1.05 

Mean 

- 

- 

3.02 

0.43 

0.16 

1.02 
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The  final  column  in  Table  2  is  an  empirical  prediction  of  dissipation  rate,  based 
on  the  assumption  that  the  higher  strain  rates  are  indicative  of  higher  shear 
and/or  greater  probability  of  instabilities  occurring  in  the  wave  field.  We  assume 
that  the  strain-based  predicted  dissipation  rate,  €\,  is  given  by 


7  X  10“^® 


m 

Wo" 


IW 

( '^lO.rms 


) 


4 


(14) 


t.e.  functionally  similar  to  the  G89  version  {Eq.  11),  with  rms  strain  replacing 
shear.  The  10-m  strain  in  the  GM  canonical  wave  field,  following  Desaubies  and 
Smith  (1982)  is  Ajg  «  0.27.  The  mean  predictive  ability  of  this  empirical 
model  is  exceptionally  good.  We  emphasize  that  there  is  little  theoretical  justi¬ 
fication  for  this  model,  which  is  a  hybrid  of  Gregg’s  scaling  arguments  and  De¬ 
saubies  and  Smith’s  strain-based  numerical  simulations.  In  a  GM  wave  field, 
shear  is  predominantly  near-inertial,  while  the  peak  in  the  strain  spectrum  is 
shifted  towards  higher  frequencies.  In  the  present  data  set,  the  internal  wave  con¬ 
tinuum,  u;  >  /,  is  amplified  more  than  the  near-inertial  band  near  the  plateau, 
so  that  the  ratio  of  rms  strain  to  rms  shear  is  increased.  Our  results  suggest  that 
variability  of  N  in  the  present  data  set  will  therefore  be  more  important  to  the 
occurrence  of  the  low  Richardson  number  events  (which  we  believe  lead  to  tur¬ 
bulence)  than  in  the  mid-ocean  therraocline,  where  variability  of  shear  is  most 
significant.  Since  both  the  G89  and  Desaubies  and  Smith  models  assume  a  fixed 
relationship  between  rms  shear  and  strain,  it  is  impossible  to  determine  whether 
strain  should  be  the  correct  variable  to  track. 


With  the  above  caveats  in  mind,  however,  the  apparent  success  of  strain-based 
scaling  of  dissipation  (assuming  that  the  data  sets  analyzed  by  G89  all  have 
canonical  strain  rates),  suggests  that  dissipation  rates  can  be  estimated  with  some 
success  from  measurements  of  IW  energy  density  and  strain.  A  mooring  with  ade¬ 
quate  vertical  and  temporal  resolution  of  the  density  field  might  therefore  be  used 
to  obtain  dissipation  rates  on  sufficiently  large  vertical  and  temporal  scales,  say 
50  m  and  several  days.  These  requirements  would  be  most  easily  met  by  suffi¬ 
ciently  rapid  automatic  yo-yo  CTD  devices  with  resolutions  of  about  1  m  and  a 
sampling  rate  greater  than  about  1  cycle/hour.  The  vertical  span  of  the  profile 
would  need  to  encompass  the  upper  and  lower  bounds  of  isopycnal  excursions, 
which  have  rms  vertical  motions  of  0(10)  m  in  a  GM  ocean. 
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SUMMARY 


Our  studies  of  simultaneous  measurements  of  IW  properties  and  microscale  dis¬ 
sipation  rates  in  a  region  where  many  of  the  GM  assumptions  do  not  hold  (al¬ 
though  Ejyy  =  0(1)),  leads  us  to  the  following  conclusions, 

(1)  Large  values  of  e  are  found  where  the  wave  field  is  not  well  modeled  by  a 
Garrett-Munk  spectrum,  even  where  the  energy  density  is  comparable  to 
the  canonical  values. 

(2)  Some  modelling  success  might  still  be  achievable  in  these  regioas,  provided 
the  vertical  wavenumber  bandwidth,  P*,  can  be  estimated  (perhaps  from 
vertical  and/or  horizontal  coherences  in  either  the  velocity  or  hydrographic 
fields).  Automated  yo-yo  CTD  profilers  and  a  vertical  current  meter  ar¬ 
ray  appears  to  be  the  most  likely  technique  for  acquiring  the  required  data 
from  moorings. 

We  believe  that  it  is  still  too  early  to  claim  even  a  “first-order”  understanding  of 
the  processes  by  v/hich  energy  is  transferred  through  the  IW  spectrum  to  the  dis¬ 
sipation  scales.  There  is,  however,  some  prospect  that  sufficiently  robust  empir¬ 
ical  models  can  be  developed  to  allow  predictions  of  e  from  long-term  moorings, 
at  least  to  within  the  accuracy  obtmnable  by  extrapolating  the  estimates  from 
short-duration  microstructure  programs. 
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ABSTRACT 

According  to  linear  internal  wave  theory,  the  reflection  of  internal  waves  off  a  bottom  of 
uniform  slope,  in  a  uniformly  rotating,  uniformly  stratifled  fluid,  should  lead  to  energy 
enhancement  and  a  cross-isobath  alignment  of  motions  at  the  frequency  for  which  the  wave 
ray  slope  equals  the  bottom  slope.  Current  meter  data  from  the  near-equatorial  Atlantic 
and  from  the  continental  rise  and  slope  off  Nova  Scotia  are  used  to  test  this  hypothesis. 

1  INTRODUCTION 


The  reflection  of  internal  waves  off  a  plane  rigid  surface  differs  markedly  from  the 
reflection  of  electromagnetic  or  acoustic  waves.  In  Optics  or  Acoustics,  the  incident  and 
reflected  wave  rays  make  the  same  angle  with  respect  to  the  normal  to  the  reflecting 
surface,  whereas  for  internal  waves,  the  incident  and  reflected  wave  rays  make  the  same 
angle  with  respect  to  the  vertical.  The  unusual  nature  of  the  law  of  reflection  for  internal 
waves  is  a  direct  consequence  of  their  dispersion  relation  which  states  that,  for  waves  of  a 
given  frequency,  energy  must  propagate  at  a  given  angle  with  respect  to  the  vertical.  As 
linear  theory  requires  frequency  to  be  conserved  upon  reflection,  the  angles  which  the 
incident  and  reflected  wave  rays  make  with  respect  to  the  vertical  must  be  the  same. 

Close  to  the  critical  frequency  Wc  for  which  the  wave  ray  slope  equals  the  bottom  slope, 
simple  arguments  (Phillips  1977,  p.227)  show  that,  upon  reflection,  the  wavenumber, 
energy  density,  and  shear  associated  with  the  incident  waves  are  greatly  amplified,  so  that 
shear  instability  and  energy  dissipation  are  more  likely.,  Phillips  (1963)  first  pointed  this 
out  for  inertial  waves  incident  on  a  bottom  of  constant  slope  in  a  rotating,  homogeneous, 
inviscid  fluid,  and  later  generalised  the  theory  to  internal  gravity  waves  in  Phillips  (1966). 
In  both  cases  he  tissumed  that  the  direction  of  energy  propagation  of  the  incident  waves 
was  normal  to  the  isobaths. 

For  arbitrary  angle  of  incidence  with  respect  to  the  isobaths,  Sandstrom  (1966)  pointed 
out  that  whereas  the  component  of  the  wavenumber  vector  normal  to  the  isobaths  is 
generally  amplified  upon  reflection,  the  component  of  the  wavenumber  vector  parallel  to 
the  isobaths  remains  unchanged.  Consequently,  the  major  axis  of  the  current  ellipses 
should  become  more  closely  aligned  with  the  cross-isobath  direction  upon  reflection. 
Sandstrom  (1966,  p.78)  was  the  first  to  report  observational  evidence  of  energy 
enhancement  at  Wc,  using  thermistor  data  from  the  Bermuda  slope  (Haurwitz,  Stommel 
and  Munk,  1959)  He  also  performed  laboratory  experiments  which  clearly 

*Wunsch  (1972)  also  used  that  data  and  drew  attention  to  the  energy  enhancement  at  u^c- 
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demonstrated  the  amplification  of  parcel  motions  that  results  from  internal  wave  reflection 
oflF  a  sloping  bottom  (figure  21,  p.71),  and  published  that  work  in  Sandstrom  (1969). 

The  most  recent  surge  of  interest  for  the  problem  of  internal  wave  reflection  off  sloping 
bottoms  is  largely  due  to  the  work  of  Eriksen  (1982),  who  presented  observational 
evidence  of  energy  and  shear  enhancement  near  the  critical  frequency  at  a  few  mooring 
sites,  and  also  provided  evidence  for  a  cross-isobath  alignment  of  motions  near  Uc  in  a  few 
of  these  cases.  In  a  later  paper,  Eriksen  (1985)  explored  the  implications  for  ocean  mixing 
of  internal  wave  reflection  off  sloping  bottoms.  He  argued  that  internal  wave  breaking  at 
sloping  boundaries  may  cause  diapycnal  mixing  of  global  oceanic  significance,  possibly 
accounting  for  Munk’s  (1966)  canonical  value  of  Ky  w  10“'*m^s“^  in  the  abyssal  ocean. 
This  possibility  was  further  examined  by  Garrett  and  Gilbert  (1988). 

In  section  2  of  this  paper,  we  give  a  brief  summary  of  the  linear  theory  of  internal  wave 
reflection  off  a  bottom  of  constant  slope,  in  a  uniformly  rotating,  uniformly  stratified  fluid. 
In  section  3,  we  examine  current  meter  data  from  the  Western  Boundary  Sill  Experiment 
to  try  to  verify  whether  a  near-bottom  enhancement  of  motions  with  3-4  day  periods  can 
be  attributed  to  internal  wave  reflection,  as  Eriksen  (1982)  suggested.  In  section  4,  current 
meter  data  from  the  continental  rise  and  slope  off  Nova  Scotia  are  used  in  order  to  look 
for  evidence  of  energy  enhancement  and/or  cross-isobath  alignment  of  motions  near  a>c-  A 
summary  and  general  discussion  follow  in  section  5. 

2  THEORY 


The  dispersion  relation  for  internal  waves  is  given  by  (Gill,  1982) 

cos^  G  +  sin^  9 


(1) 


or 


tan0  = 


N2-u;2y/' 

a;2  -  f2  j  ’ 


(2) 


where  N  is  the  buoyancy  frequency,  /  is  the  inertial  frequency,  and  0  is  the  angle  which 
the  wavenumber  vector  k  =  makes  with  respect  to  the  horizontal.  Since  the 

direction  of  energy  propagation  is  perpendicular  to  the  direction  of  phase  propagation 
(cg  Jl  k)  for  internal  waves,  the  frequency  at  which  the  wave  ray  slope  matches  a  bottom 
slope  of  tana  can  be  obtained  by  substituting  9  -  7r/2  -  a  into  (1),  yielding 


/2cOS^a.  (3) 

It  can  be  shown  (Eriksen,  1982,  Gilbert,  1990)  that  for  constant  values  of  f,N  and  tana, 
the  wavenumber  amplification  is  given  by 


mr  _  a2  -p  2a  cos 
m,  a2  -  1 


a  =  tan  a  tan  0, 


(4) 
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where  a  is  a  frequency-dependent  parameter  (2),  is  the  angle  which  the  horizontal 
component  of  kj  makes  with  the  onslope  direction,  and  m,,  nir  denote  the  vertical 
components  of  the  incident  and  reflected  wavenumber  vectors  respectively.  By  requiring 
that  u  •  n  =  0  at  the  bottom,  where  n  is  a  unit  vector  normal  to  the  bottom,  it  can  also  be 
shown  that  (Eriksen,  1982) 


and 


(5) 


(6) 


where  E,,  Er  are  the  energy  density  of  the  incident  and  reflected  waves  respectively,  and 
4>t,  (f>T  are  the  angles  which  the  horizontal  components  of  kj,  kr  make  with  the  onslope 
direction.  There  is  a  singularity  in  (4)  when  a  — >  1  (w  — *•  Wc),  so  that  linear  inviscid  theory 
(5)  predicts  we  should  observe  enhanced  energy  density  near  Uc  above  sloping  bottoms.  It 
also  predicts  (6)  a  cross-isobath  alignment  of  motions  near  (|m,/mr|  — »  0  and  hence 
0r  — >  0  or  TT  when  a  —>  1). 


3  DATA  FROM  THE  WESTERN  BOUNDARY  SILL  EXPERIMENT 


To  measure  the  flow  of  Antarctic  Bottom  Water  entering  the  Northwest  Atlantic  Basin, 
the  buoy  group  of  the  Woods  Hole  Oceanographic  Institution  deployed  two  moorings 
between  the  Ceara  Rise  and  the  mid-Atlantic  ridge  from  December  9,  1977  to  December  5, 
1978  (Whitehead  and  Worthington,  1982,  hereafter  WW82).  Mooring  636  was  deployed  at 
4°2.5'N,  39°40.6'W,  and  mooring  637  was  deployed  at  4°1.3'N,  39°19.0'W.  Both  moorings 
had  current  meters  at  10m,  50m,  100m  and  200m  above  the  bottom.  The  local  depth  was 
4456m  at  mooring  636,  and  4304m  at  mooring  637  (see  Fig.  1). 

Eriksen’s  (1982)  most  convincing  evidence  of  energy  enhancement  near  Uc  came  from 
mooring  636  of  this  experiment.  This  is  shown  here  on  Fig.  2,  where  we  see  that  the 
near-bottom  energy  enhancement  ranges  roughly  from  0.005  eph  to  0.05  eph  (periods 
between  20  and  200  hours),  with  a  peak  in  energy  density  centered  at  0.0117  eph  (85.5 
hour  or  3.56  day  period).  The  inertial  frequency  at  that  location  is  0.00587  eph  (170.3 
hour  period),  so  that  the  energy  peak  occurs  well  within  the  internal  waveband  at  ui  2/. 

Following  Eriksen  (1982)  in  taking  N  w  0.8  eph,  and  assuming  that  the  bottom  slope  at 
mooring  636  is  0.015,  as  estimated  from  the  East- West  transect  shown  on  Fig.  1,  we 
obtain  uJc  =  (A^sin^  a  +  p  cos^  a)^/^  «  0.0133  eph.  This  estimate  of  the  critical 
frequency  compares  well  with  the  energy  enhancement  shown  on  Fig.  2. 

However,  Eriksen  (1982,  p.  533)  pointed  out  that  while  the  energetic  motions  with 
u;  «  0.012  eph  at  mooring  636  could  be  due  to  critical  internal  wave  reflection,  they 
violate  one  of  the  basic  predictions  of  specular  reflection  theory  (6),  namely  that  the 
major  axis  of  the  current  ellipses  should  be  oriented  normal  to  the  isobaths.  Instead  the 
current  ellipses  are  roughly  parallel  to  the  inferred  North-South  orientation  of  the  isobaths 
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Figure  1:  Topography  in  the  vicinity  of  moorings  636  and  637  of  the  Western  Boundary  Sill 
Experiment,  based  upon  the  East- West  transect  at  4°N  shown  on  figure  4  of  Whitehead 
and  Worthington  (1982). 


(see  Eriksen’s  figure  9).  This  is  not  a  trivial  discrepancy,  as  the  mechanism  leading  to 
energy  enhancement  near  the  critical  frequency  involves  a  ‘squeezing’  of  the  reflected 
wavebeam  (relative  to  the  width  of  the  incident  wavebeam)  in  the  vertical  plane  normal  to 
the  isobaths  (Phillips,  1977,  figure  5.13).  It  is  hard  to  en.'isage  how  internal  wave 
reflection  could  lead  to  enhanced  motions  in  a  vertical  plane  roughly  parallel  to  the 
isobaths.  Further  examination  of  the  current  meter  data  from  the  Western  Boundary  Sill 
Experiment  therefore  seems  warranted. 

Comparison  with  mooring  637 


Figure  3  shows  the  kinetic  energy  spectra  50m^,  100m  and  200m  above  the  bottom  at 
mooring  637.  A  first  obvious  difference  in  the  kinetic  energy  spectra  is  that  an  inertial 
peak  (/  =  5.87  x  10“^  cph)  appears  to  be  present  at  mooring  637,  whereas  it  could  not  be 
discerned  at  mooring  636  (Fig.  2).  A  second  difference  is  that  while  mooring  637  shows 
some  near-bottom  kinetic  energy  enhancement  at  w  =  0.0117  cph,  the  energy  levels  are 
not  nearly  as  elevated  as  at  mooring  '’36;  comparing  the  50m  records  from  each  mooring, 
we  find  that  the  spectral  level  at  mooring  637  is  about  5  times  lower  than  at  mooring  636. 
The  range  of  frequencies  over  which  we  observe  near-bottom  kinetic  energy  enhancement 
is  also  narrower  at  mooring  637. 

Nonetheless,  since  moorings  630  and  637  both  display  near-bottom  energy  enhancement  at 
u  =  0.0117  cph,  it  seems  worthwhile  to  find  out  whether  motions  at  the  two  moorings  are 

^Data  from  the  current  meter  lOni  above  the  bottom  were  judged  to  be  of  lesser  quality  by  KODC 
(National  Oceanographic  Data  Center)  and  so  were  not  sent  to  us. 
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Frequency  (cph) 

Figure  2:  Kinetic  energy  spectra  at  10m  (  +  ),  50m  (  o  ),  100m  (— )  and  200m  (-  -  -)  above 
the  bottom  at  mooring  636  =  30).  The  inertial  frequency  is  /  =  5.87  x  10“^  cph. 


correlated  at  that  frequency.  Figure  4  shows  cross-spectra  between  the  current  meter 
200m  above  the  bottom  at  mooring  636,  and  the  current  meter  50m  above  the  bottom  at 
mooring  637  (4256m  and  4254m  deep  respectively). 

For  the  clockwise  velocity  signals,  there  is  a  strong  coherence  peak  at  the  semidiurnal  tide 
(not  shown  here),  a  few  weak  peaks  near  the  diurnal  tide,  and  another  peak  spreading 
across  four  adjacent  frequency  bins  from  0.0117  cph  to  0.0146  cph,  where  the  signals  are 
not  significantly  out  of  phase.  The  latter  coherence  peak  coincides  perfectly  with  the 
range  of  frequencies  with  the  most  kinetic  energy  within  the  internal  waveband  50m  above 
the  bottom  at  mooring  637  (Fig.  3).  The  temperature  signals  are  also  correlated  in  the 
0.0137-0.0146  cph  band,  where  they  are  not  significantly  out  of  phase. 

Thus  Fig.  4  shows  that  for  u  »  0.012  cph,  the  motions  at  mooring  636  are  coherent  and 
not  significantly  out  of  phase  with  those  at  mooring  637,  some  40  km  away.  Significant 
coherences  within  the  internal  waveband  over  horizontal  distances  of  the  order  of  a  few 
tens  of  kilometers  are  rare  but  not  unheard  of  in  the  deep  ocean.  For  example,  Fu  (1981) 
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Frequency  (cph) 


Figure  3:  Kinetic  energy  spectra  50m  (  o  ),  100m  ( — )  and  200m  (-  -  -)  above  the  bottom 
at  mooring  637  (//  =  30). 


obtained  significant  coherences  over  horizontal  separations  up  to  70  km  at  mid-latitudes 
for  the  inertial  band.  For  the  mid-latitude  internal  wave  model  proposed  by  Garrett  and 
Munk  (1972),  the  horizontal  distance  at  which  the  coherence  drops  to  0.5  is  given  by 


^  ^  58  m  •  3  cph 

-  (y2  _  py/2^ 


(7) 


where  w  and  /  are  expressed  in  cph.  For  w  =  1.17  x  10“^  cph  and  /  =  5.87  x  10“^  cph, 
this  yields  AXq.s  =  17  km,  so  that  the  coherence  should  be  less  than  0.5  (or  the  squared 
coherence  should  be  less  than  0.25)  at  a  separation  of  40  km.  Wunsch  and  Webb  (1979) 
showed  that  at  low  latitudes,  currents  are  generally  coherent  over  smaller  spatial  scales 
than  would  be  predicted  by  (7),  so  that  the  observed  coherence  is  rather  surprising.  It 
becomes  even  more  puzzling  when  we  consider  the  fact  that  based  on  the  critical  reflection 
hypothesis,  the  observed  field  of  motions,  if  dominated  by  the  reflected  wavefield,  should 
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be  unusually  rich  in  motions  with  small  horizontal  and  vertical  scales  ^  near  the  critical 
frequency  (4).  Cross-spectra  between  various  pairs  of  current  meters  at  mooring  636 
suggest  that  the  dominant  vertical  scales  of  motion  at  a;  «  0.12  cph  are  also  large 
(Gilbert,  1990). 


Frequency  (cph) 


Frequency  (cph) 


Frequency  (cph)  Frequency  (cph) 

Figure  4:  Cross-spectra  between  the  current  meter  200m  above  the  bottom  at  mooring  636, 
and  the  current  meter  50m  above  the  bottom  at  mooring  637,  both  of  which  were  at  tlie 
same  depth.  The  cross-spectrum  for  clockwise  velocity  is  shown  on  the  left,  and  that  foj' 
temperature  is  shown  on  the  right.  A  positive  phase  means  that  the  signal  at  mooring 
637  leads  the  signal  at  mooring  636.  The  dashed  line  represents  the  95%  significance  level 
for  zero  true  coherence  on  the  upper  plots,  and  the  95%  confidence  intervals  for  phase  are 
shown  on  the  lower  plots  (i^  =  30). 


^The  horizontal  and  vertical  scales  of  motion  should  be  reduced  by  the  same  factor  upon  reflection, 
because  conservation  of  frequency  implies  that  tantfr  =  tanS,,  which  in  turn  implies  that  mr/m,  —  Ht/k,, 
where  m  and  k  are  the  vertical  and  horizontal  components  of  the  wavenumber  vector  respectively 
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Rotary  spectra  and  the  ratio  P++IP- 

Using  the  clockwise  (u_)  and  anticlockwise  (w+)  rotary  velocity  components 

ii_  =  (u-  iv)l\/2,  (8) 

u+  =  (u  +  iv)l\/2  (9) 

as  in  Muller  et  al.  (1978),  we  computed  the  clockwise  and  anticlockwise  autospectra  P _ 

and  P++  at  each  current  meter.  For  linear,  freely-propagating  internal  waves,  the  ratio  of 
anticlockwise  to  clockwise  kinetic  energy  should  be  given  by  (Fofonoff,  1969) 


On  Fig.  5,  we  plotted  P++IP _ as  a  function  of  frequency  at  10m,  50m,  100m  and  200m 

above  the  bottom  at  mooring  636.  Interestingly  enough,  we  find  large  deviations  from  (10) 
in  the  range  of  frequencies  for  which  near-bottom  kinetic  energy  enhancement  is  observed. 
More  interesting  still,  we  find  that  in  the  neighbourhood  of  the  energy  peak  (w  «  0.012 
cph),  the  largest  departure  from  (10)  occurs  at  10m  above  the  bottom,  followed  by  the 
departures  at  50m,  100m  and  200m  in  that  order.  There  thus  seems  to  be  a  one  to  one 
corre  ipondance  between  kinetic  energy  enhancement  and  the  degree  of  departure  from 
(10)  near  w  ss  0.012  cph.  Eriksen  (1982,  p.533)  hinted  at  that  when  he  mentioned  that 
“the  current  ellipses  at  a;  ~  2/  are  more  narrow  than  would  be  expected  from  linear 
internal  waves,  even  if  waves  were  unidirectional.” 

Trapped  waves  with  w  >  /? 

Thompson  and  Luyten  (1976)  have  provided  evidence  for  the  existence  of  Rhines’  (1970) 
bottom-trapped  waves  at  frequencies  lower  than  the  inertial  frequency  /.  In  the  present 
context  however,  what  is  interesting  about  those  waves  is  that  the  maximum  allowed 
frequency,  N  shx  a  «  0.8  cph  x  0.015  w  0.012  cph,  is  larger  than  /,  so  that  bottom-trapped 
motions  could  in  principle  occur  in  the  frequency  band  normally  reserved  to 
freely- propagating  internal  waves  (/  <  w  <  N).  The  possibility  of  bottom-trapped  waves 
with  u>  fh-ds  not  received  much  attention  in  the  literature,  but  Huthnance  (1989;  points 
out  that  “continuity  of  mode  forms  near  a;  =  /  (Huthnance,  1978)  suggests  that  trapped 
waves  approaching  w  =  /  from  lower  frequencies  should  continue  as  nearly-trapped  waves 
for  w  exceeding  /.  The  bottom  trapped  waves  of  Rhines  (1970)  in  realistic  contexts  are 
obvious  candidates.”  Huthnance  and  Baines  (1982)  called  for  a  more  detailed 
investigation  of  the  phenomenon,  pointing  out  that  we  do  not  know  much  about  the 
possible  radiation?,!  energy  losses  of  tho.se  waves  when  N  sin  a  >  f. 

The  bottom-trapped  motions  described  by  Rhines  (1970)  are  rectilinear,  implying  the 
ratio  of  anticlockwise  to  clockwise  kinet'c  energy 
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Frequency  (cph) 


Figure  5:  Ratio  at  10m  (  +  ),  50m  (  o  ),  100m  (— )  and  200m  (-  -  -)  above  the 

bottom  at  mooring  636  (u  =  30).  The  theoretical  ratio  (10)  for  linear,  freely  propagating 
internal  waves,  is  also  shown  for  the  purpose  of  comparison.  The  90%  confidence  intervals 
assume  a  Fisher’s  F  distribution  for  the  ratio  of  two  independent  chi-squared  distributions 
(Jenkins  and  Watts,  1968,  p.85),  and  so  may  not  be  appropriate. 


(11) 


Looking  at  Fig.  5,  we  find  that  at  10m  and  50m  above  the  bottom,  P++IP _ is  closer  to 

1  than  to  the  internal  wave  line  for  u;  <  0.025  cph.  This  result  prompted  Gilbert  (1990)  to 
try  to  verify  whether  the  orientation  4>  of  these  motions  changes  with  frequency  according 
to 

<p^cos-U—^ — )>  (12) 

as  in  Rhines’  theory  but  he  found  no  significant  changes  of  ellipse  orientation  within 
that  range  of  frequencies.  Thus  whereas  Eriksen’s  (1982)  interpretation  of  the  3-4  day 
motions  at  mooring  636  as  critically  reflected  internal  waves  fails  to  explain  why  the 

‘The  notation  used  here  differs  from  that  of  Rhines,  <i>  is  measured  counterclockwise  from  the  onslope 
direction  to  ensure  consistency  with  the  earlier  definition  of  <i>  given  in  section  2. 
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current  ellipses  near  Uc  are  not  perpendicular  to  the  inferred  North-South  orientation  of 
the  isobaths,  an  interpretation  of  those  motions  in  terms  of  Rhinos’  internal  edge  waves 
(Gilbert,  1990)  fails  to  explain  the  lack  of  turning  of  the  current  ellipses  with  frequency. 


4  DATA  FROM  THE  CONTINENTAL  RISE  AND  SLOPE  OFF  NOVA 
SCOTIA 


The  Bedford  Institute  of  Oceanography  deployed  several  moorings  on  the  Scotian  Rise 
and  Slope  during  the  1970’s  and  1980’s.  Those  moorings  were  deployed  for  the  purpose  of 
studying  sub-inertial  motions  (e.g.  Louis  et  al.,  1982,  Smith  and  Petrie,  1982),  not  for  the 
purpose  of  studying  internal  wave  reflection  off  sloping  bottoms.  Consequently,  the  vertical 
spacing  between  current  meters  is  large  at  most  moorings;  there  is  usually  only  one  current 
meter  in  the  first  100m  above  the  bottom,  which  does  not  allow  us  to  study  the  vertical 
structure  of  some  of  the  small-scale  processes  known  to  occur  above  sloping  topography 
(e.g.  Thorpe  et  al.,  1990).  Nevertheless,  it  should  be  possible  to  look  for  evidence  of 
near-bottom  energy  enhancement  at  u>c  i*  a  manner  analogous  to  Eriksen  (1982). 

Tables  1  and  2  provide  a  convenient  summary  of  the  current  meter  data  used  here,  and 
Fig.  6  shows  the  location  of  the  moorings.  More  detailed  information  about  the  data  can 
be  found  in  Lively  (1979a,  1979b  and  1984). 

A  list  of  criteria 

Linear  internal  wave  reflection  theory  predicts  we  should  observe  energy  enhancement  (5) 
at  the  critical  frequency  above  sloping  topography.  For  the  data  set  under 
consideration  here,  we  could  try  to  verify  this  by  looking  for 

la)  a  spectral  peak  above  the  background  energy  level  at  (Oc 

lb)  near-boundary  energy  enhancement  at  uJc  for  instruments  at  different  heights  above 
the  bottom,  but  on  the  same  mooring 

lc)  near-boundary  energy  enhancement  at  lOc  for  instruments  at  the  same  depth,  but  on 
different  moorings 

ld)  a  spectral  level  at  larger  than  that  given  by  the  GM79  model  spectrum. 

The  other  major  prediction  of  liiiear  internal  wave  reflection  theory  is  that  current  ellipses 
should  tend  to  orient  themselves  normal  to  the  isobaths  upon  reflection  (6).  Hence  we 
should  also  look  for 

2)  a  pronounced  anisotropy  at  the  major  axis  of  current  ellipses  being  oriented  in 
the  cross-isobath  direction. 

Ciiterion  la  was  used  by  Saudstvom  (19GG)  and  Eriksen  (1982)  at  mooring  sites  where  the 
critical  frequency  was  well  separated  from  the  energetic  tidal  and  inertial  frequencies. 
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Such  a  separation  is  necessary  if  we  wish  to  unambiguously  interpret  a  spectral  peak  at 
as  the  signature  of  internal  wave  reflection.  Unfortunately,  u>c  is  close  to  f  or  M2  at  nearly 
all  the  mooring  sites  considered  here  (see  table  3),  so  that  criterion  la  was  only  used  at 
mooring  S2. 

Table  1:  Mooring  locations  on  the  Scotian  Rise  and  Slope.  The  letter  S  stands  for  the  Shelf 
Break  experiment,  and  R  stands  for  the  Risex  experiment. 


Mooring 

Latitude 

Longitude 

Bottom  depth 

Current  meter  depths 

SI 

42°48.6'iV 

63“30.0W 

250m 

20,50,100,150,230m 

S2 

42°46.8'A 

64°00.0'iy 

250m 

20,50,230m 

S3 

42“45.0'A 

63°30.0W 

710m 

230,500,690m 

S4 

42°40.4'A 

G3“30.0'IT 

1010m 

50,100,150,500,690,990m 

S5 

42°30.5'A 

63“30.0W 

1550m 

50,150,1530m 

S6 

43°00.5'A 

63°30.0TP 

170m 

20,50,100,150m 

S7 

42“41.7'A 

64°00.0'IT 

710m 

230,690m 

S8 

42°01.0'iV 

63°30.0'IT 

2550m 

70,1500,2530m 

R1 

41°20.0'iV 

63“58.0'iy 

3600m 

200,500,1000,2900,3500m 

R2 

41“27.0'A 

63“30.0'iy 

3600m 

3500m 

R3 

41°00.0'A 

65°00.8My 

3600m 

3500m 

R4 

41°38.6'A 

64°17.V'IT 

3000m 

200,1000,2900m 

R5 

41‘’53.2'A 

64°31.7'1T 

2500m 

200,500,1000,2400m 

Table  2:  Mooring  deployment  periods  on  the  Scotian  Rise  and  Slope.  Periods  A  to  G  are 
from  the  Shelf  Break  Experiment,  and  periods  11  to  J  are  from  the  Risex  Experiment. 


Mooring 

deployment 

period 

Deployment 

date 

(dd/mm/yy) 

Recovery 

date 

(dd/mm/yy) 

Length  of 
deployment 
(days) 

Comments 

A 

13/12/75 

06/04/76 

115 

Mooring  Si  only. 

B 

05/07/76 

90 

Si  and  S4  only. 

C 

17/10/76 

104 

D 

16/12/76 

60 

E 

16/12/76 

02/04/77 

107 

F 

09/07/77 

98 

G 

09/07/77 

04/01/78 

179 

Data  from  Si, 
S2,S4,S6  only. 

11 

04/11/80 

03/03/81 

119 

Poor  data  return, 
except  for  R5. 

I 

03/03/81 

06/05/81 

64 

Poor  data  )  eturn. 

J 

06/05/81 

24/10/81 

171 

Good  data  return, 
except  for  R5. 
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Longitude  (°Vr) 

Figure  6;  Map  of  the  Scotian  Rise  and  Slope  showing  the  location  of  moorings  used  in  this 
paper.  The  letter  S  refers  to  moorings  from  the  1975-78  Shelf  Break  experiment,  R  refers  to 
moorings  from  the  1980-81  Risex  Experiment,  and  mooring  PIA  is  Petrie’s  (1975)  m.ooring 
lA.  The  hydrographic  data  used  to  compute  the  Brunt- Vaisala  frequency  N{z)  comes  from 
subarea  33  of  Drinkwater  and  Trites  (1987),  whose  perimeter  is  shown  here  as  a  thin  line. 


Criterion  lb  was  also  used  by  Eriksen  ( 1982)  at  a  few  moorings.  It  can  be  used  at  most  of 
the  moorings  considered  here,  as  the  majority  of  them  have  two  or  more  current  meters  in 
the  vertical.  However,  we  should  bear  in  mind  that  this  criterion  fails  to  take  into  account 
the  slantwise  propagation  of  internal  wave  energy,  as  pointed  out  by  Gilbert  and  Garrett 
(1989),  and  so  may  be  ambiguous.  In  all  cases  where  we  have  used  criterion  lb,  the  kinetic 
energy  spectra  from  instruments  at  different  depths  were  normalised  with  respect  to  a 
common  value  of  N,  taking  into  account  WKB  scaling  (Briscoe,  1975,  Gill  1982,  p.300). 

Criterion  Ic  was  used  by  Thorpe  (i987a,  figure  11)  at  a  site  where  the  critical  frequency 
was  close  to  the  inertial  frequency  {^c  ~  /)>  ^  situation  where  this  criterion  should  be 
most  useful  due  to  nearly  horizontal  wave  rays.  It  was  used  in  a  few  cases  for  the  present 
data  set. 
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Criterion  Id  does  not  on  its  own  constitute  evidence  of  critical  internal  wave  reflection, 
but  it  could  be  used  to  support  successful  tests  based  on  other  criteria,  especially  when 
ojc  >  M2,  where  there  is  some  degree  of  universality  in  the  spectral  levels  (Wunsch,  1976). 
Fu  (1981)  has  shown  that  such  universality  does  not  exist  near  /  in  the  deep  ocean,  so 
that  criterion  Id  was  not  used  at  moorings  where  ujc  ~  /.  It  was  not  used  at  moorings 
where  ~  M2  either,  since  internal  tides  were  excluded  from  the  internal  wave  model  of 
Garrett  and  Munk  (1972).  Application  of  criterion  Id  was  thus  limited  to  mooring  S2  for 
the  present  data  set. 

Criterion  2  was  successfully  used  by  Eriksen  (1982)  for  mooring  sites  on  Muir  Seamount 
and  the  New  England  continental  slope,  but  failed  at  mooring  636  of  the  Western 
Boundary  Sill  Experiment.  Application  of  criterion  2  was  limited  here  to  those  moorings 
where  Wc  was  appreciably  greater  than  /  (near-inertial  motions  are  quasi-circular  and  so 
the  orientation  of  their  ‘major’  axis  tends  to  be  less  stable). 

Hundreds  of  autospectra  were  computed  from  the  data  set  described  in  tables  1  and  2, 
some  of  which  are  shown  in  Gilbert  (1990).  A  summary  of  his  results  is  given  in  table  3. 


Table  3:  Results  of  tests  aimed  at  determining  whether  critical  internal  wave  reflection  was 
observed  at  moorings  from  the  Shelf  Break  and  Risex  Experiments.  In  column  1  the  critical 
frequency  (in  eph)  at  each  of  the  mooring  sites  is  written  in  parentheses.  For  the  purpose  of 
comparison,  note  that  /  ~  0.056  eph,  and  M2  =  0.081  cph.  In  columns  2  and  3,  the  capital 
letters  refer  to  the  mooring  periods  listed  in  table  2,  and  the  numbers  in  parentheses  refer 
to  the  criteria  described  in  this  section. 


Mooring 

Successful 

tests 

(95%  significant) 

Unsuccessful 

tests 

(not  significant) 

Comments 

^il 

D(ld,2),E(ld,2), 

D(2),E(2),G(2) 

D(Ja),E(la), 

S3(.07o) 

G(ld,2) 

E(2),F(2) 

G(la) 

D(lb,2),E(lb,lc), 

S4(.060) 

C(lb),E(lb) 

F(lb,lc) 

F(lb) 

Large  bump  at  «  1000m 

S5(.058) 

C(lb,lc),F(lb) 

D(lb,lc),F(lc) 

S6(.0.59) 

S7(.076) 

C(lb,2),E(2), 

F(lc) 

D(lb,2),E(lb) 

S8(.057) 

F(lb,2) 

F(lb) 

sig.  at  80%  level 

Rl(.055) 

J(lb) 

K.E.(3500m)  >  K.E.(2900m) 

R2(.056) 

R3(.055) 

R4(.056) 

J(lc) 

J(lb) 

K.E.(u;  =  /)~  R1  (3500m) 
K.E.(a;  =  /)  ~  R1  (3500m) 

R5(.057) 

ll(lb) 
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5  SUMMARY  AND  DISCUSSION 
The  WBSE  data 


In  section  3  of  this  paper,  we  reexamined  data  from  mooring  636  of  the  Western  Boundary 
Sill  Experiment  to  try  to  verify  whether  the  energetic  3-4  day  motions  seen  at  that 
mooring  are  due  to  critical  internal  wave  reflection,  as  postulated  by  Eriksen  (1982).  We 
pointed  out,  as  Eriksen  did,  that  those  motions  are  parallel  to  the  inferred  orientation  of 
the  isobaths,  not  normal  to  them,  thus  violating  one  of  the  predictions  of  specular  internal 
wave  reflection  theory. 

We  also  pointed  out  that  the  3-4  day  motions  are  coherent  over  a  horizontal  scale  of  at 
least  40  km  (Fig.  4).  Such  a  large  coherence  scale  appears  to  be  inconsistent  with  the 
transfer  of  energy  to  smaller  scales  that  should  occur  due  to  internal  wave  reflection. 
Gilbert  (1990)  also  showed  that  the  3-4  day  motions  at  mooring  636  are  coherent  over  a 
vertical  scale  of  at  least  200m,  and  the  measured  phase  leads  or  lags  are  generally  not 
significantly  different  from  zero  over  that  distance,  implying  large  vertical  scales  of  motion. 

Another  puzzling  feature  of  the  3-4  day  motions  at  mooring  636  is  that  they  do  not 
satisfy  the  consistency  relation  (10)  for  freely-propagating  internal  waves  (Fig.  5).  At  10m 
and  50m  above  the  bottom,  those  motions  are  essentially  rectilinear,  apparently  more 
consistent  with  the  prediction  of  Rhines  (1970)  for  internal  edge  waves  (11).  Agreement 
with  Rhines’  theory  is  quite  limited  however,  as  the  orientation  of  those  quasi-rectilinear 
motions  does  not  change  with  frequency  according  to  (12)  (Gilbert,  1990). 

Perhaps  this  illustrates  the  need  for  a  careful  investigation  of  the  manner  in  which  the 
consistency  relations  for  internal  waves  should  change  as  we  approach  a  sloping  bottom. 
Let  us  consider  here  the  inviscid  problem  of  a  wave  which  reflects  off  a  vertical  wall  with 
(pt  7^  0.  The  onslope  velocity  component  of  the  incident  and  reflected  waves  must  cancel 
each  other  at  the  wall  in  order  to  satisfy  the  boundary  condition  of  no  normal  flow,  but 
the  alongslope  velocity  comi)onent  of  the  incident  and  reflected  waves  are  phase-locked  at 
the  wall  and  add  up  constructively.  Consequently,  in  the  immediate  vicinity  of  a  vertical 

wall,  motions  should  be  rectilinear,  and  we  should  have  P++IP _ =  1  instead  of 

P+^jP _ =  [(w  -  f)/{u  -t-  f)Y  (Barry  Ruddick,  personal  communication).  We  need  to 

verify  whether  this  result  would  still  hold  above  sloping  topography,  as  it  may  help 

explain  the  variation  of  P++IP _ with  height  above  the  bottom  ®  observed  at  mooring 

636  for  example  (Fig.  5).  Preliminary  results  suggest  that  a  slope  2  to  3  times  steeper 
than  0.015  might  be  consistent  with  Fig.  5,  but  that  would  leave  the  energy  peak  at 
u>  «  0.012  eph  shown  on  Fig.  2  une.xplained. 

Our  lack  of  success  in  trying  to  iiiteipret  the  3  4  day  motions  at  mooring  636  is  largely 
due  to  our  poor  knowledge  of  the  topography.  Figure  1  is  only  based  on  an  East  West 

^Mooers  (1973)  !>ugge!>tb  that  dtpailuit  fioin  the  ratio  (10)  may  be  a  good  indicator  of  the  validity  of 
the  low  spatial  coherence  hypothesis  of  Fofoiioff  (1969) 
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transect,  and  so  cannot  tell  us  what  is  the  orientation  and  magnitude  of  V/i.  The  most 
detailed  bathymetric  map  available  for  the  area,  produced  by  Moody  et  al.  (1979)  and 
shown  on  figure  2  of  VVW82,  does  not  help  us  solve  that  problem  either  due  to  its  lack  of 
resolution. 

Proximity  to  the  equator  (/  ~  at  4°N)  and  the  possibility  of  equatorially  trapped 

waves  (Moore  and  Philander,  1977,  Eriksen,  1980)  may  also  complicate  the  analysis,  a  fact 
that  was  overlooked  by  Gilbert  (1990)  and  probably  deserves  closer  attention.  Among 
other  things,  the  traditional  approximation  of  neglecting  the  horizontal  component  of  the 
Earth’s  rotation  vector  in  the  equations  of  motion  may  have  to  be  reexamined  near  the 
equator. 

The  Scotian  Slope  data 


In  section  4,  historical  current  meter  data  from  the  Scotian  Rise  and  Slope  were  used  in 
order  to  look  for  evidence  of  critical  internal  wave  reflection.  To  that  end,  a  set  of  criteria 
was  proposed  and  discussed,  and  then  applied  to  the  data.  Energy  enhancement  and/or 
cross-isobath  alignment  of  motions  near  u>c  was  found  to  be  signiflcant  at  the  95%  level  in 
some  cases  (see  table  3),  but  was  generally  not  very  pronounced.  This  could  be  due  to  the 
overall  concavity  of  the  Scotian  Rise  and  Slope  (Gilbert  and  Garrett,  1989),  but  other 
factors  may  also  affect  the  likelihood  of  observing  energy  enhancement  at  the  critical 
frequency. 

Gilbert  (1990)  suggests  that  when  A  sin  o  <  /  at  a  given  mooring  site,  so  that  Uc  /(3), 
the  orientation  of  the  isobaths  could  be  one  such  factor.  The  linear  reflection  laws  of 
Eriksen  (1982),  valid  on  an  /-plane,  predict  that  maximum  wavenumber  amplification 
upon  reflection  should  occur  for  onslope  incident  energy  propagation  (i.e.  (jf),  =  0). 

However  on  a  /?-plane,  due  to  the  turning  latitude  effect,  near-inertial  motions  are  more 
likely  to  have  cj),  %  ±7r/2  when  the  onslope  direction  is  poleward  (e.g.  Kroll,  1975).  This  is 
roughly  the  case  on  the  Scotian  Slope,  possibly  explaining  the  overall  absence  of 
pronounced  energy  enhancement  at  ~  ^  (note  that  Uc  ^  f  a.i  9  of  the  13  moorings  in 

table  3).  A  more  quantitative  investigation  of  this  phenomenon  could  probably  be  carried 
out  using  the  wave  functions  of  Munk  and  Phillips  (1968). 

Finally  we  would  like  to  draw  the  attention  of  the  reader  to  the  non-linear,  specular 
reflection  theory  of  Thorpe  (1987b),  which  raises  the  possibility  of  singularities  for  wave 
ray  slopes  different  from  the  bottom  slope.  When  a  train  of  finite  amplitude  internal 
waves  travelling  in  a  vertical  plane  normal  to  the  slope  gets  reflected,  resonance  between 
the  incident  and  reflected  waves  is  possible  at  second  order  for  a  bottom  slope  less  than 
0.15  and  a  wave  ray  slope  less  than  0.58.  This  condition  is  met  almost  everywhere  on  the 
Scotian  Rise  and  Slope  for  examjile.  Gilbert  (1990)  offered  an  explanation  for  the  unusual 


®Fu  (1981)  found  that  the  largest  energy  peaks  at  or  =  /  in  the  abyssal  ocean  occured  in  the  vicinity  of  the 
Mid-Atlantic  Ridge,  which  runs  roughly  North-South,  so  that  the  onslope  direction  is  ional  and  near-inertial 
waves  are  more  likely  to  have  (*>,  a:  0. 
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size  of  the  M4  peak  seen  at  Petrie’s  (1975)  mooring  lA  (see  Fig.  6)  in  terms  of  that 
theory,  and  also  explained  some  aspects  of  the  observations  at  moorings  S3  and  S7  using 
Thorpe’s  theory.  Unlike  the  first  order  resonance,  higher  order  resonances  should  be 
unaffected  by  the  boundary  concavity  criterion  of  Gilbert  and  Garrett  (1989). 
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ABSTRACT 

Wind  forced  near-inertial  internal  waves  reduce  gradient  Richardson  number  sufficiently 
to  induce  microscale  mixing  within  the  seasonal  pycnocline  in  eastern  North  Pacific 
observations.  The  net  buoyancy  change  inferred  from  a  moored  time  series  of  upper 
ocean  observations  implies  turbulent  dissipation  rates  sufficient  to  damp  near-inertial 
kinetic  energy  in  the  mixed  layer  in  several  days. 

INTRODUCTION 

Wind  stress  is  well  recognized  as  a  source  of  both  internal  gravity  waves  and  mixing  in 
the  upper  ocean.  Swiftly  moving  wind  systems  generate  internal  waves  whose  phase 
speeds  match  their  translation  speeds.  Since  most  storms  translate  at  speeds  at  the  high 
end  of  the  range  of  possible  internal  wave  phase  speeds,  storm-generated  internal  waves 
tend  to  be  only  slightly  superinertial  in  frequency  (Kundu  and  Thomson,  1985; 

D’Asaro,  1989).  While  the  details  of  how  stress  applied  by  the  wind  is  transmitted 
through  the  upper  ocean  are  far  from  clear,  both  observations  and  theoretical 
considerations  point  to  nearly  linear  variation  of  stress  through  a  surface  mixed  layer 
such  that  stress  effectively  vanishes  only  slightly  deeper  than  this  layer.  Because  there  is 
a  relatively  sharp  transition  between  acceleration  in  the  mixed  layer  and  the  stratified 
region  beneath  it,  strong  shears  are  found  at  the  base  of  the  mixed  layer.  This  shear,  in 
turn,  is  responsible  for  continued  deepening  of  a  mixed  layer,  as  recognized  in  model  par- 
ameterizations  (Pollard  et  al.,  1973;  Mce  et  al.,  1986).  As  this  shear  is  dominated  by 
variance  at  slightly  superinertial  frequencies,  motions  in  the  seasonal  pycnocline  take  the 
form  of  propagating  near-inertial  internal  gravity  waves.  Observations  in  the  OCEAN 
STORMS  program  discussed  here  indicate  that  these  wind-forced  internal  waves  are 
sufficiently  energetic  to  account  for  mixing  implied  by  temporal  evolution  of  upper  ocean 
density  structure. 
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UPPER  OCEAN  CURRENT  AND  DENSITY  STRUCTURE 

The  observations  discussed  here  come  from  a  single  10-month  Profiling  Current  Meter 
(PCM)  record  collected  at  47°  35'  N,  139°  23'  W  in  the  eastern  North  Pacific.  The  record 
begins  August  22, 1987  and  ends  June  12, 1988,  spanning  the  complete  fall  and  winter 
cooling  periods  and  the  beginning  of  spring  warming.  The  PCM  profiled  every  4  hours, 
averaging  currents,  temperature,  and  electrical  conductivity  into  5  m  thick  bins  from  195 
to  35  m  depth.  The  subsurface  PCM  mooring  was  set  15  m  deeper  than  in  other 
deployments  in  anticipation  of  the  severe  sea  state  expected  (and  encountered)  in  the 
OCEAN  STORMS  site.  The  upward  profile  transit  routinely  took  20  to  25  minutes  to 
complete,  as  the  instrument  used  an  electric  pump  system  to  control  its  buoyancy,  hence 
its  movement  along  the  upper  section  of  the  mooring.  The  unique  feature  of  PCMs  is  that 
they  collect  simultaneous  current  and  density  profiles  at  fixed  locations  in  the  upper 
ocean  over  extended  periods.  The  instruments  are  capable  of  collecting  roughly  2000 
profiles,  depending  on  the  depth  to  which  profiles  are  made,  the  strength  of  ambient 
currents  and  water  temperature.  Details  of  the  design  and  operation  of  the  engineering 
prototype  PCM  are  given  in  Eriksen  et  al.  (1982). 

Upper  ocean  density  structure  at  the  OCEAN  STORMS  site  is  dominated  by  two 
pycnoclines;  the  upper  seasonal  one  is  dominated  by  temperature  stratification  while  the 
deeper  permanent  one  is  dominated  by  salinity  stratification.  During  the  course  of  the 
winter,  the  shallow  seasonal  pycnocline  is  not  merely  eroded  by  storm-induced  mixing,  it 
itself  is  deepened  as  the  mixed  layer  deepens,  as  indicated  in  the  density  record 
contoured  in  Figure  1.  From  August  through  October,  the  PCM  does  not  profile  high 
enough  in  the  water  column  to  encounter  the  mixed  layer.  Over  the  course  of  November 
and  December,  the  mixed  layer  both  deepens  and  becomes  more  dense.  The  seasonal 
pycnocline  maintains  a  thickness  of  about  20  m  during  this  period  whereafter  it  merges 
with  the  permanent  pycnocline  centered  at  roughly  115  m  depth.  Although  the 
stratification  remains  weak  at  depths  shallower  than  about  90  m  from  January  through 
March,  this  part  of  the  water  column  is  not  strictly  uniformly  well  mixed.  Restratification 
begins  in  April  and  by  late  May  a  new  seasonal  pycnocline  is  evident. 

The  current  structure  which  accompanies  these  changes  in  stratification  is  dominated  by 
near-inertial  motions,  (inertial  period  27c/f=16.254  hr)  concentrated  in  the  surface  mixed 
layer  but  occasionally  penetrating  both  the  seasonal  and  permanent  pycnoclines.  The 
stick  vector  plot  of  currents  in  Figure  2  reveals  an  enormous  burst  of  kinetic  energy 
starting  in  early  October  at  the  shallowest  depth  profiled  and  appearing  later  deeper, 
suggestive  of  a  wave  packet  propagating.  High  current  largely  is  confined  to  the  mixed 
layer  as  it  deepens  in  November  and  December,  but  more  bursts  of  high  current  in  the 
pycnocline  occur  in  January  and  less  intensely  through  April  and  even  May. 

Near-inertial  frequency  motions  dominate  the  spectrum  of  current  for  all  depths  and  are 
particularly  evident  in  the  October'  storm  event.  An  expanded  view  of  density  and  current 
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Figure  1.  Potential  density  093  in  5-m  depth  bins  every  4  hr  contoured  with  a  gray  scale  which 
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Fipre  2.  Current  time  series  for  each  depth  bin  plotted  as  stick  vectors  where  the  scale  is  given  at 
the  upper  right  of  each  frame.  The  frames  are  the  same  as  in  Fig.  1 . 


Mixing  in  the  Seasonal  Thermocline 


is  given  inFigures  3  and  4  covering  the  period  September  12  to  November  1, 1987.  Of 
particular  interest  is  the  jump  in  stratification  structure  which  takes  place  on  October  4 
just  beneath  the  seasonal  pycnocline  at  depths  from  55  to  75  m  (Figure  3,  left  panel). 

This  jump  from  weak  to  stronger  stratification  coincides  with  the  appearance  of  strong 
near-inertial  rotary  currents  (Figure  4,  left  panel).  Density  surfaces  oscillate  vertically 
with  amplitudes  as  much  as  10  m  peak  to  peak  with  a  near-inertial  period  in  the  week 
following  the  onset  of  the  current  burst.  Interpreting  these  as  due  to  vertical  motion  is 
consistent  with  regarding  the  horizontal  currents  as  due  to  near-inertial  internal  w^ves 
with  horizontal  wavelengths  of  a  few  hundred  km.  A  less  prominent  transition  in  density 
structure  and  near-inertial  current  activity  can  be  found  on  September  14  at  40  to  50  m 
depth.  Horizontal  advection  is  inadequate  to  explain  these  density  changes  (as  will  be 
discussed  below).  The  implication  is  that  water  within  the  pycnocline  undergoes  in¬ 
complete  mixing  in  response  to  internal  wave  activity,  that  is,  mixing  which  is 
sufficient  to  reduce  but  not  eliminate  stratification  locally. 

This  mixing  is  accomplished  through  elevation  of  shear  and  accompanying  reduction  of 
Richardson  number.  Reduction  of  Richardson  number  is  associated  with  shear 
instability,  an  idea  confirmed  by  microstructure  observations  of  turbu^lent  mixing  (Peters 
et  al.,  1988).  Vertical  shear  increases  to  amplitudes  as  high  as  0.02  s  in  near-inertial 
waves  in  the  October  4  storm  (Figure  5).  Elevated  vertical  shear  is  also  apparent  in  the 
top  three  depth  bins  for  which  a  10  m  centered  first  difference  can  be  evaluated  (45, 50, 
and  55  m)  in  the  September  14  storm.  Shear  also  tends  to  be  somewhat  higher  within  the 
permanent  pycnocline,  a  feature  presumed  due  to  amplification  of  horizontal  currents  as 
internal  waves  propagate  through  a  region  of  stronger  stratification  (e.g.,  WKB  scaling). 
Gradient  Richardson  number  Ri  is  the  square  of  the  ratio  of  buoyancy  frequency  N  to 
vertical  shear  u  ,  hence  a  plot  of  a  vector  whose  components  are  N  and  u  can  reveal 
variations  in  both  the  stability  of  flow  and  the  potential  and  kinetic  energy  associated 
with  stratification  and  shear.  Such  a  plot  is  given  in  Figure  6,  where  the  slope  of  each  ^ 
stick  vector  relative  to  the  time  axis  is  the  instantaneous  inverse  Richardson  number  Ri  . 
During  both  the  October  4  and  September  14  storms  Ri  reduces  to  unity  or  less. 


ESTIMATES  OF  MIXING  RATES 

The  substantial  changes  in  upper  ocean  stratification  evident  in  this  OCEaN  STORMS 
PCM  record  strongly  suggest  that  mixing  is  important  in  effecting  these  changes. 
Compared  to  other  regions  of  the  ocean,  mesoscale  eddy  activity  in  the  eastern  North 
Pacific  is  relatively  weak.  Nevertheless,  advection  still  makes  significant  contributions 
to  density  changes  observed  at  a  fixed  location.  In  order  to  infer  quantitative  estimates  of 
mixing  activity  from  a  sequence  of  profiles  at  a  fixed  location,  estimates  of  horizontal 
and  vertical  advection  of  density  must  be  added  to  the  observed  rate  of  density  change  so 
that  their  sum  can  be  considered  the  convergence  of  macroscale  turbulent  density  flux. 
Consider  the  equations  for  density  and  horizontal  momentum  conservation: 
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September  14  and  October  4  are  year  days  257  and  277,  respectively. 
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Expanded  time  scale  current  time  series  for  the  period  shown  in  Fig.  3,  otherwise  as  in  Fig. 


northword  NP:  vertical  shear 


Vertical  shear  time  series  calculated  as  a  center  first  difference  over  10  m  and  plotted  as  stick  vectors 
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CX 
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Figure  6.  Vector  time  series  of  a  quantity  whose  components  are  shear  squared  and  buoyancy  frequency  squared  plotted  as  in  Figs.  4  ■  d  ' 
The  slope  of  each  vector  above  the  time  axis  is  inverse  Richardson  number. 
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p^  +  u-Vp  +  wp^  =  -<w'p'>^  (1) 

u  +u-Vu  +  wu  +2QXU  +  P  Vp  =  -<u'w'>  (2) 

where  the  primed  quantities  represent  turbulent  microscale  variations  and  brackets  the 
averages  of  their  products.  The  first  equation  states  that  density  changes  following  a 
particle  are  due  solely  to  the  vertical  convergence  of  vertical  turbulent  transport  of 
density.  The  second  states  that  horizontal  acceleration  of  a  fluid  parcel  in  a  rotating 
frame  of  reference  is  balanced  by  a  pressure  gradient  force  and  vertical  convergence  of 
vertical  turbulent  transport  of  horizontal  momentum.  Turbulence  is  considered  as  any 
process  producing  non-vanishing  correlation  between  flow  components  at  time  and  space 
scales  too  small  to  be  resolved  by  the  observations.  It  is  also  assumed  that  only  vertical 
transports  of  density  and  momentum  by  turbulence  are  important.  At  low  frequencies  the 
momentum  balance  is  geostrophic  provided  turbulent  stiesses  x=-p^<u'w'>  can  be 
ignored.  This  simplification  is  poorest  within  the  mixed  layer  and  is  of  questionable 
validity  within  the  seasonal  pycnocline.  Nevertheless,  we  make  it  here  in  order  to  obtain 
estimates  of  horizontal  density  gradients  through  the  thermal  wind  equations.  Then  (1) 
may  be  written  as 


Pj  -  fpgg  +  wp^  =  -<w'p'>^  (3) 

where  f  =  2Q-sin(latitude)  is  the  inertial  frequency.  Since 've  are  without  direct 
measurements  of  vertical  velocity,  we  must  assume  that  turbulent  mass  fluxes  <w'p'> 
effectively  vanish  at  some  depth  beneath  the  mixed  layer  so  that  w  can  be  estimated  from 
(3)  for  the  restricted  depth  range  for  which  density  is  assumed  to  change  purely 
advectively.  Since  w  must  also  effectively  vanish  at  the  sea  surface  because  changes  in 
sea  level  are  very  slight,  w  can  be  interpolated  for  the  mixed  layer  and  the  depth  range 
within  the  pycnocline  for  which  mixing  is  presumed  of  potential  importance.  The  linear 
inviscid  modes  of  oscillation  of  a  rotating  stratified  fluid  over  a  flat  bottom  are  separable 
into  vertical  and  horizontal  structures.  The  equation  governing  vertical  structure 
indicates  that  w  is  linear  within  a  mixed  layer,  giving  another  constraint  on  the  shape  of 
w(z).  Matching  deep  w  behavior  inferred  from  the  non-mixing  version  of  (3)  with  a 
linear  portion  in  the  mixed  layer  which  vanishes  at  the  sea  surface  makes  possible  an 
estimate  of  vertical  density  advection  throughout  the  region  where  turbulent  transport  of 
density  is  important.  Hence,  through  the  assumptions  stated,  the  PCM  record  of  current 
and  density  profiles  is  sufficient  to  estimate  the  substantial  derivative  of  density  (all  three 
terms  on  the  left  side  of  (3)).  Vertical  integration  of  density  change  following  a  fluid 
parcel  then  gives  an  estimate  of  turbulent  mass  flux  <w'p'>,  that  is,  the  quantity  whose 
convergence  represents  mixing. 

Although  mixing  events  in  the  seasonal  pycnocline  take  place  on  time  scales  identical  to 
those  of  storms,  even  the  relatively  weak  mesoscale  eddy  environment  of  the  OCEAN 
STORMS  site  requires  quantities  to  be  smoothed  temporally  to  yield  stable  estimates  of 
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advective  contributions.  A  filtered  density  record  is  given  in  Figure  7  where  fluctuations 
with  periods  shorter  than  20  days  have  been  suppressed.  Unfortunately,  the  number  of 
weights  necessary  for  the  filter  shortens  the  record  at  each  end,  so  much  so  that  the 
low-passed  record  begins  at  the  onset  of  the  October  4  storm.  Contours  initially  within 
the  seasonal  pycnocline  descend  over  time  before  eventually  outcropping,  indicative  of 
mixing  within  the  pycnocline.  The  second  half  of  the  record  (lower  frame.  Figure  7) 
reveals  little  mixing  activity  and  a  tendency  for  the  pycnocline  to  rise  and  fall  due  to 
mesoscale  fluctuations.  The  time  derivative  of  low-pass  filtered  density  shows  both  the 
late  fall  season  increase  in  density  within  the  mixed  layer  and  accompanying  decrease 
beneath  it  (Figure  8).  The  horizontal  advective  contribution  to  density,  assuming  vertical 
shear  is  purely  geostrophic,  is  comparable  in  size  to  local  temporal  change  (Figure  9). 

This  term  (the  second  in  equation  3)  is  positive  within  the  mixed  layer  from  late  October 
through  mid-January,  indicating  that  Fgnter  water  is  being  imported  laterally  into  the 
region.  This  tendency  is  nearly  cancelled  within  the  pycnocline  by  upwelling  during  this 
period,  as  evidenced  by  negative  values  of  the  vertical  advection  term  wp  (Figure  10).  It 
may  be  noted  that  any  error  in  estimating  horizontal  advection  will  necessarily  tend  to  be 
cancelled  by  an  error  in  the  opposing  sense  in  implied  vertical  advection  as  (3)  suggests. 

The  vertical  buoyancy  flux  -gp^  <w'p'>  implied  by  the  sum  of  the  terms  on  the  left  side 
of  equation  (3)  is  given  in  Figure  11.  While  uncertainties  in  estimating  advection  make 
the  second  half  of  the  record  somewhat  suspect,  there  is  clearly  a  large  upward  buoyancy 
flux  within  the  mixed  layer  during  the  fall  cooling  period.  This  flux  averages  roughly 
10  W/kg  at  the  surface.  This  buoyancy  flux  is  presumed  carried  by  convective  activity 
within  the  mixed  layer.  Buoyancy  flux  changes  sign  at  the  base  of  the  mixed  layer  so 
that  buoyancy  is  transported  downward  within  the  seasonal  pycnocline  and  deposited 
there.  This  downward  flux  reaches  values  as  high  as  10  W/kg.  If  turbulent  mass  flux  is 
expressed  as  being  diffusive,  following  the  definition  <w'p'>  =  -Kp^,^the^  the  implied 
diffusivity  K  within  the  seasonal  pycnocline  falls  in  the  range  1-5x10  m  /s.  These  are 
reasonable  values  for  what  is  expected  in  a  highly  smoothed  description  of  mixing. 

DISCUSSION  AND  CONCLUSIONS 

The  implication  of  the  downward  buoyancy  flux  within  the  seasonal  pycnocline  is  that 
turbulent  dissipation  must  be  high  enough  to  decay  the  observed  near-inertial  internal 
wave  activity  substantially.  The  "dissipation  method"  (see  Gregg  (1987),  Osborne 
(1980))  declares  that  flux  Richardson  numbers  in  stratified  turbulence  are  limited  to 
values  of  about  0.2.  Measurements  in  strongly  sheared  equatorial  currents  indicate  the 
ratio  of  buoyancy  flux  to  turbulent  kinetic  energy  dissipation  to  be  about  0.1  (Peters  et  al., 
1988).  Hence  the  dissipation  associated  with  turbulence  is  5  to  10  times  the  buoyancy 
flux  l^ing  effected.  If  the  buoyancy  flux  of  turbulence  in  the  seasonal  pycnocline  is 
0(10  W/kg),  then  the  dissipation  rate  of  kinetic  energy  must  be  0(10  W/kg).  This  is 
the  rate  at  which  energy  is  presumed  removed  from  near-inertial  motions  in  the  OCEAN 
STORMS  observations.  A  typical  kinetic  energy  content  of  mixed  layer  near-inertial 
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Figure  7.  Low-pass  filtered  potential  density  oq  contoured  as  in  Fig.  1.  The  start  and  end  of  the 
record  has  been  deleted  to  accommodate  the  filter. 
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Figure  8.  Time  rate  of  change  of  low-pass  filtered  potential  density  where  the  scale  in  the  upper 
right  of  each  frame  is  0.5  x  10'^  kg/mVs. 
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Figure  9.  Horizontal  advection  of  potential  density  calculated  assuming  vertical  shear  is  geostrophic 
and  plotted  with  the  same  scale  as  Fig.  8. 
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Figure  10.  Vertical  advection  of  potential  density  plotted  as  in  Figs.  8  and  9. 
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Figure  11.  Vertical  mass  flux  inferred  from  the  vertical  integral  of  the  substantial  derivative  of 
density  plotted  with  a  scale  of  -2  x  10'^  kg/m^/s  (equivalent  to  a  buoyancy  flux  scale  of  2  x  10“^ 
W/kg,  i.e.,  an  upward  stick  corresponds  to  upward  buoyancy  flux). 
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Mixing  in  the  Seasonal  Thermocline 


motions  is  the  layer  depth  h  times  half  the  mean  square  current  current.  A  decay  time  for 
mixed  layer  near  inertial  motions  can  then  be  estimated  as  the  ratio  of  this  to  the  rake  of 
kinetic  energy  removal  by  turbulent  dissipation  within  the  pycnocline: 

t  =  hh'  <u  /2>/e 

decay 

where  h'  is  the  depth  range  over  which  dissipation  at  rate  e  is  taking  place  within  the 
pycnocline.  This  decay  time  works  out  to  be  about  one  week  in  the  OCEAN  STORMS 
observations. 

The  decay  of  near-inertial  motions  in  the  mixed  layer  is  presumably  governed  by  two 
processes:  wave  propagation  and  frictional  damping.  Calculations  of  D’Asaro  (1991) 
demonstrate  that  both  linear  and  nonlinear  model  simulations  of  the  October  4  storm 
leave  near  inertial  energy  in  the  mixed  layer  much  longer  than  the  OCEAN  STORMS 
observations  indicate.  His  best  simulation  of  the  character  of  the  descending  internal 
wave  beam  include  frictional  damping.  Our  calculations  of  the  amount  of  mixing  that 
takes  place  as  the  mixed  layer  and  seasonal  pycnocline  descend  together  imply  that 
enough  turbulent  dissipation  of  kinetic  energy  must  take  place  at  the  same  time  to  extract 
a  considerable  fraction  of  the  energy  in  the  internal  wave  field.  This  energy  is  lost 
ultimately  to  dissipation  at  molecular  scales.  The  picture  that  emerges  is  that  a 
substantial  portion  of  the  near-inertial  internal  wave  energy  that  would  result  from  a 
given  storm  wind  stress  pattern  is  lost  to  friction  through  generation  of  shear  at  the  base 
of  the  mixed  layer  in  the  top  20  m  or  so  of  the  pycnocline.  Actual  wave  amplitudes  are 
reduced  accordingly  and  a  significant  fraction  of  the  work  done  by  wind  stress  goes  into 
raising  potential  energy  of  the  water  column  through  mixing  by  shear  instability  within 
the  upper  pycnocline. 
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INTRODUCTION 


The  interrelation  between  the  large  veitical-scale  motion  field,  the  fine  scale  (1-100  m)  field,  and  the 
micro-scale  is  poorly  understood.  It  is  thought  that  motions  become  significantly  non-Gaussian  at  verti¬ 
cal  scales  shorter  than  about  50  m  (Holloway  1983).  However,  "non-Gaussian"  is  an  extremely  general 
description  of  a  flow  field.  In  this  work  we  examine  the  fine-scale  statistics  of  the  vertical  strain  field  in 
the  sea.  Strain  is  here  defined  as  the  vertical  gradient  of  isopycnal  vertical  displacement.  The  objective  is 
to  identify  a  specific  class  of  probability  density  functions  (pdfs)  which  characterize  the  fine  scale  field 
during  its  transition  from  highly  skewed  (micro-scale)  to  Gaussian  (large  scale)  behavior. 


Theoretical  studies  of  non-linear  processes  often  assume  quasi-Gaussian  statistics.  The  non-linear  condi¬ 
tion  is  approximated  through  a  perturbation  expansion  about  a  zeroth-order  Gaussian  state.  If  a  joint- 
normal  form  is  assumed  for  the  pdf  of  vertical  displacement  of  isopycnal  pairs,  Ti(Pi),ri(Pj),  it  is  easily 
shown  that  the  pdf  of  isopycnal  separation  Azjj  is  also  Gaussian  (Desaubies  and  Gregg  1981,  henceforth 
DG81).  There  is  always  a  finite  probability  that  Az,,(t)  will  vanish,  resulting  in  singular  values  for  verti- 

30  0(Pi)  -  6(pj) 

cal  gradients  of  passive  scalars  —  = - : — — — .  From  a  mathematical  viewpoint,  a  Gaussian  zeroth 

dz  Azij(t) 

order  state  is  an  awkward  starting  point  for  the  description  of  the  fine  scale  field. 


Knowledge  of  the  pdfs  of  isopycnal  separations  enables  the  statistical  modeling  of  a  number  of 
phenomena  of  physical  interest  in  addition  to  vertical  gradient  fluctuations.  Measurements  of  variance 
can  be  used  to  infer  skewness,  kurtosis,  etc.,  once  a  form  for  the  separation  pdf  is  established. 


This  work  complements  an  introductory  paper,  Pinkel  et  al  1991,  (Henceforth  P91).  A  more  complete 
discussion  of  statistical  matters  is  presented  in  Pinkel  and  Anderson  1991  (PA91). 

Isopycnal  displacerr  jnt  data  obtained  in  the  1986  experiment  PATCHEX  are  used  in  this  study.  The 
data  are  derived  from  a  series  of  nine  thousand  CTD  profiles  from  the  sea  surface  to  560  m,  obtained  over 
an  18.75  day  interval.  Three  types  of  isopycnal  separation  statistics  are  accj^ulated.  Probability  density 
functions  of  isopycnals  separation  are  formed  at  varying  mean  separations  Az.  These  statistics  are  gath¬ 
ered  in  both  fixed  depth  (Eulerian)  and  fixed  density  (  semi-Lagrangian  )  reference  frames.  In  addition, 
discrete  probability  functions  are  formed,  describing  the  probability  of  occurrence  of  varying  numbers  of 
isopycnals  in  fixed  vertical  intervals. 


The  discrete  probability  disUibutions  formed  in  the  fixed  deptli  intervals  are  found  to  be  very  nearly  Pois¬ 
son  for  vertical  bins,  H,  of  order  3  m  and  greater.  The  corresponding  Eulerian  and  Lagrangian  pdfs  of 
isopycnal  separation  are  very  nearly  gamma  pdfs,  as  would  be  predicted  from  elementary  Poisson  theory. 
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This  surprising  finding  enables  the  simple  modeling  of  strain  and  gradient  statistics Jn  both  reference 
frames.  A  single  parameter,  X,  specifies  the  entire  description  at  all  vertical  scales  Az  >  3  m. 

The  measurements  and  data  are  described  next.  Statistical  results  are  then  presented,  followed  by  discus¬ 
sion  of  these  findings. 

MEASUREMENTS 

The  data  considered  here  are  a  set  of  9,000  CTD  profiles  from  the  surface  to  560  m.  These  were  obtained 
during  October  1986  from  the  Research  Platform  FLIP.  FLIP  was  located  at  34‘’N,  127°W,  approxi¬ 
mately  500  km  west  of  Point  Conception,  CA.  Position  was  maintained  to  within  300  m  by  a  two  point 
moor.  Water  depth  at  the  site  is  4  km. 

The  CTD’s  used  are  Seabird  Instmments  model  SBE-9s.  Two  such  instruments  are  profiled.  The  upper 
unit  is  cycled  from  the  surface  to  320  m.  The  lower  system  covers  the  depth  range  250-560  m.  Profiles 
are  repeated  at  3  min  intervals.  The  drop  rate  of  the  sensors  is  approximately  3.5  m/s.  It  is  not  necessary 
to  pump  water  through  the  conductivity  cell  to  achieve  adequate  spatial  resolution  at  this  drop  rate. 

Following  a  time  response  correction  to  the  temperature  sensor,  the  vertical  resolution  of  both  the  tem¬ 
perature  and  conductivity  sensors  is  limited  to  2  m  by  a  low  pass  filter  (Sherman  1989).  Density  profiles 
are  then  produced.  A  set  of  560  isopycnals,  of  mean  separation  1  m,  is  then  followed  for  the  duration  of 
the  data  experiments  (Fig.  1).  The  experimental  approach  is  discussed  in  greater  detail  in  P91. 

The  three  hour  record  presented  in  Figure  I  represents  a  small  portion  of  the  18.75  day  data  set.  In  it  one 
sees  a  general  trend  toward  decreasing  isopycnal  depth,  associated  with  the  baroclinic  tide.  Superim¬ 
posed  on  this  trend  are  higher  frequency  (1-2  cph)  internal  waves.  These  are  extremely  coherent  with 
depth.  Against  this  large  scale  background,  the  fine  scale  straining  of  the  density  field  is  seen.  Isopycnals 
converge  to  form  "sheets"  of  high  vertical  gradient  and  diverge,  forming  low  gradient  "layers".  The  typi¬ 
cal  time-scale  for  the  fine  scale  variation  appears  to  be  from  one-half  to  several  hours,  in  this  short  record. 

Protagonists  in  the  present  study  are: 

the  isopycnal  separation  Azjj  =  z(Pi,t)  -  z(Pj,t) 
the  normalized  separation  yij(t)  =  Azij(t)/Azjj 
and  the  finite  difference  strain  7y  =  7ij(t)-l. 


The  finite  difference  strain  can  be  thought  of  as  an  approximation  to  the  actual  strain,  8n(p,t)/3z,  where 
T]  s  z(p,t)  -  z(p).  Alternatively,  separation  variance  statistics  can  be  considered  as  precise  estimates  of 
the  structure  function 


cC 

F(Az)  =  l/tt  J  (1  -  cos  kAz)S(k)dk=  <7^1  (Az)  >  -  1  (Tennekes  and  Lumley,  1972). 


1) 
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Fig.  1.  An  example  of  isopycnal  depth  fluctuations  as  seen  in  the  PATCHEX  data  set.  The  statistics  of 
isopycnal  separation  are  the  focus  of  the  present  study. 


Here,  S(k)  is  the  vertical  wavenumber  spectrum  of  strain. 

Obviously,  no  technique  can  produce  quality  estimates  ofjhe  spectrum  at  high  wavenumber  in  the 
absence  of  accurate  measurements  at  small  vertical  scale  Az.  Evenly  spaced  estimates  of  F  at  intervals  of 
A?  =  n  meters,  n  =  1,  N,  result  in  a  wavenumber  spectral  estimate  with  Nyquist  wavenumber  of  .5  cpm, 
and  wavenumber  resolution  of  m  (McKean,  1974). 


Three  aspects  of  the  measurements,  sensor  noise  (e),  resolution,  and  statistical  precision  impact  the  present 
discussion.  Sensor  noise  results  in  error  in  the  estimates  of  density  profiles.  Noise  has  both  correlated 
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and  uncorrelated  aspects.  At  separations  greater  than  a  few  meters,  the  noise  which  influences  the  esti¬ 
mate  of  one  isopycnal  is  independent  of  that  influencing  another.  Strain  variance  estimates  are  biased  in 
the  presence  of  noise. 


<'f>  = 


<Az^>  2<£^> 

A?  a? 


2) 


The  error  in  the  estimate  of  the  depth  of  a  given  isopycnal  is  approximately  .25  m  rms  in  the  PATCHEX 
data  set.  This  corresponds  to  a  strain  variance  bias  of  .12  aj[Az  =  1  m,  decreasing  to  .005  at  Az  =  5  m. 
Thus  the  bias  can  be  as  large  as  20  %  of  the  total  signal  at  Az  =  1  m  (assuming  the  errors  assocmted  with 
two  closely  spaced  isopycnals  are  indeed  uncorrelated).  Since  the  variance  bias  decreases  as  Az“^  while 
the  strain  signal  decreases  more  nearly  as  Az"\  (Fig.  7)  random  error  quickly  becomes  insignificant. 

Noise  has  an  effect  on  the  pdfs  of  separation.  The  observed  pdfs  are  a  convolution  of  the  true  pdf  of 
separation  with  the  pdf,  presumably  Gaussian,  of  the  noise.  Thus,  observed  pdfs  will  be  broader  than  the 
true,  with  tlwir  variance  increased  by  the  variance  of  the  noise.  This  effect  will  be  significant  at  small 
separation  Az. 

Resolution  is  a  concern  when  considering  closely  spaced  isopycnals.  One  would  expect  to  observe  fewer 
than  the  actual  number  of  instances  of  close  isopycnal  spacing  (small  y)  in  pdfs  of  separation.  Con¬ 
versely,  fewer  observations  of  "many  isopycnals  found  in  a  fixed  size  bin",  are  expected  in  the  discrete 
probability  functions  presented  below.  The  finite  resolution  of  the  CTD  is  particularly  damaging  to  the 
present  study  given  tliat  the  spatial  autocorrelation  of  strain  transitions  from  positive  (...if  two  adjacent 
isopycnals  are  squeezed  into  a  sheet,  it  is  likely  that  the  immediate  neighboring  isopycnals  are  being 
drawn  into  the  sheet...)  to  negative  (...if  five  isopycnals  are  being  drawn  into  a  sheet,  it  is  likely  that  there 
will  be  an  absence  of  isopycnals,  a  layer,  five  m  away)  at  about  the  resolution  scale  of  the  CTD,  2  m. 

At  sufficiently  small  scales  the  strain  correlation  is  high  and  positive.  A  principal  conjecture  of  P91  is 
that  strain  statistics  approach  log-normal  form  in  this  region.  If  the  log-normal  regime  indeed  exists,  it 
occurs  at  scales  unresolvable  by  the  present  CTD.  Further  exploration  of  the  log-nomial  issue  awaits 
improved  instrumentation. 

Statistical  precision  is  often  a  concern  when  trying  to  compare  pdfs  estimated  from  data  with  classical 
functional  forms.  In  this  work,  estimates  of  pdfs  are  formed  in  four  100  m  depth  ranges,  100-200  through 
400-500  m.  Thus,  9x10^  measurements  (9,000  profiles  *  100  isopycnals)  are  available  for  each  100  m 
estimate.  At  issue  is  the  fraction  of  these  points  that  is  statistically  independent.  This  question  is 
discussed  by  Briscoe  (1977)  in  his  investigation  of  the  Gaussianity  of  the  horizontal  velocity  and  vertical 
displacement  of  the  IWEX  data  set.  From  numerical  simulations  Briscoe  finds  that  the  effective  decorre¬ 
lation  time  for  displacement  is  of  order  1/2  day.  A  nineteen  day  displacement  time  series  would  consist 
of  38  independent  samples,  corresponding  to  76  degrees  of  freedom. 

The  situation  is  more  complicated  for  the  strain  field,  given  he  significance  of  non-linear  distortion  at 
small  scale.  P91  demonstrate  that  the  characteristic  lifetime  of  "layer"  events  (y  >  1)  is  shorter  tlian 
"sheet"  events  (y  <  1).  The  number  of  independent  estimates  of  y  <  1  events  per  unit  time  is  less  than  that 
of  y  >  1  events.  Monte  Carlo  simulations  of  the  strain  field  will  not  model  this  effect  appropriately  unless 
the  bi-spectrum  of  the  field  is  properly  specified. 
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In  PA91  an  attempt  to  estimate  the  statistical  precision  of  the  strain,  as  a  function  of  y  itself,  is  presented. 
The  variability  of  independent  estimates  of  the  strain  pdf,  from  depth  to  depth  at  ^ed  y,  is  used  to  deter¬ 
mine  the  effective  number  of  degrees  of  freedom.  When  large  mean  separations,  Az  >  3  m,  are  con¬ 
sidered,  the  observations  are  consistent  with  an  100  degree  of  freedom  process,  more  or  less  independent 
of  y.  At  very  small  mean  separations,  variations  in  statistical  stability  with  y  is  clearly  seen.  The  effec¬ 
tive  number  of  degrees  of  freedom  varies  from  80  to  100  as  y  increases  from  .2  to  2. 

THE  PDF  OF  STRAIN  AND  DISPLACEMENT 


Joint  pdfs  of  strain  and  displacement  have  been  formed  using  the  PATCIffiX  isopycnal  displacement 
time  series.  The  pdfs  are  formed  for  isopycnal  pairs  of  mean  separation  Az  =  1  -  50  m.  For  each  mean 
separation,  the  pdfs  are  binned  into  100  displacements  (±  50  m)  by  100  strains  (y  =  0  to  5)  in  four  depths 
zones  (z  =  100  -  200  through  400  -  500  m). 

Two  sets  of  joint  pdfs  are  produced.  Lagrangian  pdfs  are  formed  by  tracking  the  evolution  of  specific  iso- 
pycnals  pairs  (pj.pj)  through  the  19  day  data  set.  Corresponding  Eul^an  pdfs  are  formed  by  tracking  the 
separation  between  that  pair  of  isopycnals,  separated  in  the  mean  by  Az,  which  is  spanning  a  specific 
fixed  depth,  zq,  at  each  instant  of  time.  The  Eulerian  study  is  repeated  for  fixed  depths  of  100-500  m,  at  1 
m  increments.  The  resulting  pdfs  are  averaged  into  100-200  through  400-500  m  bins,  in  correspondence 
with  the  averaging  used  in  the  Langrangian  study. 

A  representative  joint  pdf  of  strain  and  displacement  is  presented  in  Fig.  2.  The  pdf  is  formed  in  a 
Lagrangian  frame,  using  isopycnals  of  mean  separation  3  m.  Although  not  clearly  apparent  in  the  figure, 
it  can  be  shown  (PA91)  that  the  data  are  consistent  with  the  assumption  that  the  joint  pdf  is  separable,  and 
that  the  pdf  of  average  displacement  riij  =  (Ti(p,)  +  T|(Pj))/2  is  Gaussian.  The  pdf  of  strain  is  clearly  non- 
Gaussian,  with  observations  of  close  isopycnal  spacing  (y  <  1)  more  frequent  than  those  of  large  separa¬ 
tion  (y>  1). 

THE  PROBABILITY  DENSITY  FUNCTION  OF  STRAIN 


The  joint  pdfs  previously  discussed  can  be  integrated  with  respect  to  displacement  to  produce  uni'  ,  iate 
pdfs  of  strain.  Strain  pdf  are  presented  in  Figs.  3  and  4  for  the  semi-Lagrangian  and  Eulerian  frames 
respectively,  for  mean  separations  of  Az  of  1-10  m.  Sample  pdfs  have  been  formed  for  mean  separation  as 
great  as  50  m.  At  scales  greater  than  10  m  these  appear  very  nearly  Gaussian.  Nevertheless,  skewness  and 
kurtosis  estimates  are  significant  to  separations  of  order  30  m. 

The  observed  pdfs  have  been  fit  to  a  variety  of  classical  forms,  including  Rayleigh,  Weibull,  log  normal 
and  gamma.  Significant  discrepancies  are  subjectively  apparent  in  all  comparisons,  with  notable  excep¬ 
tion  of  the  gamma  pdf,  which  fits  very  well  (Figs.  3, 4,  light  curves).  The  gamma  pdf  has  the  form 


G(x)  = 


r(a) 


3) 


with  mean  <x>  =  o/p  and  variance  <x^>  -  <x>^  =  a/p^  (eg.  Papoulis  1984) 
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Fig.  2.  An  example  of  a  joint  probability  denotes  function  of  strain  and  displacement.  This  estimate  was 
formed  in  a  semi-Lagrangian  frame,  considering  isopycnal  pairs  separated  in  the  mean  by  3  m.  The 
PATCHEX  data  are  consistent  with  the  hypothesis  that  strain  and  displacement  are  independent 
quantities,  with  displacement  obeymg  Gaussian  statistics. 


The  semi-  La^angian  data  are  constrained  to  have  <y>  =  1,  <Az>  =  Az,  by  initial  choice  of  isopycnals. 
Hence  a  =  PAz.  The  fits  presented  in  Fig.  3  are  thus  one  parameter  fits,  with  sample  variance  matched  to 
the  model  variance.  The  Eulerian  observations  are  not  constrained  to  unity  mean.  The  fits  are  thus  two 
parameter  fits.  The  observed  mean  and  variance  are  used  to  set  model  pdf  parameters  in  Fig.  4. 

The  model  gamma  pdf  is  seen  to  fit  the  observations  well  in  the  200-300  m  depth  range,  except  at  separa¬ 
tions  less  than  4  m.  The  fits  are  comparable  in  the  other  depJi  range:,  with  the  exception  of  the  300-400 
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Semi-  Lagrangian 


Fig.  3.  Probability  density  functions  of  normalized  separations,  y,  formed  in  a  semi-Lagrangian  frame, 
for  mean  isopycnal  separations  1-10  m.  Light  lines  give  model  gamma  pdfs,  constrained  to  have  unity 
mean  and  the  obsers'ed  variance.  Data  from  200-300  m  depth  zone  are  presented. 
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Fig.  4.  Probability  density  functions  of  normalized  separation,  y,  as  in  Fig.  3  except  formed  in  an 
Eulerian  frame.  Light  lines  *jive  model  gamma  pdfs,  constrained  to  have  mean  and  variance  identical  to 
the  observations.  Data  from  200-300  m  depth  zone  are  presented. 
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m  interval,  where  the  Lagrangian  pdfs  appear  distorted  at  small  y  over  a  range  of  Az  =  3  -  7  m.  This  issue 
is  addressed  in  PA91.  The  fits  could  be  improved  by  employing  a  least  squares  fitting  procedure.  How¬ 
ever,  optimizing  the  fit  is  not  the  point  of  the  present  exercise. 

Gamma  pdfs  are  associated  with  the  classical  theory  of  Poisson  processes.  They  describe  the  statistics  of 
separation  between  the  occurrence  of  Poisson  "events"  (Papoulis,  1984).  If,  indeed,  a  simple  Poisson 
statistics  describe  the  non-Gaussian  behavior  of  the  fine  scale  field,  the  problem  of  modeling  the  motion 
field  in  this  regime  can  be  significantly  advanced. 

POISSON  STATISTICS 

Poisson  statistics  describe  the  occurrence  of  discrete  "events".  If  the  probability  of  occurrence  of  these 
events  is  uniform  and  the  occurrence  of  one  event  in  no  way  influences  the  occurrence  of  any  other 
events,  Poisson  statistics  will  apply  (Papoulis,  1984).  Tlie  Poisson  probability  function  gives  the  proba¬ 
bility  that  the  number  of  events  which  occur  in  a  dimensional  ir*terval  of  length  H  will  equal  any  specified 
value,  k. 


P(n  =  k|H)  = 


(XH)'‘e~^» 

k! 


4) 


The  Poisson  probability  function  has  the  interesting  property  that  the  mean  number  of  "events"  occurring 
in  an  interval  H,  XH,  is  equal  to  the  variance  in  the  number  of  events. 

It  is  not  clear  exactly  what  constitutes  a  'Poisson  event"  in  the  contex.*  of  the  fine  scale  variability  in  the 
thcrmocline.  We  have  tracked  a  set  of  isopycnal  surfaces  with  mean  spacing  arbitrarily  chosen  to  be  1  m. 
A  Poisson-like  investigation  can  be  conducted,  tracking  the  number  of  isopycnals  which  are  found  to 
occur  in  fixed  depth  bins  of  varying  size  H,  This  is  done  for  the  four  100-m  depth  ranges  used  in  the 
previous  studies.  The  results  are  presented  for  the  200-300  m  range  in  Fig.  5.  Not  surprisingly,  the  mean 
number  of  isopycnals  found  in  a  depth  bin  of  thickness  H  is  H,  given  our  initial  choice  of  isopycnals 
mean  separation.  The  oceanic  signal  is  seen  in  the  variation  of  the  higher  moments  with  H.  To  facilitate 
comparison  with  the  classical  Poisson  distribution,  which  is  constrained  to  have  mean  equal  to  variance, 
the  observed  probability  functions  are  re-scaled  in  terms  of  equivalent  'Poisson  events",  fi  =  Xn.  Here  n  is 
the  number  of  "events"  alleged  to  occur  in  the  fixed  depth  bin,  n  is  the  observed  number  of  isopycnals, 
and  X  is  a  scale  factor  chosen  such  that  the  mean  number  of  "events"  is  equal  to  the  event  variance.  The 
fitting  of  model  Poisson  probability  functions  (Fig.  5,  light  line)  to  the  data  is  accomplished  by  setting  the 
model  mean  equal  to  the  rescaled  observed  mean,  XH.  The  fit  is  impressive,  with  significant  discrepan¬ 
cies  apparent  only  in  1  and  2  bin  sizes. 

THE  THERMOCLINE  AS  A  POISSON  PROCESS 

The  excellent  fits  of  the  Gamma  and  Poisson  pdfs  to  the  observations  at  vertical  scales  greater  than  3  m 
encourages  the  adoption  of  Poisson  statistics  as  a  zeroth  order  model  for  the  thermocline.  In  this  section 
we  review  relevant  aspects  of  Poisson  theory.  Subsequently  we  discuss  observed  departures  from  the 
predictions  of  the  Poisson  model,  and  why  these  departures  are  to  be  expected  in  a  real  fluid. 
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300  -  400  m  Depth  Range 


Fig.  5.  Probability  function  of  the  number  of  isopycnals  found  in  fixed  depth  bins  of  size  H  =  1-10  m. 
The  observed  number  of  isopycnals  is  re-scaled  by  the  factor  K,  such  that  the  sample  mean  equals  the 
variance.  The  light  curve  gives  a  theoretical  Poisson  distribution.  Data  from  the  depth  range  300-400  m 
are  presented  here. 
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Papoulis  (1984)  notes  that  the  statistics  of  separation  of  Poisson  events  take  two  distinct  forms.  If  two 
adjacent  events  are  considered  at  random,  the  gamma  pdf 


GtAz  1  l,X.)  =  Ae-^7r(l)  5) 

describes  the  separation  statistics.  However  if  the  two  adjacent  random  points  are  constrained  to  bracket 
some  fixed  point,  zq,  the  pdf  of  separation  is  given  by 


G(Az  I  2,A.)  = 


X^Aze"^" 

r(2) 


6) 


The  added  constraint  of  requiring  the  points  to  bracket  a  fixed  point  alters  the  statistics. 

We  identify  (6)  as  the  appropriate  pdf  for  isopycnal  separation  in  an  Eulerian  fi-ame,  at  tl^fixed  depth  Zq. 
Expression  (5)  is  the  appropriate  semi-Lagrangian  separation  pdf,  for  a  mean  separation  Az  =  X"'.  When 
considering  the  pdf  of  distance  between  an  arbitrary  random  point  and  one  removed  by  (n  -  1)  intermedi¬ 
ate  points,  the  order  of  the  appropriate  gamma  pdf  is  simply  increased  e.g.. 


G(Az|n,X) 


XnAzi-leXAz 

r(n) 


7) 


The  continuous 
occur  ^ery  X~* 
X*  =  XAz. 


observations  presented  here  are  consistent  with  the  interpretation  that  Poisson  "events"" 
meters.  Thus  the  discrete  parameter  n  can  be  replaced  by  its  continuous  equivalent 


G^(Az  I  Az,  X)  =  X’  8) 

r(X*) 

G^CAz  I  X)  =  =  7  G^(Az  |  A^,X)  9) 

The  skewness  seen  in  the  semi-Lagrangian  frame  reflects  the  relatively  passive  advection  of  the  density 
field  by  the  velocity  field,  on  the  fine  scale.  Isopycnals  which  find  themselves  close  together  experience 
nearly  identical  advecting  velocity  fields.  Hence  they  remain  together  for  a  relatively  long  tim^  The 
Eulerian  pdf  is  less  skewed  than  its  semi-Lagrangian  counterpart,  for  a  given  mean  separation  Az.  This 
reflects  the  fact  that  when  isopycnal  pairs  are  traveling  closer  together  than  average,  they  are  less  likely  to 
span  a  specific  reference  depth  than  when  they  are  farther  apart.  Not  surprisingly,  the  chance  of  spanning 
a  given  point  while  simultaneously  having  separation  Az  increases  linearly  with  Az.  This  result  is 
reflected  in  equations  5,6  and  8,9,  and  is  demonstrated  for  arbitrary  strain  pdfs  in  PA91,  under  the 
assumption  that  strain  and  displacement  are  independent  quantities. 

The  immense  power  in  the  Poisson  model  results  from  the  fact  that  the  single  dimensional  parameter 
X  (m"^)  describes  the  variability  of  strain  not  just  at  a  particular  vertical  scale  Az,  but  at  all  scales. 
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Thus,  mean  isopycnal  separation  is  given  by 


<Az 
<Aze>  = 


X 


-  =  Az 
=  Az  +  X,"* 


10) 


Separation  variance  is: 

<Az^l  ~  =  X'*  /  X  =  Az/  X 

<Az^>e  -  <Az>e  =  <Aii^>e  =X“'‘  +  ~=Az/A,+  1/X.^  11) 

X 

The  growth  of  variance  with  mean  separation  is  linear.  If  this  pattern  were  seen  in  the  data  down  to  arbi¬ 
trarily  small  separation,  it  would  correspond  to  a  white  vertical  wavenumber  spectrum  of  strain, 

SY(k)  =  X-‘m  k>0 

S^k)  =  0  k  =  0  12) 

The  corresponding  isopycnal  vertical  displacement  spectrum  is  of  k"^  form. 

THE  DOMAIN  OF  VALIDITY  OF  THE  POISSON  MODEL 

One  anticipates  departures  from  the  Poisson  model  at  both  large  and  small  vertical  scales.  This  can  be 
seen  by  considering  the  variance  of  isopycnal  separation,  Eq.  1 1,  which  is  predicted  to  grow  linearly 
without  bound  as  mean  separation  increases.  This  behavior  is  a  consequence  of  the  fact  that  the  model 
k"^  vertical  wavenumber  spectrum  of  displacement  extends  to  arbitrarily  low  wavenumber.  In  a  finite 
depth  ocean,  the  governing  physics  will  surely  change  as  the  scale  of  the  waveguide  thickness  is 
approached,  resulting  in  a  departure  from  Poisson  behavior. 

At  small  vertical  scales,  ofwder  the  model  itself  becomes  inconsistent.  The  Eulerian  separation 
variance  fails  to  vanish  at  Az  =  0.  This  corresponds  to  a  limit  of  infinite  strain  variance  in  the  Eulerian 
frame  as  the  vertical  scale  tends  to  zero.  The  Poisson  model  Cox  number  presented  in  Table  1  also 
becomes  singular  at  small  scales. 

There  is  a  simple  interpretation  for  these  a-physical  aspects  of  the  Poisson  model.  The  lack  of  predicta¬ 
bility  is  central  to  th  concept  of  a  Poisson  process.  The  occurrence  of  a  specific  Poisson  "event"  in  no 
way  influences  the  occunence  of  subsequent  events.  However,  at  sufficiently  small  scales  in  the  ocean 
one  expects  the  strain  field  to  be  correlated.  The  oceanic  strain  spectrum  cannot  be  white.  It  presumabi j 
is  band  limited,  w’th  a  oandwidth  which  is  the  inverse  of  this  correlation  scale.  To  the  extent  that  a  "sheet 
and  layer"  model  oi  u  c  strain  field  is  valid,  one  expects  the  autocorrelation  function  of  strain  to  assume 
negative  as  well  as  positive  values.  (If  a  large  number  of  isopycnals  is  found  concentrated  in  a  given 
region,  a  "sheet",  it  is  likely  that  there  will  be  a  relative  absence  of  isopycnals,  a  "layer"  nearby.)  A  purely 
Poisson  model  is  not  appropriate  at  small  vertical  scales,  where  the  strain  field  is  correlated. 
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Discrepancies  between  the  observations  and  the  idealized  Poisson  model  can  be  seen  in  plots  of  observed 
variance  vs.  mean  separation.  Ihese  are  presented  in  Figs.  6  and  7  for  both  the  Eulerian  and  semi- 
Langrangian  studies.  Data  are  presented  to  vertical  separations  of  50  m. 

Focusing  attention  on  the  semi-Lagrangian  separation  variance,  Fig.  7  c,d,  disagreement  with  the  Poisson 
model  is  foun^at  both  smaller  and  larger  scale.  At  sn^  scales,  the  variance  first  increases  more 
rapidly  than  Az^*  (Az  <  4  m),  then  mor'*  gradually  (Az  >  4  m).  This  corresponds  to  the  positive  and  nega¬ 
tive  regions  of  strain  correlation,  as  sensed  by  the  low  resolution  CTDs  used  in  the  experiment. 

At  large  separations,  the  variance  increase  never  does  approach  the  Az^*  Poisson  form,  except  perhaps  in 
the  100-200  m  depth  range.  Simple  simulations  suggest  that  this  discrepancy  is  related  to  the  depth  varia¬ 
bility  of  the  wavefield.  Isopycnal  displacement  variance  changes  significantly  with  depth,  as  a  result  of 
the  changing  profile  of  Vaisala  frequency.  i^/KB  theory  suggests  that  at  depths  removed  from  the  sea  sur¬ 
face  or  sea  floor. 


(Garrett  and  Munk  1972). 


<tl^>(z)  =  <ti^o 


No 

N(z) 


13) 


While  this  classical  expression  is  only  approximately  correct  for  the  PATCHEX  data,  it  could  be  used  to 
rescale  (WKB  stretch)  the  displacement  field  to  produce  a  data  set  more  nearly  homogeneous  in  depth. 
This  has  not  been  done  here,  in  the  interest  of  presenting  the  basic  results  in  a  model  independent  format. 

A  related  check  on  the  applicability  of  the  Poisson  model  is  to  examine  the  variabilit^in  the  observed 
estimate  of  X,  the  Poisson  "constant",  as  a  ftmction  of  bin  size  H  or  mean  separation  Az.  This  is  presented 
in  Fig.  8,  for  the  fixed  depth  Poisson  study  and  the  semi-Langrangian  isopycnal  separation  study.  At  10 
m  scales  X  has  a  minimum  value  of  approximately  1.1  m-^.  Slight  increases  in  this  constant  are  apparent 
at  both  small  and  larger  scales.  Again,  the  finite  correlation  of  the  strain  field  is  thought  to  cause  the 
small  scale  departure  from  ideal  Poisson  behavior.  The  non-homogeneity  of  the  wavefield  with  depth  is  a 
suggested  source  of  the  discrepancy  at  large  scale. 

THE  MODELING  OF  VERTICAL  GRADIENTS 


If  one  abandons  the  assumption  of  Gaussianity,  it  simplifies  the  modeling  of  vertical  gradients  in  the  ther- 
mocline.  There  is  no  need  to  linearize  about  small  departures  from  the  mean  gradient.  Recalling  the 
expression  for  the  instantaneous  gradient  of  a  passive  scalar. 


3z 


Az 


y*(t). 


interest  is  focused  on  the  statistics  of  p(t)  s  y"‘(t).  If  p(7)  is  an  arbitrary  pdf  of  y  (p(y)  =  0  for  y  <  0),  then 
g(M')  =  P(lt~^)/M-^  gives  the  corresponding  pdf  of  the  scalar  gradient. 

Using  this  approach,  one  can  derive  general  expressions  for  quantities  of  interest. 


Fig.  6.  Isopycnal  separation  variance  as  observed  in  semi-Lagrangian  (a,b)  and  Eulerian  (c,d)  frames.  A 
Poisson  model  would  indicate  a  linear  increase  of  variance  with  range. 
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Fig  7.  Normalized  separation  variance,!  <ih>  - 1,  as  observed  in  semi-Lagrangian  (a)  and  Eulerian  (b) 
frames. 
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Fig.  8.  a.  The  Poisson  scale  factor  X  as  determined  by  the  mean  to  variance  ratio  of  the  semi-Lagrangian 
pdfs.  b.  The  scale  factor  as  determined  by  the  mean  to  variance  ratio  of  the  number  of  isopycnals  in  fixed 
depth  bins  of  varying  size,  H. 


Pinkel  and  Anderson 


The  Eulerian  mean  gradient  is  given  by: 


A0  A9  ^  A9  f  p,  I  . 

^  =  iignii!Az)dR 

Az  Az  Az  0 


Az  I  Y'‘p^(YlAz)dy 

=  7rJpHyl^)dY=4^  14) 

Az  0  Az 

Here,  we  make  use  of  the  fact  that  p®(y)  =  ypHy)  is  a  general  result,  applying  not  only  to  the  Poisson  pro¬ 
cess  (PA91).  Also,  the  Eulerian  Cox  fine  scale  number 


15) 


Jy-2pE(y  I  Az)dy  =  J  y’ V^(y  I  Az)  dy = <\x>i 
0  0 

In  a  semi-Langrangian  frame,  the  mean  gradient  is  seen  to  be 


A9  A9  r  -1  L/  I  A~\  j 
<T->l=7^J  y  P  (y|Az)dy 
Az  0 

Similarly, 


16) 


Cl  =  <(-T^)^>L  /  4^>l  =  J  y"V(y I  Az)dy/(J  y“'pHy  1  Az)dy)2  17) 

Az  Az  0  0 

These  results  are  independent  of  the  specific  form  of  the  separation  pdf  p(y  |  Az). 

Here  we  have  demonstrated  that  the  pdf  of  separation  are  very  nearly  gamma  pdfs  at  vertical  scales 
greater  tlian  3  m.  A  summary  of  the  corresponding  model  pdfs  for  strain  and  vertical  gradients,  as  well 
as  expressions  for  the  Cox  numbers  are  presented  in  Table  1.  Note  that,  over  the  range  of  validity  of  this 
model,  the  fine  scale  Cox  number  is  of  the  order  two  or  less,  far  below  values  typically  encountered  at 
microstructure  scales. 
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TABLE  1.  Poisson  Model  Results 


^  =  1.1  X*  =  AzX  y  =  Az/Az  M.=  l/A, 

Semi  Lagrangian  Eulerian 


Strain,  y 


p^(y|Az)  = 


r(X*) 


p®(y|Az)  = 


nx.*) 


Vertical  Gradients,  p 


g‘'(plAz)  = 


pr(X*) 


gV|Az)  = 


pr(X*  + 1) 


Cox  Number  Cl  =  (X,*  - 1  )/(k*  -  2)  Ce  =  X,*/(X*  -  1 ) 

The  Poisson  model  pdfs  can  be  tested  against  existing  observations  of  fine  sc^  gradients.  The  observa¬ 
tions  of  Gregg  1977,  DG81  are  presented  in  Fig.  9.  Using  a  single  value  A0/Az  for  Gregg’s  local  mean 
gradient,  and  the  parameter  Xo  =  1.1  m"‘  set  by  our  Eastern  Pacific  1986  observations,  it  is  seen  that 
Gregg’s  central  Pacific  observations,  taken  nearly  a  decad^arlier,  are  well  fit  by  the  model.  Significant 
discrepancies  are  seen  only  at  small  differencing  intervals  Az.  Here,  separation  statistics  deviate  from  the 
Poisson-gamma  model,  perhaps  approaching  a  log-normal  form.  In  addition,  negative  temperature  gra¬ 
dients  are  sometimes  seen  in  Gregg’s  observations.  These  intrusive/overtum  events  are  outside  the  scope 
of  the  present  model. 

SUMMARY 

A  series  of  9000  CTD  profiles  from  the  surface  to  560  m  has  been  used  to  study  the  statistics  ot  the  fine 
scale  strain  field  in  the  thermocline.  A  set  of  isopycnals,  of  1  m  mean  spacing,  is  tracked  for  the  18.75 
day  duration  of  the  observations.  Three  statistical  studies  are  performed.  Isopycnal  separation  statistics 
are  formed  in  both  isopycnal  following  and  fixed-depth  reference  frames.  A  related  invesugation  simply 
counts  the  number  of  isopycnals  found  in  fixed  depth  intervals  of  varying  scale.  At  vertical  scales  greater 
than  2-3  m,  the  statistics  of  the  isopycnal  counting  study  are  Poisson.  The  corresponding  isopycnal 
separation  statistics  are  described  by  gamma  pdfs.  The  relationship  between  these  three  types  of  informa¬ 
tion  is  very  nearly  as  predicted  by  classical  Poisson  theory,  (e.g.,  Papoulis  1984). 

In  this  study,  the  instantaneous  separation  between  isopycnals  is  simply  the  sum  of  the  separations  of  the 
intervening  isopycnals.  For  example: 

^220  ~  ^200  =  (^210  ~  Z200)  +  (^220  “  ^210) 

=  (Z20I  “  ^00)  +  (^02  ~  Z201)  +...+  (Z219  -  Z2ig)  +  (Z220  -  Z219) 


Here  Z220  indicates  the  instantaneous  depth  of  the  isopycnal  whose  mean  depth  is  220  m.  It  is  easily 
shown  that  the  semi  Lagrangian  gamma  pdf  associated  with  20  m  (say)  mean  separation  can  be  given  as 
the  convolution  of  the  gamma  pdf  of  10  m  separation  with  itself,  or  tiie  convolution  of  the  pdf  of  5  m 
separation,  repeated  4  times,  etc.  This  key  mathematical  property  of  the  gamma  pdf  is  only  applicable  to 
the  present  problem  if  the  various  "sub-separations"  which  are  added  together  to  form  the  larger  separa¬ 
tion  are  themselves  statistically  independent.  Statistical  independence  implies  that  the  separation  (strain) 
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Fig.  9.  Histograms  of  temperature  gradient  obtained  at  a  variety  of  fixed  separations  Az  by  Gregg  in  the 
Central  Pacific  in  1977  itom  Desaubies  and  Gregg  (1981).  The  solid  curves  give  the  predictions  of  the 
Poisson  model  using  the  single  constant  X  =  1.1  m  from  the  East  Pacific  1986  PATCHEX  data  set. 


statistics  are  uncorrelated.  At  sufficient  small  scale  where  the  strain  field  is  correlated  we  expect  the  Pois¬ 
son  model  to  deviate  firom  observation. 


A  single  constant  A,  (-1.1  m-^  here)  should  describe  the  mean,  variance,  skewness,  etc.  at  all  vertical 
scales  where  the  model  is  applicable.  The  associated  vertical  wavenumber  spectrum  of  strain  should  b^ 
white,  with  spectral  level  In  fact,  modest  variation  in  X  is  seen  in  the  observations.  A  realistic 
description  of  (the  second  moment  of)  the  strain  field  requires  specification  of  high  and  low  wavenumber 
bounds  on  the  spectrum.  These  bounds  are  necessary  to  insure  finite  variance  of  the  strain  field  and  to 
acknowledge  the  finite  depth  of  the  ocean.  Additional  physical  principles,  beyond  the  scope  of  the  Pois- 
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son  model,  need  to  be  invoked  to  determine  these  bounds.  An  investigation  of  the  non-Poisson  aspects  of 
the  present  data,  with  a  focus  on  the  small-scale/high  wavenumber  region  of  the  spectrum,  will  be 
presented  in  a  subsequent  work. 

In  spite  of  the  weak  but  apparent  discrepancy  between  the  observations  and  the  Poisson  model  at  small 
vertical  scale,  the  Poisson-gamma  pdfs  represent  a  powerful  starting  point  for  a  description  of  the  fine 
scale  fields  in  the  sea. 

REFERENCES 

Briscoe,  M.G.,  1977:  Gaussianily  of  internal  waves.  J.  Geophys.  Res.,  82,  2117-2126. 

Desaubies,  Y.J.F.,  and  M.C.  Gregg,  1981:  Reversible  and  irreversible  fine  structure.  J.  Geophys.  Res., 
11,541-556. 

Garrett,  C.J.R.,  and  W.H.  Munk,  1972:  Space-lime  scales  of  internal  waves,  Geophys.  Fluid  Dyn.,  3, 
225-264. 

Gregg,  M.C.,  1977:  A  comparison  of  fine  stmcture  spectra  from  the  main  ihermocline.  J.  Rhys. 

Oceanogr.,  7, 33-40. 

Gregg,  M.C.,  1989;  Scaling  turbulent  dissipation  in  the  thermocline.  J.  Geophys.  Res.,  94, 9686-9698. 
Holloway,  G. ,  1983:  A  conjecture  relating  oceanic  internal  waves  and  small  scale  processes.  Amos.- 
Ocean,2\,  107-122. 

McKean,  R.S.,  1974:  Probability,  Random  Variable  and  Statistic  Proce.sses.  McGraw-Hill,  576  pp. 

Pinkel,  R.,  and  S.  Anderson,  1991:  Toward  a  statistical  description  of  fine  scale  strain  in  the  thermocline. 

J.  Phys  Oceanogr.,  in  press. 

Pinkel,  R.,  J.T.  Sherman,  J.A.  Smith,  and  S.  Anderson,  1991 :  Strain  Observations  of  the  Vertical  Gradient 
of  Isopycnal  Vertical  Displacement.  J.  Phys.  Oceanogr.,  21,  527-540. 

Sherman,  J.T.,  1989:  Observations  of  Fine  Scale  Shear  and  Strain.  PhD.  Thesis,  University  of  California 
Press. 

Tennekes,  H.,  and  J.L.  Lumley,  19782:  A  First  Course  in  Turbulence.  M.I.T.  Press,  Cambridge,  MA, 

300  pp. 


SPATIAL  STRUCTURE  OF  THERMOCLINE  AND  ABYSSAL  INTERNAL  WAVES 


Thomas  B.  Sanford 

Applied  Physics  Laboratory,  College  of  Ocean  and  Fishery  Sciences,  University  of  Washington, 
SeatUe,  WA  98105-6698 


ABSTRACT 

One  hundred  velocity  profiles  over  nearly  the  entire  water  column  are  analyzed  in  terms  of 
the  vertical  and  horizontal  structure  of  the  steady  and  internal-wave  velocity  contributions.  The 
temporal  decomposition  into  steady,  inertial,  and  high-frequency  internal-wave  contributions  is 
obtained  from  several  brief  time  series  at  one  location.  The  spatial  structure  of  the  velocity  field 
is  obtained  from  simultaneous  profiles  at  separations  ranging  from  15  rn  to  15  km.  WKB  normal¬ 
ization  of  wave  amplitude  and  stretching  of  vertical  wavenumber  are  performed  on  the  inertial 
and  internal  wave  components.  A  reference  Brunt- Vaisala  frequency  (Vo)  of  3  cph  is  used. 
Spectra  are  computed  on  the  WKB  scaled  profiles  over  more  than  90%  of  the  water  column  and 
separately  over  the  upper  and  lower  halves.  The  total  internal  wave  field  exhibits  equipartition 
between  the  east  and  north  velocity  components,  a  decrease  in  energy  density  at  the  lowest 
wavenumber,  and  an  overall  dependence  of  KE  on  vertical  wavenumber  (m )  as  /n  Most  of 
the  internal  wave  energy  is  contributed  by  inertial  motions,  and  of  this  most  occurs  at  (scaled) 
wavelengths  of  100-500  m  with  a  peak  at  mode  3  (500-m  wavelength).  The  inertial  period  con¬ 
tributions  reveal  a  power  law  of  m~^,  while  the  high-frequency  internal  waves  (©>2/ )  follow  a 
slope  of  m~^.  There  is  strong  vertical  polarization  (CW  >  ACW)  of  the  near- inertial  contribution 
but  little  or  none  for  the  higher-frequency  motions.  The  scaled  water  column  is  divided  in  half 
for  upper-half/lower-half  comparisons.  There  is  more  scaled  inertial  KE  in  the  lower  half  of  the 
water  column.  The  high-frequency  internal  waves  have  comparable  total  energy,  but  the  upper- 
half  spectrum  shows  a  deficiency  (or  the  lower  half  shows  an  excess)  at  vertical  wavelengths 
shorter  than  1(X)  stretched  meters.  The  upper  half  is  where  the  time-mean  shear  is  largest  and 
critical  layer  processes  might  be  playing  a  significant  role.  On  the  other  hand,  the  lower  half  may 
exhibit  the  influences  of  bottom  scattering  of  internal  waves  which  tend  to  “whiten”  the  spec¬ 
trum.  A  few  simultaneous,  but  spatially  separated,  velocity  profiles  are  differenced,  and  the  KE 
of  the  resulting  profiles  have  a  zero-correlation  scale  of  about  15-20  km  for  the  total  internal 
wave  field.  The  difference  profiles  consist  primarily  of  inertial  waves.  Thus,  the  deep  water  iner¬ 
tial  waves  exhibit  wavelengths  of  60-80  km  (four  times  the  zero-correlation  distance)  or  less  in 
contrast  to  much  longer  scales  reported  for  the  SML  and  uppermost  thermocline. 


1.  INTRODUCTION 

The  least  measured  aspect  of  oceanic  internal  waves  is  the  spatial  stmcture.  This  is  espe¬ 
cially  true  in  the  abyssal  oceans.  The  paucity  of  velocity  observations  there  reflects  more  the 
difficulty  in  making  appropriate  measurements  than  a  lack  of  interest  in  or  recognition  of  the 
importance  of  the  spatial  structure.  Regardless  of  the  cause,  ignorance  of  the  horizontal  variabil¬ 
ity  of  the  velocity  field  is  profound.  This  is  an  unfortunate  circumstance,  because  there  are 
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numerous  reasons  to  study  the  spatial  structure  of  internal  wave  velocities.  The  spatial  charac¬ 
teristics  must  be  observed  to  improve  our  understanding  of 

•  wave  dispersion 

•  effects  of  advection  and  Doppler  contamination 

•  WKB  scaling  and  power  laws 

•  wave  propagation  (momentum,  heat,  and  kinetic  energy  fluxes) 

•  wave  nonlinearities,  such  as  wave-wave  interactions 

•  wave  mixing  and  instabilities 

•  interactions  of  waves  and  mean  currents 

•  spatial  inhomogeneities  and  patchiness. 

Most  of  the  previous  spatial  studies  have  been  in  the  upper  ocean,  and  of  these  most  are  of 
temperature.  For  example,  Hayes  (1975),  Katz  (1975),  and  Stcgen  et  al.  (1975)  present  observa¬ 
tions  of  vertical  profile  series,  horizontal  tows,  and  profile  sections,  respectively.  The  pioneering 
observations  in  IWEX  (Muller  et  al.,  1978)  and  GATE  (Kase  and  Gibers,  1979)  provided  impor¬ 
tant  thermocline  measurements  over  a  spatial  array  of  moored  instmments.  Considerable  mea¬ 
surements  of  upper  ocean  velocity  and  temperature  have  been  obtained  with  XCPs  (Kunze  and 
Sanford,  1984;  D’Asaro,  1984;  Kunze  and  Sanford,  1986).  The  spatial  distribution  of  inertial 
waves  forced  by  moving  hurricanes  is  discussed  by  Sanford  et  al.  (1987).  Acoustic  Doppler 
profiling  with  enhanced  depth  capabilities  has  been  conducted  by  Pinkel  with  great  success  in  the 
tropical  Pacific  thermocline.  Basically,  these  various  observations  do  not  reach  deeper  than  about 
1000  m,  the  base  of  the  permanent  thermocline. 

The  goals  of  this  work  are  to  describe  the  dominant  vertical  and  horizontal  scales  of  internal 
wave  variability  as  revealed  in  profiles  of  horizontal  velocity.  An  attempt  is  made  to  separate  the 
contribution  of  inertial-  from  higher-frequency  (i.e.,  ©  >  2/ )  internal  waves  and  contrast  thermo¬ 
cline  and  abyssal  motions.  Special  attention  is  given  to  the  observation  and  analysis  of  subther- 
mocline  internal  waves. 

2.  THE  OBSERVATIONS 

The  observations  were  collected  in  the  Sargasso  Sea  of  the  western  North  Atlantic  Ocean,  in 
a  region  with  a  relatively  flat  bottom,  at  least  4{X)  km  from  appreciable  topographic  features 
(except  for  drops  306-310,  which  are  not  included  in  the  spectra).  The  observations  were  taken 
in  1973  and  1975  during  the  MODE-I  (MODE  Group,  1978)  and  FAME  (Sanford  and  Hogg, 
1977)  programs.  The  profile  locations  are  presented  in  Fig.  1,  with  additional  information  con¬ 
tained  in  Table  1.  All  the  data  were  taken  in  the  summer  and  fall  in  generally  light  winds  and  low 
sea  states. 

A  free-fall  velocity  profiler  operating  on  the  principles  of  geomagnetic  induction  (Sanford 
et  al.,  1978)  was  used  to  profile  the  entire  water  column.  The  device  is  called  an  EMVP,  for 
Electro-Magnetic  Velocity  Profiler.  In  the  water  depth  involved  for  these  data  (5200-5500  m), 
the  EMVP  required  about  1.5  hours  for  a  down  or  up  traverse  of  the  water  column.  When  operat¬ 
ing  in  a  time-series  mode,  occupying  one  site  repeatedly,  the  EMVP  was  deployed  about  once 
every  6  hours.  A  set  of  seven  time  series  of  profiles  was  analyzed.  One  series  was  obtained  in 
shallower  water  (45(X)  m)  than  the  other  six.  The  remaining  group  of  six  time-series  profiles, 
consisting  of  50  drops,  or  100  profiles  (down  and  up  traverses  are  used  separately),  are  WKB 
scaled  and  spectrally  analyzed.  A  second  measurement  configuration,  intended  to  reveal  horizon- 
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Fig.  1.  Locations  of  profiles  used  in  this  study.  All  data  were  taken  in  the  western  North  Atlan¬ 
tic  in  the  Sargasso  Sea.  The  smaller-scale  figure  shows  locations  of  simultaneous, 
separated  profiles  around  the  MODE-1  central  mooring. 


tal  gradients,  was  deployed  in  which  two  EMVPs  were  preset  to  fall  simultaneously  at  a  known 
horizontal  separation.  Over  a  dozen  such  horizontally  spaced  pairs  were  obtained,  but  only  four 
were  made  at  horizontal  separations  of  1  km  or  greater. 

The  data  quality  is  good,  with  errors  not  exceeding  1  cm/s  rms.  This  level  is  consistent  with 
the  analysis  of  Sanford  et  al.  (1978)  and  the  measured  rms  differences  between  closely  spaced 
profiles.  The  vertical  resolution  on  the  original  profiles  is  about  8  dbars,  which  becomes  10  dbars 
after  interpolation  to  a  uniformly  spaced  series. 

Because  of  intermittent  failures  of  the  internal  digital  recorder  and  the  application  of  data 
quality  criteria,  gaps  exist  in  some  of  the  profile  series.  The  recorder-produced  gaps  seldom 
exceed  10%  on  the  better  recorder,  but  sometimes  50%  of  tlie  data  is  missing  on  the  recorder 
aboard  the  second  EMVP.  A  quality  screening  is  applied  to  the  data,  such  that  if  the  noise  in  the 
EM  data  exceeds  the  equivalent  of  about  1  cm/s  rms,  no  velocity  determination  is  made.  This 
condition  occurred  frequently  above  100  m  depth  because  of  bubble  formation  in  the  electrode 
arms.  When  the  gaps  are  short  and  not  too  frequent,  they  are  filled  by  interpolation.  When  the 
gaps  are  more  extensive,  the  data  are  not  used  or,  if  part  of  a  spatially  separated  pair,  only  mea¬ 
sured  points  are  used. 

The  horizontal  spacing  between  two  simultaneously  dropped  profilers  was  determined 
acoustically  using  synchronized  acoustic  transmissions  from  the  two  profilers.  Travel  times  for 
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Table  1.  Profiles  used  in  analysis. 


Group 

Type 

Location 

202-206 

Time  Series 

27°58'N  69°38'W 

213-214 

Spaced  Drops 

27°23'N  70°0rW 

215-216 

Spaced  Drops 

27°29'N  70°00' W 

217-218 

Spaced  Drops 

27°39'N  69°3rw 

219-228 

Time  Series 

28®00'N  69°39'W 

221-222 

Spaced  Drops 

28°  00'  N  69°  39'  W 

230-245 

Time  Series 

28°00'N  69°39'W 

235-236 

Spaced  Drops 

28°00'N  69°39' W 

238-239 

Spaced  Drops 

28°  00'  N  69°  39'  W 

241-242 

Spaced  Drops 

28°00'N  69°39'W 

244-245 

Spaced  Drops 

28°00'N  69°39'W 

251-260 

Time  Series 

35°  00'  N  66°  30'  W 

262-274 

Time  Series 

35°  00'  N  66°  30'  W 

306-310 

Time  Series 

32°58'N  64°23'W 

320-324 

Time  Series 

35°  00'  N  66°  30'  W 

direct  and  bottom-reflected  acoustic  paths  were  used  to  determine  probe  separations.  Also,  at 
short  separations  the  distance  could  be  measured  visually;  at  the  longest  separations  (>  4  km)  the 
position  of  the  surface  release  for  the  distant  EMVP  was  calculated  by  interpolation  between 
deployment  and  recovery  positions  as  determined  from  LORAN.  The  displacement  of  the  probe 
during  a  profile  is  negligible  compared  with  that  due  to  the  surface  current  action  before  and  after 
a  profile.  For  separations  of  100  m  or  less,  it  was  possible  to  confirm  visually  that  the  profilers 
returned  to  the  surface  with  approximately  the  same  horizontal  separation  as  at  launch. 

3.  DATA  ANALYSIS 

Most  of  the  kinetic  energy  of  these  velocity  profiles  resides  in  the  low-frequency,  quasi- 
geostrophic  motions,  with  internal  waves  contributing  only  about  20%  of  the  total  horizontal 
kinetic  energy.  Two  metliods  are  used  to  separate  the  internal  waves  from  the  background.  In  the 
first  method,  a  1-day  or  longer  series  of  profiles  at  a  location  is  fitted  to  time-mean  and  inertial- 
period  components  by  a  rotary,  least-square  decomposition  method  described  by  Sanford  (1975). 
The  time-mean  profile  is  subtracted  from  the  individual  profiles:  the  residue  profiles  are  princi¬ 
pally  composed  of  internal  waves.  When  both  the  time-mean  and  inertial  profiles  are  subtracted 
from  the  original  profiles,  the  residue  profiles  are  of  higher-frequency  internal  waves. 

The  second  scheme  involves  the  subtraction  of  two  simultaneous  but  horizontally  separated 
profiles.  The  residue  profile  is  taken  to  be  composed  of  internal  waves,  since  the  difference  in 
low-frequency  structure  over  10  km  is  assumed  to  be  negligible.  This  assumption  is  based  on  the 
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measured  correlation  length  of  about  100  km  for  the  MODE  eddy  (MODE  Group,  1978).  Both 
methods  of  internal  wave  discrimination  are  barely  adequate,  yet  both  permit  useful  analysis  of 
internal  waves  in  the  presence  of  strong  planetary  motion. 


The  third  method  for  removing  the  time-mean  or  planetary  motion  is  to  fit  individual 
profiles  to  vertical  eigenmodes  for  linear,  flat-bottom,  and  zero-mean-flow  Rossby  waves.  It  was 
thought  that  the  modal  fit  would  filter  out  the  internal  waves.  The  eigenmodes  are  solutions  to 
the  equation  (Pedlosky,  1979) 


-»-XW'=0, 


(1) 


where  (W)  is  the  eigenfunction,  the  subscript  denotes  differentiation  with  respect  to  depth  z ,  and 
fV  and/  are  the  Brunt-Vaisala  and  Coriolis  frequencies.  The  separation  constant  (K)  is 
-K-p/:  /©)  +  )(:  ^  +  /  ^],  where  p  is  the  horizontal  (meridional)  gradient  of  /,  ©  is  the  wave  fre¬ 
quency,  and  /:  and  /  arc  the  east  and  north  horizontal  wavenumbers.  The  boundary  conditions  at 
the  sea  surface  and  bottom  are 


W'=0atz  =0and-// .  (2) 

The  hypothesis  is  that  an  energetic  mode  will  remain  constant  from  fit  to  fit,  being  relatively 
unaffected  by  the  internal  waves.  However,  it  is  found  that  the  decompositions  show  that  the 
modal  estimates,  even  for  the  most  energetic  first  mode,  fluctuate  greatly  over  the  brief  series. 

The  cause  of  this  behavior  is  large,  low-mode  inertial  period  components  that  contaminate  the 
eigenmode  computation.  Eigenmode  fitting  is  very  useful,  however,  when  applied  to  the  time- 
mean  profiles  derived  from  the  rotary,  least-square  decomposition. 

The  time  series  profiles  arc  decomposed  into  time-mean,  inertial,  and  high-frequency  inter¬ 
nal  wave  components.  Since  the  subineitial  motion  is  so  energetic,  it  is  better  to  remove  most  of 
it  from  the  series  at  the  first  step.  The  difference  between  the  original  profiles  and  the  arithmetic 
mean  profile  is  called  the  internal  wave  field.  The  next  stage  is  to  subject  the  total  internal  wave 
field  to  the  rotary,  least-square  demodulation  at  a  frequency  equal  to  1.05  /,  a  dominant  fre¬ 
quency  often  observed  in  moored  current  meter  records  (Webster,  1968).  From  this  procedure  are 
obtained  two  velocity  profiles:  the  low-frequency  (which  is  small  since  the  arithmetic  mean  has 
been  removed)  and  the  inertial.  The  small,  low-frequency  component  is  added  to  the  arithmetic 
mean  to  yield  the  best  estimate  of  the  subineitial  (time-mean)  profile.  The  inertial  profile  consists 
essentially  of  speed  and  direction  values  referenced  to  some  arbitrary,  prescribed  time  tg.  To 
compute  the  inertial  profile  at  a  given  time  r ,  it  is  necessary  to  add  to  the  computed  direction  an 
amount  given  by  1.05/  (r  -  tg).  Thus  the  higher-frequency  internal  wave  field  is  obtained  by 
subtracting  the  time-mean  and  the  appropriately  time-advanced  inertial  profiles  from  each  of  the 
original  profiles. 

The  independence  of  the  inertial  and  higher  frequency  profiles  (i.e.,  lack  of  correlation)  is  demon¬ 
strated  in  Appendix  A. 

Both  down  and  up  profiles  have  been  used.  No  vertical  interpolation  has  been  performed:  if 
more  than  2/3  of  the  data  at  a  given  10  dbar  level  is  missing,  no  fit  is  performed  at  that  level. 

That  is,  if  10  profiles  were  used  (say  202-206,  down  and  up),  then  7  or  more  of  the  10  velocity 
values  must  be  available  at  that  depth  level  for  an  acceptable  fit  to  be  made. 
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The  fitting  for  steady  and  inertial  components  for  the  series  202-206  is  shown  in  Fig.  2. 
This  series  provides  a  clear  example  of  the  compact  description  often  possible  for  subinertial 
profiles.  About  95%  of  the  baroclinic  energy  is  contained  in  the  steady  profile.  The  relative 
smoothness  of  the  steady  profile  demonstrates  the  dominance  of  the  steady  component  and  the 
ability  of  a  few  vertical  profiles  to  obtain  an  adequate  determination  of  the  mean  flow.  Sanford 
(1975)  showed  how  a  pair  of  velocity  profiles  taken  half  an  inertial  period  apart  nicely  reveals  the 
steady  and  inertial  contributions. 
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Fig.  2.  Estimates  at  each  10-dbar  level  of  the  steady,  inertial,  and  residual  profiles  (result  of 
removing  steady  and  i'lertial  components  from  the  original  profiles).  The  inertial  com¬ 
ponent  was  computed  at  a  period  of  25.6  hours  (1 .05/ )  and  is  shown  for  the  reference 
time  of  0000  24  May  1973.  The  drop  Ume  of  the  individual  profiles  in  this  series  is 
sho  wn  in  the  upper  scale. 
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The  modal  composition  of  the  202-206  steady  profile  is  shown  in  Fig.  3.  Only  the  first 
mode  is  shown  in  actual  magnitude;  the  higher  modes  arc  shown  at  a  magnification  of  5.  The 
first  mode  is  the  dominant  component,  with  the  third  adding  some  near-surface  flow. 

The  time-mean  profiles  are  presented  in  Fig.  4,  and  the  inertial-period  profiles  are  shown  in 
Fig.  5  for  the  seven-profile  series.  The  data  sets  are  denoted  as  202-206, 219-228, 230-245, 
251-260, 262-274, 306-310,  and  320-324,  where  tlie  numbers  are  the  first  and  last  drop 
numbers  used  in  each  series.  Note  that  drops  306-310  are  in  shallower  water,  which  is  still  very 
deep  but  significantly  less  than  at  the  other  sites. 

Two  characteristics  of  these  data  should  be  mentioned.  First,  the  time-mean  profiles  have 
considerable  shear  in  the  upper  1000  m;  320-324  also  has  higher  mode,  deeper  shears.  In  gen¬ 
eral,  the  vertical  shear  is  much  less  below  1000-1500  m  than  in  the  upper  ocean.  Second,  the 
inertial  fits  are  not  totally  independent  of  each  other,  and  the  energy  and  vertical  scales  are  clearly 
larger  in  the  FAME  data  set  compared  with  MODE-I  profiles.  The  two  experiments  were  con¬ 
ducted  at  different  latitudes  (28°N  vs  35°N),  at  different  seasons  (summer  vs  fall),  and  under  dif¬ 
ferent  weather  conditions.  Profiles  obtained  in  the  POLYMODE  experiment  around  30°N,  just 
north  of  the  MODE-1  site,  exhibit  low  levels  of  inertial  motions.  The  latitudinal  dependence  of 
inertial  motions  has  been  investigated  by  Fu  (1981),  who  found  that  the  inertial  peak  grows  and 
sharpens  with  higher  latitude.  With  a  small  sample,  it  is  not  possible  to  determine  if  there  are 
seasonal,  weather,  or  latitudinal  effects,  as  opposed  to  the  expected  variability  due  to  sampling. 

The  modal  fits  for  six  time  series  (i.e..  Fig.  4  without  262-274)  are  shown  in  Fig.  6.  The 
first  mode,  which  is  plotted  at  one-fifth  amplitude,  is  clearly  dominant.  Only  the  right-most 
profiles  exhibit  more  robust  second  or  third  modes.  The  lar«,‘  "ccond  mode  in  306-310  is  prob¬ 
ably  the  result  of  a  large,  thermocline  eddy  at  this  site,  seen  more  clearly  in  Fig.  4. 

A  WKB  scaling  has  been  applied  to  both  the  temporal  and  the  spatial  series.  After  the 
subinertial  profile  is  removed,  tlie  resulting  internal-wave  profiles  are  scaled  in  amplitude  and  the 
independent  variable — pressure  or  depth.  Removal  of  the  subinertial  flow  is  achieved  by  either 
the  rotary  decomposition  of  a  time  series  or  the  subtraction  of  spatially  separated  drops.  The 
WKB  procedure  (Leaman  and  Sanford,  1975)  uses  the  local  Brunt-Vaisala  frequency,  N  (z ),  to 
normalize  wave  amplitude  by  dividing  by  [N(z)/N„]^'^  and  to  stretch  (shrink)  the  vertical  scale  in 
proportion  to  N  (z  )/No .  A  value  of  3  eph  is  taken  for  Ng  throughout  this  paper,  although  different 
N  profiles  were  used  for  each  data  set  since  the  observations  were  taken  at  different  locations  and 
seasons.  An  example  of  the  Brunt-Vaisifla  profile  and  the  actual  stretched  coordinate  transforma¬ 
tion  diagram  for  the  MODE  data  are  shown  in  Figs.  7a  and  7b.  The  WKB  stretching  and  normal¬ 
ization  are  discussed  further  in  Appendix  B. 

The  inertial,  high-frequency,  and  raw  profiles  minus  the  time-mean  profiles  (i.e.,  the  total 
internal  wave  band)  are  WKB  stretched  and  normalized,  denoted  by  s  and  n,  according  to  the  pro¬ 
cedure  of  Leaman  and  Sanford  (1975).  The  resulting  profiles  are  about  18(X)  sdbars  long  (Fig.  7) 
with  velocity  values  every  10  sdbars  [pressure  in  decibars  (dbars)  and  depth  in  meters  (m)  or 
stretched  meters  (sm)  are  used  interchangeably  in  this  paper].  Short  gaps  in  the  original  data  are 
closed  by  linear  interpolation.  For  spectral  computations,  160  data  points  are  used,  which 
excludes  about  200  m  at  the  top  and  bottom  of  the  water  column. 
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Fig.  3.  The  first  five,  fiat-bottom,  normal-mode  amplitudes  for  the  steady  velocity  profile  of 
Fig.  2.  Mode  1  is  dominant  in  both  velocity  components,  while  mode  3  is  needed  to 
account  for  the  shear  above  300  dbars.  Modes  above  the  first  are  plotted  at  five  times 
their  values. 
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Fig.  4.  Steady  velocity  profiles  for  seven  time  series.  The  numbers  under  each  profile 
correspond  to  the  first  and  last  drop  used  in  each  series. 


4.  THE  VERTICAL  STRUCTURE  OF  INTERNAL  WAVES 

The  internal  wave  profiles  were  subjected  to  Fourier  analysis.  Although  velocity  values 
from  nearly  the  whole  water  column  are  used,  the  vertical  wavelengths  do  not  correspond  to 
modes.  First,  neglect  of  the  upper  200  m  biases  the  computations:  second,  only  the  even  modes 
correspond  to  spectral  estimates  (the  odd  modes  are  not  individually  resolved).  This  situation 
occurs  because  the  modal  eigenfunctions  are  similar  to  cos  m(ZIH  whereas  the  Fourier  represen- 
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Fig,  5.  Inertial  profiles  for  the  same  seven  time  series  used  for  Fig.  4. 


tation  uses  sin  2ni(Z/H  and  cos  2nnZIH.  No  band  averaging  is  done  on  the  spectra;  ensemble 
averaging  is  performed  over  the  six  inertial  determinations  and  100  higher-frequency  internal 
wave  profiles.  It  is  clear  from  the  visual  similarity  of  adjacent  inertial  fits  that  these  data  are  not 
independent  realizations.  Because  there  are  three  separate  groups  of  profiles,  it  is  assumed  that 
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Fig.  6.  Modal  fils  for  six  profile  time  series,  fits  are  made  separately  for  the  east  and  north 
velocity  components.  The  contributions  to  the  “steady”  profile  are  shown  in  correct 
amplitudes  for  modes  2—5.  Mode  1,  the  dominant  one,  is  shown  at  20%  of  its  computed 
amplitude. 
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Fig.  7.  Brunt-Vaisala  frequency  profile  Oine  a)  at  the  MODE-I  mooring  site  and  relationship  of 
stretched  pressure  to  measured  pressure  (line  b). 

these  are  independent  and  that  the  true  confidence  intervals  are  at  least  not  larger  than  those  based 
on  two  to  three  realizations.  For  the  high-frequency  profiles,  down  and  up  profiles  are  not 
independent  in  the  deep  water,  but  adjacent  profiles  taken  every  4-7  hours  are  independent, 
except  insofar  as  these  waves  are  influenced  by  common  environmental  factors  such  as  mean 
vertical  shear  or  weather.  For  purposes  of  statistical  inference,  it  is  assumed  that  the  set  consists 
of  50  independent  profiles,  allowing  for  some  common  feature'’  '<own  and  subsequent  up 
profiles  in  deep  water. 

There  are  no  significant  differences  between  the  energy  in  the  east  and  north  components. 
The  separate  contributions  to  the  kinetic  energy  spectrum  are  shown  in  Fig.  8  for  the  original  data 
minus  the  time-mean  profiles.  Equipartition  between  the  velocity  components  is  expected  (Gar¬ 
rett  and  Munk,  1972)  and  observed  (IWEX;  Muller  et  al.,  1978).  These  results  do  not  rule  out 
nonequipartition  over  short  portions  of  the  water  column  or  near  sources  and  topography  (John¬ 
son  and  Sanford,  1980;  Gordon,  1978). 
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Only  at  the  lowest  wavenumbers  is  the  spectrum  consistent  with  the  top-hat  dependence  of 
the  first  GM  model  (Garrett  and  Munk,  1972).  The  spectral  slope  tends  to  be  flat  over  estimates 
1, 2,  and  3  (1600, 800,  and  533  sm)  followed  by  a  slope  of  -2  until  at  a  wavelength  of  about 
50  sm  and  smaller,  the  high  wavenumber  slope  is  about  -2.5.  The  corresponding  shear  spectmm 
has  a  slope  between  zero  and  -0.5.  The  slope  is  probably  not  significantly  nonwhite  and  basi¬ 
cally  agrees  with  the  proposed  shear  spectrum  of  Gargett  et  al.  (1981). 

There  is  a  clear  difference  in  the  spectral  slope  between  the  inertial  and  higher-frequency 
waves  (Fig.  9).  At  vertical  wavelengths  of  about  100  m  and  longer,  the  inertial  motions  are 


(c/skm) 


Fig.  8.  Energy  density  spectra  in  stretched 
and  normalized  form  for  all  100 
internal  wave  profiles  for  east  and 
north  velocity  components.  The 
spectrum  of  kinetic  energy  would 
be  one-half  the  sum  of  the  east  and 
north  contributions. 


Fig.  9.  Kinetic  energy  density  spectra  for 
total  internal  wave  field,  the  inertial 
wave  contribution,  and  the  high- 
frequency  internal  waves.  The 
ordinate  is  kinetic  energy  and  is 
one-half  the  sum  of  the  east  and 
north  velocity  components. 
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dominant,  except  for  the  longest  vertical  scale,  at  which  they  are  (or  may  be)  inferior.  At  all 
wavelengths  shorter  than  about  1(X)  m,  the  higher-frequency  waves  are  more  energetic.  Over  the 
high-wavenumber  region  (say  5  c/skm  and  larger),  the  spectra  slopes  are  about  -3  for  the  inertial 
and  -2  for  the  HF  waves.  In  both  cases  the  slope  depends  on  the  interval  over  which  the  fit  is 
made.  For  example,  around  20  c/skm  (50  m),  there  is  a  slight  bump  (energy  excess)  to  both  spec¬ 
tra  which,  if  heavily  weighted  in  the  fit,  would  force  higher  slopes  to  be  obtained.  Excluding  this 
bump,  at  the  highest  wavenumbers  (>  20  c/skm)  the  spectral  slopes  approach  -2.5  for  the  inertial 
component  and  -2.0  for  the  high-frequency  waves. 

Other  spectral  slope  determinations  have  largely  resulted  from  temperature  observations. 
Hayes  (1975)  reports  a  slope  of  -2.5  based  on  temperature  profiles  from  a  CTD;  Cairns  and  Wil¬ 
liams  (1976)  derive  a  slope  of  -2  from  a  drifting,  vertically  moving  temperature  sensor,  as  does 
Gregg  (1977)  from  his  free-fall  temperature  profiler.  The  temperature  field  is  relatively  unener- 
getic  near/  because  the  motions  have  little  vertical  velocity  but  maximum  horizontal  kinetic 
ene’-gy.  Thus  temperature  spectra  are  lacking  the  lower  frequency  (and  lower  wavenumber), 
energetic  inertial  signatures.  Also,  it  may  be  that  vertical  detrending  of  temperature  profiles  (to 
reduce  the  contribution  from  the  time-mean  temperature  field)  removes  much  of  the  longer  verti¬ 
cal  wavelength  components. 

The  conventional  and  rotary  spectra  (Leaman  and  Sanford,  1975)  of  these  data  are  presented 
in  Fig,  10  in  the  energy-preserving  form.  The  low  wavenumber  energy  cutoff  is  clearly  revealed 
in  panel  A  beyond  a  wavelength  of  about  500  sm.  The  peak  at  2  c/skm  is  very  pronounced, 
showing  that  500  m  is  a  dominant  vertical  wavelength.  There  is  a  secondary  peak  around 
5-6  c/skm,  near  the  third  harmonic  of  the  main  peak.  The  inertial  energy  is  principally  contained 
between  wavelengths  of  150  and  500  sm.  At  both  the  lowest  and  highest  wavenumbers,  the 
high-frequency  internal  waves  are  more  energetic  than  the  inertial  motions. 

A  similar  result  was  reported  by  Muller  et  al.  (1978)  who  found  during  the  IWEX  experi¬ 
ment  that  there  was  little  energy  in  the  first  three  inertial  modes  (estimates  1  and  2  here),  and  that 
most  of  the  energy  at  these  vertical  wavelengths  was  contributed  by  higher-frequency  internal 
waves.  Perkins  (1970)  found  that  the  third  vertical  mode  was  the  dominant  one  in  the  Mediter¬ 
ranean.  The  global  wave  functions  of  Munk  and  Phillips  (1968)  and  Fu  (1981)  have  turning  lati¬ 
tudes  which  decrease  with  vertical  mode  number.  Near-inertial  waves  will  be  reflected 
(attenuated)  in  a  manner  inversely  related  to  vertical  mode  number  as  they  propagate  northward. 
Thus,  the  observed  near-inertial  wave  field  would  be  deficient  of  the  lowest  modes  unless  these 
modes  were  locally  forced. 

Panels  B  and  C  of  Fig.  10  show  the  rotary  decompositions  of  the  inertial  and  high- 
frequency  components.  As  has  been  reported  by  many  investigators  (e.g.,  Leaman,  1976;  Kundu, 
1976),  the  clockwise  rotating  (with  respect  to  depth,  looking  downward)  contributions  are  more 
energetic.  Tire  ascendency  of  the  CW  over  the  ACW  is  clear  in  tliese  data,  but  was  not  observed 
in  IWEX  data  (Muller  et  al,  1978)  from  a  mooring  in  the  MODE-1  area  based  on  calculations  of 
the  vertical  component  of  velocity  from  temperature  measurements.  It  is  likely  that  the  IWEX 
observations  contain  excessive  noise  from  temperature  finestructure. 

These  are  the  first  abyssal  vertical  spectra  of  frequency-separated  contributions;  previous 
profile  results  were  based  on  the  whole  frequency  spectrum  (Leaman,  1976),  used  inertial  decom¬ 
position  over  only  a  short  vertical  interval  and  applied  no  WKB  adjustments  (Rossby  and 
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Sanford,  1976),  or  were  of  thermocline  motions  (Pinkel,  1981, 1985). 


The  peak  near  2  c/skm  in  the  inertial  period  energy  stands  out  in  the  CW  component  and  is 
missing  in  the  ACW.  The  CW  contribution  exceeds  the  ACW  at  all  vertical  wavelengths  down  to 
about  100  m.  The  ACW  part  is  more  regular  in  its  wavenumber  behavior,  while  the  CW  may 
have  some  harmonic  structure  as  previously  mentioned.  It  is  evident  that  the  ACW  inertial  com¬ 
ponent  is  similar  in  energy  and  spectral  form  to  that  of  the  higher-frequency  internal  waves. 

Clearly,  CW  polarized  waves  dominate  over  ACW  ones,  and  this  demonstrates  that  most  of 
the  energy  is  associated  with  a  downward  group  velocity  (CW).  The  direction  of  energy  flux,  on 
the  other  hand,  is  not  easily  determined  from  these  data.  There  is  insufficient  frequency  (or, 
equivalently,  spatial)  infoimation  to  calculate  the  group  velocities  associated  with  the  upward- 
and  downward-going  waves.  Near  the  inertial  frequency,  the  vertical  group  velocity  is 


Cg=- 


((0^-/^) 

fm 


(3) 


The  convention  is  that  w  >  0  corresponds  to  CW  polarized  waves  and  /n  <  0  to  ACW  waves. 
The  inertial  decomposition  is  not  selective  enough  in  frequency  to  allow  o)  to  be  determined 
separately  for  the  CW  and  ACW  contributions.  In  fact,  it  would  take  a  100-day-long  time  series 
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Fig.  10.  A;  Spectra  of  Fig.  9  expressed  in  energy  preserving  form.  B:  Inertial  component 

separated  into  CW  and  ACW  depth-polarized  components.  C.  High-frequency  internal 
waves  expressed  as  CW  and  ACW  spectra. 
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to  get  the  resolution  to  about  1%  of  / .  Spatial  information,  however,  is  readily  used  to  resolve 
small  differences  in  Cg ,  which  can  be  written  for  ©^«  as 


fm^  ’ 


(4) 


where  N  is  the  Brunt-Vaisffla  frequency  and  k  is  the  modulus  of  the  horizontal  wavenumber  asso¬ 
ciated  with  the  energy  at  the  vertical  wavenumber  m . 

In  panel  C  of  Fig.  10,  the  CW  and  ACW  spectra  are  shown  for  the  high-frequency  internal 
waves.  The  energies  are  about  equal,  demonstrating  the  vertical  symmetry  of  these  waves. 
Models  generally  hypothesize  vertical  symmetry  (e.g.,  Garrett  and  Munk,  1975),  and  wave 
interactions  predict  equlpartition  (McComas  and  Bretherton,  1977). 

A  check  of  the  WKB  scaling  results  from  comparing  the  upper  half  of  the  stretched  water 
column  (=200-1000  dbars  of  real  ocean)  with  the  lower  half  (1000-5000  dbars).  Such  a  com¬ 
parison  is  shown  in  Fig.  11.  Although  the  energy  levels  are  not  greatly  different,  demonstrating 
the  usefulness  of  energy  scaling,  the  vertical  wavenumber  spectra  are  systematically  and  increas¬ 
ingly  different  at  the  high-wavenumber  end.  Several  explanations  for  this  discrepancy  occur. 

One  is  that  the  WKB  scaling  amplifies  noise  in  the  lower  half  relative  to  the  upper  half.  To  a  first 
approximation,  the  measurement  noise  is  essentially  the  same  throughout  the  water  column,  so 
one  might  expect  that  the  WKB  scaling  should  boost  the  lower-half  noise  relative  to  that  in  the 
upper  ocean.  In  Appendix  B  it  is  shown  that  this  effect  is  compensated  for  by  the  adaptive  filter¬ 
ing,  the  use  of  more  data  in  the  deep  water.  Thus  the  discrepancy  probably  results  from  more 
complex,  non- WKB  effects  or  structural  changes  in  the  ocean. 

The  upper-half  versus  lower-half  spectra  are  presented  in  Figs.  12  and  13  for  the  inertial  and 
high-frequency  waves.  The  behavior  of  the  two  classes  of  motion  is  different;  the  deeper  inertial 
motions  seem  more  energetic  by  a  factor  of  about  2  at  all  vertical  wavenumbers,  whereas  the 
upper  HF  waves  are  more  energetic  until  beyond  10  c/skm,  where  the  spectrum  drops  rapidly.  A 
high  wavenumber  cutoff  in  this  range  has  been  reported  by  Pinkel  (1984, 1985)  in  his  upper 
ocean  profiles.  The  cutoff  is  not  seen  in  the  lower  half  of  the  ocean.  Another  possibility  is  that 
the  lower  half  exhibits  the  results  of  energy  flux  from  low  wavenumbers  to  high  wavenumbers  as 
might  be  expected  from  the  “whitening”  effect  of  bottom  scattering  (Eriksen,  1985;  Rubenstein, 
1988). 


The  nearly  constant  ratio  between  upper-  and  lower-half  inertial-energy  densities  suggests  a 
wavenumber-independent  factor.  It  is  necessary  to  work  with  more  complete  WKB  expressions 
(Phillips,  1977)  for  horizontal  kinetic  energy  E  and  vertical  wavenumbers  m : 


(5) 


and 


m  <« 


(0)2  _/ 2)1/2 


(6) 


For  (0-/  it  is  clear  that  E  normalized  by  N  and  divided  by  the  vertical  wavenumber  resolution 
(to  yield  spectral  energy  density)  is 
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Fig.  11.  Kinetic  energy  density  spectra  of 
total  internal  wave  field  separated 
into  upper  and  lower  halves  of  the 
WKB-stretched  water  column. 


Fig.  12.  Kinetic  energy  density  spectra  of 
inertial  wave  field  separated  into 
upper  and  lower  halves  of  the 
WKB-stretched  water  column. 
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Possibly  the  discrepancy  in  Fig.  12  results  from  incorrect  N  profiles  or  real  departures  from 
WKB  scaling.  As  discussed  in  Appendix  B,  the  normalized  and  stretched  energy  density  is 
independent  of  N  such  that  it  does  not  change  in  value  if  an  incorrect  N  profile  is  used.  The 
wavenumber  scale  does  change  in  this  case,  resulting  in  a  lateral  shift  of  the  spectrum.  It  is  not 
possible  for  IV  to  be  wrong  by  a  factor  of  1.5-2,  but  it  does  seem  likely  that  the  kinematic 
changes  predicted  by  the  WKB  expressions  are  not  in  equilibrium.  That  is,  the  downward- 
propagating  inertial  waves,  the  existence  of  which  is  demonstrated  by  the  rotary  spectra,  must 
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Fig.  13.  Kinetic  energy  density  spectra  of 
high-frequency  internal  waves 
separated  into  upper  and  lower 
halves  of  the  WKB-stretched  water 
column.  Data  gaps  result  when  one 
or  the  other  profiler  experienced 
noise  or  loss  of  data  because  of 
tape  recorder  malfunctions.  Table 
2  presents  the  WKB-normalized 
KE  for  each  spaced  pair. 


continually  undergo  structural  changes  as  they  go  deeper  into  the  lower  yv  region.  Thus,  there 
might  be  a  tendency  for  the  wave  structure  to  reflect  that  of  a  wave  in  equilibrium  with  a  slightly 
higher-than-local  value  oiN.  Hence,  in  the  deep  water,  it  is  reasonable  to  expect  energy  that 
should  be  at  a  certain  WKB-assigned  wavenumber  to  appear  at  a  higher  one,  since  N  is  essen¬ 
tially  monotonically  decreasing  below  the  thermocline. 

Another  possibility  is  that,  if  (O^  -/^  were  smaller  in  the  lower  half  compared  with  above, 
the  observed  spectral  shift  in  Fig.  12  would  occur.  That  is,  as  a  wave  propagates  into  the  deep 
water,  to^  -  /^decreases  (by  processes  to  be  discussed  later),  and  the  WKB-scaled  energy  (using 
only  N)  increases  and  appears  at  a  larger  stretched  wavenumber.  A  spectral  value  will  move 
along  the  line  of  slope  +2  in  the  log  E*  /5m*  vs  log  m*  plane  as  ©  changes  near  / .  This  will 
occur  at  all  wavenumbers,  resulting  in  a  constant  offset  on  the  log/log  plots  of  Fig.  12. 

A  possible  mechanism  for  an  ®  ->  /  shift  in  the  deep  water  is  the  kinematic  effects  of  mean 
vertical  (and,  in  general,  horizontal)  shears.  In  each  of  the  data  sets,  there  was  a  significant  time- 
mean  vertical  shear  of  about  20-40  cm/s  over  the  upper  10(X)  m.  The  deep-water  shears  were 
much  weaker,  although  if  scaled  according  to  Rossby-wave  modes  (a  similar  scaling  to  that  used 
here  for  internal  waves)  the  shears  are  comparable  to  those  higher  in  the  water  column.  To  inves¬ 
tigate  the  behavior  of  near-inertial  waves  in  the  presence  of  vertical  shear,  it  is  appropriate  to 
replace  ©  by  the  intrinsic  frequency,  ©  -  k  •  U(z),  where  k  is  the  horizontal  wavenumber  and  U  is 
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the  time-mean  (of  frequency  «  ©)  horizontal  velocity.  As  near-inertial  waves  propagate  down¬ 
ward  from  the  sea  surface,  some  will  experience  a  frequency  shift  such  that  ®  -  k  •  U  approaches 
/,  and  the  energy  density  as  represented  in  Eq.  (7)  greatly  increases.  Other  waves  experience  the 
opposite  effect  and  blend  into  the  higher-frequency  components.  The  vertical  wavenumber  is 
correspondingly  increased,  which  means  that  the  deep  water  spectmm  is  translated  along  a  line  of 
slope  =  2,  resulting  in  high  energies  at  every  wavenumber.  Once  below  the  main  shear  zone,  the 
refraction  ceases,  but  the  waves  retain  the  enhanced  energy. 

Continuing  with  this  line  of  speculation,  the  high-frequency  waves  also  experience  shear 
refraction.  The  situation  here  is  that,  becomes  small,  modifications  occur  such  that 

horizontal  KE  density/iV  becomes  larger,  while  mW  becomes  smaller.  Explicitly,  as  to  ->  Z'/  in  a 
region  of  uniform  N,  the  expressions  are 

(9) 

and 

.  (10) 

Hence, 

.  (11) 

owr 

Thus  a  point  on  the  spectrum  will  move  along  a  line  of  slope  equal  to  -2,  For  small  changes,  the 
spectral  distortions  would  be  hard  to  see,  since  the  data  have  a  slope  of  about  -2. 

A  second  consequence  of  shear  refraction  is  the  possibility  of  critical  layer  processes.  Inter¬ 
nal  waves  of  a  given  frequency  have  smaller  horizontal  phase  velocities  as  the  vertical 
wavenumber  is  increased.  Away  from  N  and  / ,  the  horizontal  phase  velocity  can  be  approxi¬ 
mated  as 

c  =Nolm*  .  (12) 

Critical  layer  absorption  can  occur  as  the  waves  propagate  through  an  ambient  velocity  shear. 

Let  W  be  the  velocity  difference  between  the  level  of  wave  generation  and  the  point  at  which 
bU  =  c  where  critical  layer  processes  occur.  For  a  given  5U  over  the  domain  of  interest,  waves 
of  vertical  wavenumber  greater  than  (where  ml  =  Ng/bU)  will  experience  refraction  and  crit¬ 

ical  layer  processes.  The  energy  discrepancies  seen  in  Fig.  13  may  result  from  shear  refraction 
and  critical  layer  absorption.  A  two-part  internal  wave  field  is  hypothesized  by  Munk  (1981).  At 
low  vertical  wavenumbers  (m*  <  m^),  the  energetic,  intrinsic  waves  occur,  while  at  smaller 
scales  (m*  >  ml ),  there  are  compliant  waves  which  are  greatly  modified  by  interactions  with  the 
intrinsic  field. 

The  change  in  slope  in  Fig.  13  occurs  at  a  wavelength  of  50  sm.  The  corresponding  velo¬ 
city  difference,  5(7 ,  is  5  cm/s,  a  value  not  frequently  observed  over  50  sm  in  the  time-mean  flow 
but  one  common  to  the  inertial  motions.  The  shear  over  50  sm  is  taken  to  be  caused  by  an  inertial 
wave  with  a  vertical  wavelength  of  200-300  sm. 
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5.  THE  HORIZONTAL  STRUCTURE  OF  INTERNAL  WAVES 

Certainly  the  most  unexplored  aspect  of  internal  waves  is  their  horizontal  structure.  To  a 
limited  extent,  IWEX  (Briscoe,  1975;  MUUer  etaL,  1978)  described  the  horizontal  wavenumber 
dependence  of  internal  waves.  Much  more  extensive  observations  have  been  reported  by  Katz 
(1975)  using  towed  sensors,  Stegen  et  al.  (1975)  from  XBT  patterns,  and  Pinkel  (1975)  using  a 
spaced  array  of  temperature  profilers  and,  later,  horizontally  directed  Doppler  sonar.  There  are  a 
few,  but  widely  divergent,  estimates  of  the  horizontal  wavelengths  of  near-inertial  waves  based 
on  moored  current  meters  (Webster,  1968;  Fu,  1981;  Pollard,  1980).  More  recent  observations 
with  XCPs  by  D’Asaro  (1984)  have  revealed  spatial  coherence  scales  of  internal  waves  in  the 
upper  ocean.  The  data  set  presented  here  is  a  small  but  unique  one  demonstrating  a  clear  pattern 
to  the  horizontal  dependence  of  internal  waves. 

The  original  intention  was  to  compare  these  observations  with  the  expectations  of  Garrett 
and  Munk  (1975)  expressed  in  their  dropped  horizontal  coherence  (DHC).  The  pursuit  of  DHC 
calculations  was  suspended  because  the  data  set  was  too  small  to  yield  reliable  estimates.  Mom- 
over,  inteipolation  was  necessary  across  the  data  gaps  before  WKB  vertical  stretching  was 
applied.  Thus  it  was  decided  that  the  vertical  wavenumber  and  horizontal  dependence  of  DHC 
could  not  be  adequately  tested  with  the  present  data. 

Rather  than  the  DHC  calculations,  the  mean  square  differences  between  the  horizontally 
spaced  profiles  are  computed.  This  quantity  is  identical  to  a  structure  function  of  zero  depth  lag. 
The  KE  estimates  are  based  only  over  depth  intervals  in  which  both  profiles  are  good;  there  are 
gaps  in  the  difference  profiles  wherever  either  profile  was  missing  data.  Measurements  from  the 
surface  to  5550  dbars,  every  10  dbars,  are  used  for  556  possible  velocity  differences.  The  velo¬ 
city  differences  are  normalized  by  [Ng/N the  WKB  amplitude  scaling. 

A  set  of  profile  differences,  before  WKB  scaling,  is  shown  in  Fig.  14.  There  is  a  clear  pro¬ 
gression  toward  larger  AX .  Also,  the  dominant  vertical  scale  increases  with  AX ,  consistent  with 
the  dispersion  relationship  between  vertical  and  horizontal  wavelengths  for  inertial-period  inter¬ 
nal  waves. 

An  attempt  has  been  made  to  demonstrate  the  dominance  of  the  inertial  energy  at  the  AX  = 
12.5  km  separation.  The  inertial  fit  was  computed  for  the  MODE-I  center  time-series  drops  236 
through  245.  This  fit  was  then  rotated  in  time  to  the  time  of  the  241/242  drop  pair.  The  rotated 
fit  and  the  difference  profiles  are  presented  in  Fig.  15.  There  is  substantial  agreement  throughout 
the  water  column,  although  the  correspondence  is  clearly  better  below  the  thermocline  (KXX)  m). 
The  correspondence  may  be  improved  by  rotating  the  inertial  fit  slightly,  but  the  present  example 
serves  to  demonstrate  the  presence  of  inertial  waves  in  the  velocity  differences.  Incidentally,  the 
superior  agreement  below  KXX)  m  may  add  credibility  to  the  argument  in  the  previous  section 
about  being  smaller  (and,  possibly,  more  narrow  band)  in  the  deep  water  than  in  the 

upper  ocean. 

Table  2  presents  the  normalized  variances  of  the  difference  profiles.  At  the  smaller  horizon¬ 
tal  separation,  the  normalized  kinetic  energy  is  2.5  ncm^/s^.  Since  the  depth-averaged  N  is  1  eph, 
the  average  kinetic  energy  of  the  difference  profile  is  about  0.8  cm^/s^.  There  is  a  steady  trend 
toward  higher  kinetic  energies  at  larger  horizontal  separations,  culminating  in  about  an  order-of- 
magnitude-larger  value  at  12.5  km.  The  mean  square  differences  between  the  two  EM  sensors 
(for  redundancy,  there  is  a  pair  of  EM  sensors  on  each  profiler)  are  on  average  less  than 


PRESSURE  (DECIBARS)  PRESSURE  (DECIBARS) 


Spatial  Structure  of  Thermocline,  Abyssal  Inte  -nal  Waves 


EAST  VELOCITY  COMPONENT  (CM/S) 
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Fig.  14.  Profiles  of  the  differences  in  velocity  components  for  pairs  of  simultaneous  drops.  The 
numbers  beneath  each  profile  represent  the  drop  numbers  of  the  pair,  and  the  letters 
denote  use  of  either  the  down  (D)  or  up  (U)  portion  of  the  profiles. 
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Fig.  15.  Difference  profile  for  drops  241  and  242  (down  and  up  portions  averaged)  plotted  at 
half  amplitude  (a  value  chosen  to  increase  visual  comparison)  versus  the  inertial  fit  of 
the  time  series  at  the  central  mooring  (including  drop  242)  rotated  136°  forward  in  time 
from  the  reference  time  used  for  display  of  fit  in  Fig.  5. 


0.5  ncm^/s^,  which  suggests  that  much  of  the  interprofiler  variance  is  due  to  apparent  velocity 
differences  induced  by  depth  (pressure)  errors  acting  on  a  shear  field.  That  is,  it  is  thought  that 
most  of  the  variance  in  profile  differences  at  small  NK  originates  from  systematic  pressure  errors 
between  tJie  profilers.  A  pressure  offset  shifts  one  profile  vertically  with  respect  to  the  other, 
resulting  in  apparent  velocity  differences  when  small  vertical-scale  shear  is  present. 

The  background  internal-wave  energy  has  been  computed  over  the  MODE  center  profiles 
minus  a  time-mean  profile.  The  time-mean  profile  was  constmcted  from  all  MODE  center 
profiles  from  drop  235  through  drop  245,  the  profiles  constituting  the  largest  horizontal  separa¬ 
tions  and  largest  energy  differences.  The  residue  profiles  are  considered  to  be  of  internal  waves 
and  have  an  average  noimalized  energy  of  15.4  ncm^/s^.  Thus  the  difference  profiles  at 
AX  =  6.7  km  contain  a  kinetic  energy  level  about  equal  to  that  in  the  internal-wave  background 
field. 
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Table  2.  A  summary  of  WKBJ  normalized  horizontal  kinetic 
energy  of  difference  profiles.  The  average  N  over  the  water 
column  is  1  cph,  and  the  value  of  No  is  3  cph. 


Profiles 

Separation 

(km) 

%  good 
of  556  pts 

AKE 

(ncm/s) 

217-218D 

0.015 

96 

1.8 

2.1 

217-218U 

0.015 

89 

2.3 

213-214D 

0.05 

89 

2.4 

2.4 

213-214U 

0.05 

87 

2.3 

215-216D 

0.1 

42 

2.7 

2.5 

215-216U 

0.1 

83 

2.3 

221-222D 

0.4 

31 

2.6 

2.9 

221-222U 

0.4 

55 

3.1 

244-245D 

1.5 

60 

4.7 

5.1 

244-245U 

1.5 

82 

5.5 

235-236D 

4.8 

76 

11.1 

11.1 

235-236U 

4.8 

94 

11.0 

238-239D 

6.7 

47 

14.6 

14.3 

238-239U 

6.7 

64 

14.0 

341-242D 

12.5 

86 

23.2 

23.6 

241-242U 

12.5 

93 

23.9 

The  results  shown  in  Table  2  are  plotted  in  Fig.  16.  The  solid  line  is  a  fit  to  the  data  with  an 
intercept  of  2.5  ncm^s^,  which  is  taken  to  be  the  noise  level  common  to  measurements  at  all 
separations.  The  dashed  line  has  the  same  slope  as  the  solid  line  but  with  the  additive  noise 
removed. 
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Fig.  16.  Kinetic  energy  of  the  difference  profiles  for  simultaneous  pairs  of  Fig.  15  in  normalized 
energy  units.  Both  down  and  up  portions  of  profile  pairs  arc  shown.  If  the  energy  of 
difference  pairs  at  a  small  separation  is  uncorrelated  noise,  the  fit  can  be  reduced  by 
this  noise  (about  2.5  ncm/s),  and  the  result  is  shown  as  a  dashed  line.  One  way  to  view 
these  data  is  to  recognize  that  the  profiles  have  zero  correlation  when  the  kinetic  energy 
of  the  difference  profiles  exceeds  the  average  kinetic  energy  of  the  local  internal  wave 
field  (15  (ncm/s)^). 


The  cross-structure  function  can  be  expressed  in  terms  of  correlation  functions  and  the 
internal-wave  energy  in  each  profile  going  into  the  pair.  Let  m  j,  v  j  represent  profile  1  of  a  pair 
and  u  2,  V  2  represent  the  other  profile.  Then 


KE  of  =  j 


(M1-M2)^  +  (v,-V2)^  . 


(13) 


where  the  oveibar  represents  a  vertical  average  over  all  (good)  data,  which  for  the  following  is 
assumed  to  be  the  whole  water  column.  The  cross  correlation  function  is 


[Ml  -mIJ 

with  ^imi^  expres^n  fw/?v,j^  Assuming  the  internal  wave  statistics  are  spatially  uniform, 
thenw?  =«|  =u\vi  =v|  sv^anda  andv  are  isotropic  (/?„m,  =  f?v,vj  =  ^):  then 


»/2lAv|2  =  2(l-f?)-»/2v2. 


(15) 
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The  KE  of  difference  profiles  should  be  zero  at  AX  =  0,  increasing  to  four  times  the  average  KE 
of  V  as  /?  goes  toward  -1  (only  for  single  wave)  and  ultimately  approaching  two  times  the  aver¬ 
age  KE  of  V  as  /?  goes  to  zero  for  large  AX .  From  Fig.  1 6  it  is  evident  that  Vi  I  Av  I  ^  (i.e.,  R 

=  0)  for  AX  ~  15-20  km.  The  separations  are  not  large  enough  to  reveal  the  asymptotic  behavior 
of  the  difference  KE. 

The  MODE-I  eddy  does  not  contribute  significantly  to  the  velocity  differences  presented  in 
Fig.  16.  The  absence  of  low-mode  eddy  stmcture  in  the  differences  of  Fig.  15  demonstrates  the 
absence  of  mesoscale  eddy  contamination.  The  MODE-I  eddy  had  a  zero  correlation  scale  of 
100  km  (MODE  Group,  1978)  and  a  correlation  fimction  of  the  form 

R  =cos-^  for  AX  «  100  km  .  (16) 

200  km 

The  eddy  field  had  a  local  KE  of  25  (cm/s)\  or  in  normalized  units  was  75  ncm^/s^  since 
Ng/N  =  3.  Thus  the  eddy  interference  is  estimated  to  be  about  1  ncm^/s^  at  AX  =  6.7  km  and 
3  ncmVs^  at  12.5  km.  It  may  be  that  the  mean  square  differences  at  AX  >  15  km  would  be 
strongly  influenced  by  mesoscale  contamination.  On  the  other  hand,  the  drops  at  large  AX  were 
aligned  parallel  with  the  flow  and,  hence,  nonnal  to  the  first-order  velocity  gradient.  Moreover, 
little  of  the  MODE-I  eddy  structure,  primarily  first  mode,  is  seen  in  the  velocity  differences  of 
Fig.  14. 

6.  CONCLUSIONS 

The  present  study  describes  the  spatial  structure  of  thermocline  and  abyssal  internal  waves. 
Velocity  profiles  usually  span  only  the  upper  ocean  and  are  seldom  deeper  than  the  base  of  the 
main  thermocline.  WKB  normalization  and  sketching  a'e  applied  to  the  velocity  components 
and  vertical  coordinate,  respectively.  The  WKB-scalcd  profiles  exhibit  much  more  vertical 
homogeneity  and  can  be  used  to  reveal  differences  between  upper-ocean  and  abyssal  internal- 
wave  characteristics. 

The  principal  conclusions  of  the  analyses  of  these  velocity  profiles  are 

1 .  East  and  notth  contributions  to  total  internal  wave  kinetic  energy  are  equal  as  is  con¬ 
sistent  with  statistical  isotropy  in  the  horizontal. 

2.  Bulk  of  the  internal  wave  energy  is  contributed  by  near-inertial  motions. 

3.  Frequency-wavenumber  dependence  of  internal  wave  spectra  is  nonseparable:  near- 
inertial  motions  exhibit  a  power  law  «>«  m~^,  whereas  higher  frequency  waves  exhibit 
a  power  law« 

4.  Near -inertial  wave  motion  is  clockwise  polarized  with  depth  and  is  most  energetic  at 
500-m  wavelength  with  lesser  energy  contributed  by  the  band  1(X)-3{X)  m. 

5.  Kigh-frequcncy  internal  waves  exhibit  no  departures  from  isotropy,  either  in  the  verti¬ 
cal  (i.e.,  polarization)  or  in  the  horizontal  coordinates. 

6.  Upper-ocean  internal  waves  exhibit  a  spectral  cutoff  in  high-vertical  wavenumber 
energy  compared  with  the  lower  half  of  the  water  column,  suggesting  action  by  dissi¬ 
pative  effects  in  the  upper  ocean  and/or  scattering  effects  (“whitening”)  in  the  abys¬ 
sal  ocean. 
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7.  A  horizontal,  spatial  correlation  scale  of  15-20  km  existed  for  the  MODE-I  internal 
wave  field. 

Even  the  crude  frequency  separation  possible  with  these  short  time  series  reveals  the  dis¬ 
tinctly  different  spectral  slopes  for  the  inertial  waves  compared  with  the  high-frequency  internal 
waves.  Spectral  stability  is  achieved  with  ensemble  averaging,  rather  than  band  averaging.  As  a 
result,  the  spectra  retain  the  lowest  wavenumber  components,  including  essentially  one 
wavelength  over  the  entire  water  column. 

The  near-inertial  motions  predominate  at  vertical  wavelengths  longer  than  100-200  m,  at 
which  point  the  high-frequency  internal  waves  become  more  energetic.  These  differences  may  be 
expressions  of  wave-wave  processes.  McComas  and  Muller  (1981a)  find  that,  under  conditions 
of  energy  or  action  fluxes  governed  by  the  processes  of  induced  diffusion  and  dissipation,  a  spec¬ 
tral  slope  of  -2  at  all  frequencies  is  not  an  equilibrium  solution  in  the  presence  of  flux  and  dissi¬ 
pation.  In  contrast,  power  law  slopes  of  -2.5  at  inertial  and  -2.0  at  high  frequencies  are  near¬ 
equilibrium  solutions.  The  steeper  slope  for  near-inertial  motions  supports  the  view  that  the  wave 
field  may  be  in  equilibrium. 

These  results  demonstrate  that  a  separable  frequency  and  vertical  wavenumber  description 
of  these  data  is  not  appropriate.  Garrett  and  Munk  (1972, 1975)  suggested  a  spectral  model  in 
which  the  same  vertical  wavenumber  dependence  was  hypothesized  at  all  frequencies.  Qearly, 
such  a  model  is  not  supported  by  these  observations.  The  maverick  is  the  inertial  motions;  it 
seems  likely  that  the  higher-frequency  waves  do  follow  a  frequency-independent  vertical  struc¬ 
ture.  The  inertial  contribution,  on  the  other  hand,  is  more  distinct  owing  to  spotty  generation  and 
its  isolation  or  uniqueness  among  the  internal  wave  continuum.  It  seems  less  interactive  and 
more  independent  than  the  rest  of  the  internal  waves  (McComas  and  Bretherton,  1977;  Gibers, 
1983;  McComas  and  Muller,  1981a,b). 

At  the  longest  vertical  wavelengths,  approximately  one  or  two  cycles  per  (normalized) 
water  depth,  the  CW  and  ACW  energy  components  of  the  inertial  motions  decrease  markedly, 
becoming  about  equal  at  the  lowest  wavenumber.  The  tendency  toward  modes  or  symmetric 
energy  composition  is  to  be  expected  because  of  surface  and  bottom  reflections;  the  decrease  in 
energy  for  wavelengths  greater  than  5(X)  sm  is  not  easily  understood.  Pollard  (1970)  predicts  that 
mode  1  is  most  easily  forced  by  surface  stress  because  of  its  large  vertical  group  velocity. 

Perhaps  the  time-mean  shear  acts  to  destroy,  or  dismember,  the  lowest  modes. 

The  separation  of  the  total  internal  waves  into  upper  and  lower  halves  revealed  mostly  a 
divergence  of  the  spectra  of  the  upper  ocean  relative  to  the  lower  part  for  wavelengths  less  than 
100  m.  The  inertial  component  does  not  exhibit  this  behavior,  the  main  characteristic  of  this 
component  is  that  the  lower  half  is  more  energetic  at  all  wavenumbers.  The  source  of  the  diver¬ 
gence  of  the  spectra  is  the  high-frequency  internal  waves.  At  vertical  wavelengths  shorter  than 
50  m,  the  slope  of  the  upper-ocean  spectra  changes  from  -2  to  -4.  One  possible  cause  is  the 
interaction  of  the  Internal  waves  with  the  time-mean  thermocline  shear.  Bottom  scattering  should 
move  energy  from  longer  vertical  wavelengths  to  shorter.  Hence,  the  upper  halfAower  half  differ¬ 
ences  may  result  from  the  whitening  effects  of  bottom  scattering  (Rubenstein,  1988). 

The  zero-correlation  distance  of  15-20  km  is  considerably  smaller  than  previously  reported. 
Earlier  measurements  have  largely  been  near  the  sea  surface  and  have  observed  much  longer  hor¬ 
izontal  scales.  For  example,  Pollard  (1980)  reported  horizontal  wavelengths  of  several  hundred 
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meters  in  the  SML.  D’Asaro  (1984)  observed  inertial-wave  coherence  scales  that  seemed  to 
decrease  with  depth,  consistent  with  the  present,  much  deeper  results.  The  increase  in  variance 
between  profiles  obtained  up  to  12.5  km  apart,  essentially  a  structure  function,  is  useful  in 
estimating  errors  in  comparing  measurements  taken  at  separated  sites,  such  as  profiler  and 
moored  current  meter  comparisons. 

Velocity  profiles  over  the  entire  water  column  are  useful  for  studies  of  internal  waves.  The 
observed  energy  levels  are  lower  in  the  deep  ocean  than  in  the  thermocline  but  not  after  WKB 
scaling.  Deep  internal  waves  exhibit  characteristics  that  should  be  more  nearly  in  equilibrium 
since  they  are  more  distant  from  surface  sources  and  thermocline  interactions.  The  spatial  struc¬ 
ture  of  internal  waves  is  a  sensitive  measure  of  wave  frequency  through  the  dispersion  relation. 
Wave  period  determinations  can  be  obtained  from  the  spatial  stmcture  of  the  dominant  internal 
wave  with  better  resolution  than  a  long  time-series  of  moored  observations.  It  is  likely  that 
models  for  internal  wave  characteristics  would  be  better  tested  on  subthermocline  motions. 
Abyssal  velocity  observations  are  needed  to  evaluate  proposals  that  abyssal  mixing  rates  and  dif- 
fusivity  are  larger  than  in  the  upper  ocean.  Methods  are  available  for  more  extensive  subthermo¬ 
cline  observations  in  support  of  modem  internal  wave  studies. 


APPENDIX  A 

In  Section  3  it  was  asserted  that  the  inertial  fit  produces  a  profile  that  is  uncorrelated  with 
the  residue  or  higher-frequency  profiles.  To  examine  this  concept  further,  consider  a  simple, 
two-component  model  for  the  internal  wave  field: 

M +JV  =A  +B  .  (Al) 


The  inertial  decomposition  is  the  solution  to 

1  ^  . 

—  f  (A  e'fi  +B  -C  fdt  =minimum  , 
^  0 


(A2) 


where  the  summation  over  the  finite  number  of  profiles  has  been  replaced  with  an  integration 
over  the  duration  r.  The  solution  is 


C(z)  =  A(z)-i-B(z)/  , 

where 

^  0 


The  high-frequency  internal  waves  are  the  total  internal  wave  field  minus  the  inertial  fit: 

u  +iv  -C  e‘^‘  =B  (e‘“'  -I  e‘^) . 


(A3) 

(A4) 


(A5) 


The  energy  spectra  with  respect  to  vertical  wavenumber  averaged  over  all  profiles  are  as  follows, 
where  the  symbols  "and  *  represent  a  Fourier  transform  with  respect  to  depth  and  complex  con¬ 
jugate,  respectively. 
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For  the  total  wave  field: 

T 


+  +  e-Uo>-/)<+A*B 

=  A^  +  B^+AB*l*  +A*BI  . 


(A6) 


For  the  inertial  component: 

T 


[a^  +  B^+AB*  e-‘(‘^/)'+A*B 

A^  A-  AA  AA 

=A^  +  B^I^  +  AB*I*  +A*BI  . 


(A7) 


For  the  higher-frequency  component: 

T 


=  •7  [1-/* 

i  5  L  J 

=  b2(1+/2 -/*/-//*) 

=  B^(1-/2). 


(A8) 

(A9) 


The  sum  of  the  inertial  and  higher-frequency  components  is 

Am  Aa  AA  A  A 

=  A^  +  B^  +  AB*/*  +A*BI 


(AlO) 


Hence,  the  total  energy  equals  the  sum  of  the  parts.  In  general,  for  a  continuum  of  internal 
waves,  the  spectrum  of  the  total  internal  wave  energy  should  equal  the  sum  of  the  inertial  and 
high-frequency  waves  as  here  computed. 

APPENDIX  B 

The  WKB  scaling  and  normalization  (s  &  n)  involves  three  steps: 

1 .  Normalization  based  on  a  chosen  reference  Brunt- Vaisaa  frequency: 

C/t(z)  =  (^«/N)>'2t/(z).  (Bl) 

2.  Adaptive  filtering  in  which  original  observations  are  averaged  over  an  interval  deter¬ 
mined  by  the  local  value  of  N/No : 

N(z)  ^ 


(B2) 


where 


Az  =  the  data  spacing  in  the  original  profile  (assumed  to  be  uniform). 
Cl  =  z  -N^AzIlNiz) 

C2  =  z +NoAzl2Niz). 
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3.  Stretching  introduces  a  new  depth  scale,  z  * ,  that  is  related  to  the  measured  depth 
scale: 

z’=^|Af(OdC.  (B3) 

"o  o 

Schematically  the  procedure  is  shown  in  Fig,  Bl. 


The  horizontal  kinetic  energy  in  the  s  &  n  series  is 


For  now,  ignore  the  effect  of  the  adaptive  filter  and  note  that 

dz-^dz. 


(B4) 

(B5) 


(a)  (b)  (c) 


Fig.  B 1 .  (a)  Example  of  a  profile  of  velocity  component  U  (z ).  (b)  The  same  profile  after  scal¬ 
ing  by  (c)The  vertical  sampling  resulting  from  WKB  stretching  of  the 

vertical  coordinate. 
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N=^]N{^)dt,  (B6) 

and 

<B7) 

So 

J  [f/*(z*)]2rf2*  =-^  I  t/2(2)rfz  (B8) 

H  _U‘  HN  _ii 

or 

=  (B9) 

N 

when  no  adaptive  filtering  is  used. 

In  the_case  in  which  the  1/  *  (2  * )  series js  split  in  two,  the  upper  half  IV  -  2  cph  and  the 
lower  half  N  ~  0.7  cph.  Thus  the  KE  is  NglN-'h  times  larger  in  the  stretched  and  normalized 
series  than  in  the  original.  If  the  noise,  were  independent  of  depth,  then 

Supper  = 

and 

Hence,  an  amplification  of  noise  is  expected  in  the  lower  half  relative  to  the  upper.  This  is  what 
is  seen. 

However,  include  now  the  adaptive  filter  which  averages  over  measurements  with  a  box-car 
width  proportional  to  NglNiz).  The  noise  variance  should  decrease  in  proportion  to  N(z)INo 
(i.e.,  inversely  to  the  number  of  data  points  taken  into  the  average).  The  noise  contribution  is 
now  [N{z)INg]  U^,  and  the  stretched  and  normalized  energy  is 

.r  4 

Therefore,  no  amplification  of  noise  is  expected. 


According  to  Sanford  et  al.  (1978)  the  difference  between  simultaneous  velocity  profiles  by 
two  EMVP  instruments  is  less  than  0.7  cm/s  ims.  The  noise  variance  is  then  -0.5  (cm/s)^  If  it  is 
considered  as  spectrally  white  and  due  to  equal  contributions  from  each  instrument,  then 


E(m)  = 


0.5  (cm/s)^ 
50  cpkm 


1/2  =  5- 10"^  (cm/s)^/cpkm . 


This  variance  should  be  independent  of  depth  and  comparable  to  that  seen  on  the  upper  half 
versus  the  lower  half  spectra  of  Fig.  1 1 .  That  is,  the  difference  between  the  curves  of  Fig.  1 1 
could  be  explained  by  larger  noise  in  the  deep  water. 
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This  analysis  suggests  that  the  differences  between  the  upper  and  lower  half  may  be  real  but 
they  are  close  to  the  noise  level,  although  there  is  no  expectation  for  more  noise  in  the  lower  half 
than  in  the  upper. 

With  the  WKB  scaling  and  normalization,  the  horizontal  kinetic  energy  density  estimates 
are  independent  of  N .  The  KE  density  is  I  ^  *  (m* )  I  ^/6m*  where "  represents  the  Fourier 
transform  and  8m*  is  the  wavenumber  resolution,  i.e.,  2n/H* .  Since  U*  =  {NolN)^''^U  and 
5m*  =No5mlN,  andjunder  the  WKB  assumption  variations  in  N  are  small  compared  with  those 
ofU  at  any  m ,  then  U*  ^/5m*  =  U  ^/8m .  Therefore,  spectral  density  estimates  are  invariant  to  N 
but  are  shifted  by  WKB  scaling  and  normalization  with  respect  to  m .  For  example,  suppose  the 
wrong  value  of  N  was  used  for  some  profiles.  The  values  of  energy  density  will  not  be  incorrect, 
but  the  wavenumbers  will  be.  Hence,  if  there  was  a  strong  single  wave  in  all  velocity  profiles,  the 
use  of  a  wrong  N  profile  would  result  in  correct  energy  density  estimates  assigned  to  the  wrong 
vertical  wavenumber. 
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ABSTRACT 

An  attempt  to  estimate  horizontal  divergence  and  the  vertical  component  of  relative 
vorticity  at  small  stales  is  made  using  measurements  from  Internal  Wave  Experiment. 
These  two  quantities  are  very  useful  to  decompose  the  small-scale  motion  into  the  vortical 
and  gravity  modes.  Fluctuations  of  horizontal  divergence  and  relative  vorticity  estimated 
using  a  three-point  array  are  found  to  be  attenuated  and  mutually  contaminated  at  small 
horizontal  scales.  Assuming  a  horizontal  isotropy  condition,  these  sampling  errors  can  be 
represented  as  two  array  response  functions  which  act  as  horizontal  wavenumber  spectral 
windows  imposing  on  wavenumber-frequency  spectra  of  horizontal  divergence  and  relative 
vorticity.  Examining  effects  of  array  response  functions  for  the  GM-76  spectrum  suggests 
that  both  the  attenuation  and  contamination  effects  must  be  considered  in  obtaining  the 
relative  vorticity  spectrum,  whereas  only  the  attenuation  effect  is  important  for  the 
horizontal  divergence  spectrum  since  the  contamination  from  relative  vorticity  is 
negligible. 


INTRODUCTION 

Small-scale  motions  in  the  ocean  consist  of  both  gravity  waves  and  vortical  motion.  The 
vortical  motion  is  distinguished  from  gravity  waves  by  carrying  the  perturbation  potential 
vorticity  in  the  system.  Therefore,  it  is  likely  that  small-scale  vortical  motion  plays  an 
important  role  in  the  enstrophy  (variance  of  potential  vorticity)  cascade  in  the  ocean. 

A  normal  mode  decomposition  scheme  was  proposed  by  Muller  (1984)  to  project 
small-scale  oceanic  motion  into  the  gravity  and  vortical  modes.  It  can  be  achieved  most 
conveniently  using  fields  of  horizontal  divergence,  the  vertical  component  of  relative 
vorticity,  and  vortex  stretching  (Lien,  1990).  Attempts  to  estimate  these  three  fields  at 
small  scales  in  the  ocean  have  been  made  using  measurements  from  Internal  Wave 
Experiment  (IWEX;  Briscoe,  1975)  by  Muller  et  al.  (1988)  and  by  Lien  (1990).  Estimates 
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of  “area-averaged”  horizontal  divergence  and  relative  vorticity  were  obtained  using 
spatially  discrete  velocity  measurements. 

It  was  pointed  out  by  Prater  (1989)  and  Kunze  et  al.  (1990)  that  the  three-point  array  of 
IWEX  will  detect  “relative  vorticity”  even  in  a  pure  horizontal  divergence  flow  field  (free 
of  relative  vorticity).  This  paper  examines  potential  errors  of  estimates  cf  horizontal 
divergence  and  relative  vorticity.  The  estimation  of  horizontal  divergence  and  relative 
vorticity  at  small  scales  using  IWEX  measurements  is  described  in  the  following  section. 
Next,  their  spectral  analysis,  associated  array  response  functions,  and  their  effects  for  the 
GM-76  spectrum  model  are  discussed.  Conclusions  are  summarized  in  the  last  section. 


ESTIMATES  OF  HORIZONTAL  DIVERGENCE  (HD)  AND 
RELATIVE  VORTICITY  (RV) 

An  attempt  to  separate  small-scale  oceanic  fluctuations  into  the  gravity  and  vortical 
modes  can  be  achieved  conveniently  using  fields  of  HD,  RV,  and  V5  at  small  scales.  To 
estimate  these  fields  requires  oceanic  measurements  of  horizontal  velocity  and  temperature 
with  a  sufficient  spatial  resolution.  Oceanic  measurements  from  IWEX  seem  to  be  suitable 
for  such  calculations. 

The  IWEX  was  conducted  in  late  1973  over  a  42-day  period.  A  trimooring  array  was 
designed  on  which  20  current  meters  (17  VACM  and  3  EG&G  850)  and  temperature 
sensors  were  deployed  in  the  main  thermocline  of  the  Sargasso  Sea  (27°44'  N,  69°51'  W). 
Horizontal  velocity  components,  temperature,  and  temperature  difference  over  a  vertical 
distance  of  1.74  m  were  measured.  Horizontal  spacing  between  sensors  ranged  from  1.4  m 
to  1600  m  and  vertical  spacing  from  2.1  m  to  1447  m.  Sampling  interval  was  225  s,  except 
at  the  lowest  level  (2050  m  depth)  which  was  sampled  every  900  s.  The  trimooriutj  array 
was  a  nearly  perfect  tetrahedron  (roughly  6  km  on  a  side)  with  the  apex  at  the  top  of  the 
main  thermocline  at  604  m  depth  and  the  deepest  current  meter  and  temperature  sensor 
at  a  depth  of  2050  m.  A  schematic  diagram  of  IWEX  is  shown  in  Figure  1.  The  mooring 
was  very  stable  during  the  entire  experiment.  Pressure  records  showed  ±0.2  m 
displacement  at  the  apex  and  about  ±6  m  at  3000  m.  A  detailed  description  of  IWEX  was 
given  by  Tarbell  et  al.  (1976).  The  IWEX  measurements  provide  an  opportunity  to 
estimate  spatial  gradients  in  the  time  and  space  scales  of  small-scale  motions. 
Measurements  from  15  current  meters  and  temperature  sensors  are  used  at  five  horizontal 
planes  where  measurements  are  avjulable  at  all  three  legs.  Characteristics  of  the  five 
IWEX  levels  are  described  in  Ta,ble  1. 

Area-averaged  horizontal  divergence  HD  and  relative  vorticity  RV  can  be  obtained  from 
velocity  measurements  on  a  horizontal  plane  using  Stokes’  and  Gauss’  theorems  as 
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Figure  1.  Schematic  view  of  the  geometry  of  the  IWEX  array  and  profiles  of  the  Brunt- 
Vaisala  frequency  N{z)  and  horizontal  radius  R{z).  Points  indicate  current  meter  posi¬ 
tions.  There  are  ten  more  current  meters  near  the  apex  which  are  not  shown.  The  levels 
that  contain  three  current  meters  are  indicated.  Th.e  maximum  Brunt-Vaisala  frequency 
in  the  main  thermocline  is  Nmax  =  2.76  cph.  In  the  deep  water  column  below  2050  m,  N  is 
almost  constant,  Ndw  =  0.36  cph 

HD  =  ^  ^  u-  dn,  (1) 

W=j^u-dt.  (2) 

Here  t  and  n  are  the  tangential  and  the  normal  unit  vectors  along  the  circumference  of  an 
area  A,  and  u  is  the  horizontal  velocity  vector. 

Assuming  N  velocity  sensors  (N  =  3  for  IWEX  trimooring  array)  evenly  located  on  a 
circle  on  a  horizontal  plane  (Figure  2),  HD  and  W  are  estimated  by  approximating  the 
circle  integration  by  a  discrete  sum  of  the  radial  and  normal  velocity  components  along 
the  circle,  i.e., 


Lien  and  Muller 


NORTH 


Figure  2.  Configuration  of  N  current  sensors  evenly  located  on  a  circle  at  a  horizontal 
plane.  Three  larger  dots,  inde.xed  by  A,  B,  and  C,  denote  positions  of  current  sensors  on 
the  IWEX  trimooring  array.  The  radius  of  the  circle  is  R,  0  is  the  orientation  of  the 
current  sensor  counterclockwise  from  the  east,  and  R  is  the  corresponding  position  vector. 


Table  1.  Characteristics  of  five  IWEX  levels  with  three  current  meters 


Level 

Depth  (m) 

Radius  (m) 

N  (cph) 

Number  of  sampling 

2 

606 

4.9 

2.54 

1800 

5 

640 

25.4 

2.60 

12000 

6 

731 

80.3 

2.76 

12000 

10 

1023 

260.0 

2.05 

4800 

14 

2050 

925.0 

0.66 

3900 
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where  R  is  the  radius  of  the  circle,  and  «r”^  and  are  the  radial  and  normal  velocity 
components  of  the  sensor  defined  as 


4")  =  Ur{R,en)  =  u{R,en)cos{en)  +  (5) 

=  Ut{R,  On)  =  -u{R,0n)sin{0n)  +  v{R,  0n)cos{en).  (6) 


Here,  On  is  the  angle  counterclockwise  from  the  east  of  the  current  sensor.  For  the 
IWEX  trimooring  array,  area-  averaged  horizontal  divergence  HD  and  relative  vorticity 
RV  are  estimated  as 


HD 

W 


2 

3R 

2_ 

3R 


fUA+UC 
\  2 

fVA+ VC 

V  2 


(7) 

(8) 


Alternatively,  HD  and  W  can  be  obtained  using  velocity  gradients  estimated  from  the 
least  squares  fitting  of  horizontal  velocity  measurements.  These  two  approaches  are  found 
to  be  equivalent.  Time  series  oi  HD  and  RV  at  five  different  depths  of  IWEX  are 
obtained.  Applying  the  run  test  and  the  goodness  test,  the  time  series  of  HD  and  RV  are 
found  to  be  stationary  and  Gaussian  distributed  (Lien,  1990). 


SPECTRAL  ANALYSIS  OF  HD  and  RV 

Time  series  of  HD  and  TiV  are  first  divided  into  segments  with  a  length  of  1024  (2^“) 
data  points.  Successive  segments  are  50%  overlapped.  Each  segment  is  subjected  to  a 
Hanning  window  and  is  fast  Fourier  transformed.  The  one-sided  spectrum,  averaged  over 
all  segments,  is  further  averaged  over  adjacent  frequency  components  resulting  in  40 
frequency  points  spaced  about  equally  on  a  logarithmic  scale. 
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Measurement  errors  on  estimates  of  HD  and  RV  have  been  discussed  by  Muller  et  al. 
(1988).  Variance  due  to  the  instrumental  noise  can  be  estimated  by  separating  velocity 
measurements  at  level  2  {R  =  4.9  m)  into  coherent  signal  and  incoherent  noise 
components.  At  level  2,  observed  frequency  spectra  of  HD  and  RV  are  dominated  by  the 
incoherent  noise  component  and  will  be  excluded  from  our  analysis.  At  other  levels, 
variance  due  to  incoherent  noise  is  removed  from  the  frequency  spectral  estimates  of  HD 
and 


Frequency  spectra  of  HD  and  RV  at  levels  5,  6,  10,  and  14  are  displayed  in  Figures  3  and 
4.  Frequency  spectra  and  ^Rvi  u)  are  of  the  same  order  at  each  level  and  decrease 

systematically  with  increasing  radius  or  depth. 

Array  Response  Function 

If  HD  and  RV  are  obtained  from  N  velocity  measurements  located  on  a  circle  with  a 
radius  R,  their  frequency  spectral  estimates  S-ffT^ij\RyN)  and  S-^{u;R,N)  do  not 
represent  exactly  area-averaged  frequency  spectra  of  horizontal  divergence  and  relative 
vorticity. 


Area-averaged  horizontal  divergence  HD  can  be  expressed  in  terms  of  Fourier  transforms 
as 


NR 


N 

E  [u{k)€'!^-^cos{en)  +  . 


(9) 


Assuming  statistical  homogeneity  and  stationarity  conditions,  frequency  spectral 
estimates  S-ff^u]R,N)  can  be  written  as 


A  ^  ^  fCO 

Stj^u-,r,n)= 

^  n=ln'=X''° 

{Puu{k,^)cos{6n)cos{9n>)  +  Pvv{k,u)sin{dn)sin{0n') 


(10) 


+  Puv{k,‘^)cos{0n)sin{dn>)  +  jP„u(A,  w)sm(0„)cos(^„/)}  . 

Here,  Puu(^,w),  Pw(fc,w),  Pvu{k,<*>)j  and  Puv(A»‘^)  are  wavenumber-frequency 
autospectra  of  u  and  v,  and  wavenumber-frequency  co-spectra  between  u  and  v. 
Assuming  a  horizontally  isotropic  flow  field,  velocity  frequency  spectra  at  a  given  space 
lag  (P„  -  P„/)  can  be  expressed  as 

Puu(w:  Pn  -  Rn')  ==  da  |[Jo(ar)  +  cos(0„  +  e„.)J2{ar)] 

(11) 

r  [Jo(ar)  -  cos{e„  +  C,,>)J2{ar)] 
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Figure  3.  Observed  frequency  spectra  of 
horizontal  divergence  at  four  IWEX  levels 
(solid  lines)  and  comparison  with  the  GM> 
76  spectrum  model  (dotted  lines).  The  at¬ 
tenuation  and  contamination  array  response 
functions  have  been  applied  to  the  CM 
model.  Solid  circles  show  agreement  be¬ 
tween  observed  spectral  estimates  and  the 
GM  model  within  95%  confidence  interval. 


Figure  4.  Observed  frequency  spectra  of 
relative  vorticity  at  four  IWEX  levels  (solid 
lines)  and  comparison  with  the  GM-76 
spectrum  model  (dotted  lines).  The  attenua¬ 
tion  and  contamination  array  response  func¬ 
tions  have  been  applied  to  the  GM  model. 
Solid  circles  show  agreement  between  ob¬ 
served  spectral  estimates  and  the  GM  model 
within  95%  confidence  interval. 


PvM,Rn  -Rn')=  r  da  ( [7o(ar)  -  co5(0„  +  0„-)-/2(ar)] 

Jo  K  2a^ 

+  [Jo{ar)  -I-  cos{e„  +  9n')J2{ar)] 


(12) 


Puvi^'tRn-  Rn')  -  Pvu{<^',Rn  -  Rn')  =  /  daJ2{ar)sin{0n  +  ^ 

Jo  2a^ 
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where  r  =  2aRsin{^''  'i^)i  a  is  the  magnitude  of  horizontal  wavenumber  (after 
Batchelor,  1953).  Jq  and  Ji  are  Bessel  functions  of  zeroth  and  second  orders. 

Therefore,  the  frequency  spectral  estimate  R,  N)  can  b''  expressed  in  terms  of  real 

wavenumber-frequency  spectra  Shd{oi,(^)  and  Srv(o!,u})  as 

too 

5^(w;iZ,fV)=  /  do{SHDMF{aR,N)  +  SRv{cc,u:)G{aR,N)) .  (14) 

J  0 

Similarly,  the  frequency  spectral  estimate  of  area-averaged  relative  vorticity  can  be 
expressed  as 

S-^{u-,R,N)  =  rda{SRv{a,u)FiaR,N)  +  SHDic^,u>)GiaR,N)},  (15) 

J  0 

where 


N  N 


FiaR,N)  ^2a2ii2  E  E 

nssl  n'=l 

cos{6n  -  Oni)Jo  ^2Q.Rsm(^"  2^"'^)  (2aRsin{^’^  ^ 


GiaR,N)  = 


iV2a2i?2 


N  N 

EE 

n=I  n'=l 


cos{6n  -  6n')Jo  (2aRsin{^'^  ~  (2aRsin{^’^ 


For  the  IWEX  configuration  {N  =  3),  two  array  response  functions  have  the  form  of 


F{aR)  =  [l  -  JoiVdaR)  +  2J2{V^aR)\  , 


G{aR)  =  [l  -  JoiViaR)  -  2J2{V^aR)\ 


(19) 


Attenuation  Array  Rcsjjonse  Function 


Horizontal  Divergence  and  Relative  Vorticity 


Array  response  functions  F{aR,N)  and  G{aR,N)  are  displayed  in  Figures  5  and  6  for 
cases  of  three,  nine,  and  an  infinite  number  of  current  sensors  (N  =  3,9,  and  oo)  along  a 
circle  on  a  horizontal  plane.  The  array  response  function  F  behaves  as  a  lowpass 
wavenumber  filter  representing  the  effect  of  the  finite  size  of  the  circle.  Fluctuations  of 
horizontal  divergence  and  relative  vorticity  at  scales  smaller  than  the  size  of  the  circle  are 
attenuated  in  our  estimates.  Therefore,  F  is  termed  the  attenuation  array  response 
function.  Note  that  increasing  the  number  of  current  sensors  on  the  circle  cannot 
eliminate  the  attenuation  problem.  The  array  response  function  G  behaves  as  a  bandpass 
wavenumber  filter.  Fluctuations  of  horizontal  divergence  and  relative  vorticity  are 
mutually  contaminated  in  our  estimates  at  horizontal  scale  comparable  to  the  sensor 
separation  since  the  tangential  and  normal  components  of  horizontal  velocity  at  scale 
smaller  than  the  sensor  separation  is  not  detectable.  The  peak  of  the  contamination  array 
response  function  moves  to  higher  wavenumber  (smaller  horizontal  scale)  and  its 
magnitude  is  reduced  with  the  increasing  number  of  current  sensors  on  the  circle.  In  the 
ideal  case  of  an  infinite  number  of  current  sensors  on  the  circle,  the  contamination  array 
response  function  vanishes. 


Figure  5.  Attenuation  array  response  func¬ 
tion  for  cases  of  3  (solid  line),  9  (dotted 
line),  and  an  infinite  number  of  current  sen¬ 
sors  on  a  horizontal  plane.  For  the  case  of 
an  infinite  number  of  current  sensors, 
F(aR)  =  4J\^(aR)/(aRf',  and  it  is  not  dis¬ 
tinguishable  from  the  case  of  9  current  sen¬ 
sors. 


Normalized  Horizontal  \Vavenumber  (of?) 

Figure  6.  Contamination  array  response 
function  for  cases  of  3  (solid  line),  9  (dotted 
line),  and  an  infinite  number  of  current  sen¬ 
sors  on  a  horizontal  plane.  For  the  case  of 
an  infinite  numbter  of  current  sensors,  the 
contamination  array  response  function 
vanishes. 
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Effects  of  Array  Response  Functions  for  GM-76  Spectrum 

Using  the  polarization  relation  of  internal  waves,  frequency  spectra  R,N  =  3)  and 

R,  N  =  3)  of  the  GM-76  spectrum  model  (Cairns  and  Williams,  1976)  are 
obtained.  Effects  of  array  response  functions  (see  equations  18  and  19)  are  evaluated 
employing  the  wavenumber  structure  of  the  GM  model  in  which  a  vertical  cutoff 
wavenumber  of  0.1  cpm  is  assigned. 

Characteristic  wavenumbers  of  the  attenuation  and  contamination  array  response 
functions  are  estimated  (Table  2)  which  vary  for  different  array  sizes  and  sensor 
separations  at  four  IWEX  levels.  Note  that  the  characteristic  wavenumbers  are  the 
property  of  array  response  functions,  and  do  not  depend  on  the  GM  model.  Applying  the 
vertical  cutoff  wavenumber  prescribed  in  the  GM  model  and  the  dispersion  relation  of 
linear  internal  waves,  frequency  regimes  (Table  2)  are  identified  in  which  the  GM 
spectrum  is  affected  by  array  response  functions. 

The  effects  of  array  response  functions  for  the  GM  model  are  illustrated  in  Figures  7  and  8 
in  which  horizontal  divergence  and  relative  vorticity  frequency  spectra  of  the  GM  model 
at  IWEX  level  10  are  estimated.  In  the  absence  of  array  response  functions,  the  horizontal 
divergence  and  relative  vorticity  frequency  spectra  of  the  GM  model  have  zero  and  -2 
spectral  slopes,  respectively.  By  incorporating  the  attenuation  array  response  functions, 
equivalent  to  area-averaging  horizontal  divergence  and  relative  vorticity  on  a  circle, 
frequency  spectral  slopes  of  horizontal  divergence  and  relative  vorticity  become  steeper. 
Since  high  frequency  waves  are  arsociated  with  high  wavenumbers  whose  fluctuations  are 
attenuated,  the  attenuation  is  more  apparent  in  the  high  frequency  regime.  Including  the 
contamination  from  relative  vorticity,  the  GM  frequency  spectrum  of  horizontal  divergence 
is  not  significantly  modified  since  the  spectral  ratio  of  relative  vorticity  to  horizontal 
divergence  is  for  linear  internal  waves.  On  the  contrary,  the  GM  frequency 

spectrum  of  relative  vorticity  is  markedly  modified  because  of  the  contamination  from 
horizontal  divergence  (Figure  8).  Agreements  between  observed  frequency  spectra  of 
horizontal  divergence  and  relative  vorticity  with  the  corresponding  GM  spectra  are  greatly 
improved  by  including  attenuation  and  contamination  array  response  functions  in  the 
model.  Both  array  response  functions  must  be  considered  in  the  calculation  of  relative 
vorticity  frequency  spectrum  of  the  GM  model,  whereas  only  the  attenuation  array 
response  function  is  important  to  estimate  the  horizontal  divergence  spectrum  of  the  GM 
model.  The  comparison  of  observed  frequency  spectra  of  horizontal  divergence  and 
relative  vorticity  with  the  corresponding  GM  model  including  both  array  response 
functions  at  all  four  levels  is  presented  in  Figures  3  and  4.  Note  that  the  GM  model 
predicts  HD  much  better  than  RV.  This  discrepancy  might  be  due  to  the  existence  of 
vortical  motion,  which  has  RV  but  nolID,  or  due  to  the  inadequacy  of  the  GM  model. 
This  issue  is  more  fully  discussed  by  Lien  and  Muller  (1991). 
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Figure  7.  Effects  of  array  response  functions 
on  the  GM-76  spectrum.  The  thick  solid 
line  denotes  the  frequency  spectral  estimate 
Siwia))  at  IWEX  level  10.  The  GM 
horizontal  divergence  spectrum  in  the  ab¬ 
sence  of  attenuation  and  contamination  ef¬ 
fects  is  shown  by  the  dashed  line.  The 
dotted  line  is  the  horizontal  divergence 
spectrum  of  the  GM  model  including  the  at¬ 
tenuation  effect,  and  the  thin  solid  line  in¬ 
cludes  both  the  attenuation  and 
contamination  effects.  The  dotted  and  the 
thin  solid  lines  are  not  distinguishable. 


Figure  8.  Effects  of  array  response  functions 
on  the  GM-76  spectrum.  The  thick  solid 
line  denotes  the  frequency  spectral  estimate 
S«k(<u)  at  IWEX  level  10.  The  GM  relative 
vorticity  spectrum  in  the  absence  of  attenua¬ 
tion  and  contamination  effects  is  shown  by 
the  dashed  line.  The  dotted  line  is  the  rela¬ 
tive  vorticity  spectrum  of  the  GM  model  in¬ 
cluding  the  attenuation  effect,  and  the  thin 
solid  line  includes  both  the  attenuation  and 
contamination  effects. 


SUMMARY  AND  DISCUSSION 


The  estimation  of  horizontal  divergence  and  relative  vorticity  is  motivated  by  the  need  to 
conveniently  project  small-scale  motion  into  the  gravity  and  vortical  modes  using  the 
normal  mode  decomposition.  This  paper  addresses  the  practical  problems  of  estimating 
horizontal  divergence  and  relative  vorticity  using  discrete  sampling  in  space  of  horizontal 
velocity  measurements. 
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Table  2.  Characteristic  horizontal  wavenumbers  of  array  response  functions  and  the 
corresponding  frequencies  obtained  by  assuming  the  dispersion  relation  of  linear  internal 
waves  and  the  vertical  cutoff  wavenumber  pc  of  0.1  cpm.  The  attenuation  array  response 
function  drops  to  0.90  at  at,  and  decreases  with  increasing  horizontal  wavenumber  by  a 
-2  power  law.  Frequency  spectra  of  HD  and  RV  are  affected  by  the  attenuation  array 
response  function  at  frequencies  greater  than  u!t{=  \J[N'^a't  +  PPc]/[<^l  +  Pc])-  lower 
frequencies,  there  is  no  attenuation  effect.  The  contamination  array  response  function 
behaves  as  a  bandpass  filter  with  its  peak  at  with  an  amplitude  about  0.1,  and 
decreases  at  a  -2  power  law  away  from  ac.  Frequency  spectra  of  HD  and  RV  do  not  have 
significant  effects  of  contamination  array  response  function  at  frequencies  smaller  than 


Level 

at  (cpm) 

LJt  (cph) 

Oc  (cpm) 

Uc  (cph) 

5 

6.3  X  10-3 

0.12 

1.7  X  10-2 

0.44 

6 

2.0  X  10-3 

0.05 

5.4  X  10-3 

0.15 

10 

6.0  X  lO-”* 

0.04 

1.7  X  10-3 

0.05 

14 

2.0  X  lO-'* 

0.04 

5.0  X  10-'* 

0.04 

There  are  two  types  of  sampling  errors  in  the  estimation  of  horizontal  divergence  and 
relative  vorticity.  Fluctuations  of  horizontal  divergence  and  relative  vorticity  are 
attenuated  and  mutually  contaminated  at  smaller  horizontal  scales  corresponding  to  the 
array  size  and  the  sensor  separation.  Decontamination  requires  horizontal  wavenumber 
structures  of  horizontal  divergence  and  relative  vorticity,  which  are  not  yet  available. 
Moreover,  the  contamination  problem  causes  the  normal  mode  decomposition  to  be 
infeasible  using  IWEX  measurements  (Lien,  1990). 

.Effects  of  array  response  functions  were  examined  using  the  GM-76  spectrum  model.  It 
was  found  that  both  the  attenuation  and  contamination  error  should  be  considered  in  the 
calculation  of  the  relative  vorticity  spectrum.  Since  the  variance  of  relative  vorticity  is 
much  smaller  than  that  of  horizontal  divergence  for  linear  internal  waves  (except  on  the 
inertial  frequency),  only  the  attenuation  effect  needs  to  be  considered  in  obtaining  the 
horizontal  divergence  spectrum,  and  the  contamination  from  the  relative  vorticitv  is 
negligible. 
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ABSTRACT 

Two  velocity  and  temperature  profile  surveys  collected  near  Ampere  Seamount  in  the  eastern  North 
Atlantic  reveal  eitel  vorticity  finestmcture  on  horizontal  scales  of  3-7  km  and  vertical  wavelengths 
of 40-400  m  (Burger  numbers  of  0.05-30).  Just  as  on  basin  scales,  this  finescale  ertel  vorticity 
signal  is  dominated  by  stretching.  The  dynamic  signal,  as  characterized  by  the  .•’^lative  vorticity  and 
horizontal  convergence,  is  consistent  with  the  GM  internal  wave  model  and  is  dominated  by  near- 
ineitial  waves  on  the  resolved  scales.  The  dominance  of  stretching  indicates  that  ertel  vorticity 
finestmcture  is  associated  with  passive  density  finestmcture  of  very  low  aspect  ratio.  This  suggests 
that  it  was  not  formed  recently  by  flow  separation  at  the  seamount  but  might  be  an  artifact  of 
subduction  of  surface  mixed  layers  or  injection  of  benthic  boundary  layers  into  the  pycnocline. 

INTRODUCTION 

At  the  large  wavelengths  that  dominate  horizontal  velocity  and  vertical  displacement  in  the  ocean 
interior,  fluctuations  are  largely  linear,  allowing  identification  of  subinertial  frequency  flows  as 
quasigeostrophic  and  superinertial  motions  as  internal  gravity  waves.  But  at  high  wavenumbers, 
advective  nonlinearity  acts  to  Doppler  shift  and  alias  variance  across  frequency  space,  making 
identification  of  dynamics  from  Eulerian  frequency  impossible:  many  intrinsic  frequencies  will 
contribute  to  the  same  Eulerian  frequency.  Given  that  the  aspect  ratios  of  the  dominant  finescale 
motions  are  <flN  ^  0.01  (Marmorino  et  ai,  1987;  Gregg  et  al.,  1986,  Itsweire  et  al.,  1989), 
vertical  advection  by  low-mode  internal  waves  should  be  the  main  perpetrator  of  advective 
nonlinearity. 

Using  current-meter  and  temperature  time-series  from  the  IWEX  trimooring  array,  Briscoe  (1977) 
and  Muller  et  al.  (1978)  found  finestmcture  in  the  internal-wave  frequency  band  with  amplitudes  of 
2  cm  s’^  and  vertical  scales  of  2  m  that  contained  too  much  velocity  relative  to  temperature  variance 
to  be  explained  by  linear  internal  wave  dynamics.  Excess  finescale  velocity  in  the  continuum 
frequency  band  was  also  reported  by  Eriksen  (1978).  Kunze  et  al.  (1990)  confirmed  this  result  and 
found  excess  strain  in  the  near-inertial  band.  For  linear  internal  waves,  the  shear-to-strain  ratio 
VzKNl^z)  =  1  at  intermediate  intrinsic  frequencies,/«  ®o«  N.  As  /,  this  ratio 
approaches  infinity  while  as  N,  it  approaches  zero.  Muller  et  al.  (1978)  also  found  that  the 
vertical  coherence  scale  for  velocity  was  smaller  than  for  temperature.  Two  sets  of  dynamics  have 
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been  proposed  to  explain  the  velocity  fmestrucmre:  stratified  two-dimensional  turbulence  (vortical 
mode)  (Holloway,  1983;  Muller,  1984)  and  near-inertial  waves  (Kunze  et  nl,  1990).  Near-inertial 
waves  dominate  variance  at  larger  scales  (e.g.,  Garrett  and  Munk,  1979).  Kunze  et  al. 
demonstrated  that  the  finestructure  properties  were  consistent  with  a  finescale  internal  wave 
spectrum  dominated  by  near-inertial  waves.  Resolving  the  dynamics  of  the  finescale  has  important 
implications  for  stirring  and  mixing  of  water  properties. 

Stratified  two-dimensional  turbulence  is  the  stratified,  nonlinear  analog  of  two-dimensional 
quasigeostrophic  turbulence  (Riley  etal,  1981;  Lilly,  1983;  Muller,  1984).  Such  motion  would 
have  subineitial  intrinsic  frequencies.  Muller  (1984)  referred  to  stratified  two-dimensional 
turbulence  as  'vortical  mode'  because  ertel  vorticity  anomalies  can  be  associated  with  it  while 
internal  gravity  waves  can  have  no  ertel  vorticity  fluctuations  associated  with  them.  Following  a 
water  parcel,  ertel  vorticity  can  only  be  modified  by  irreversible  processes  (Ertel,  1942;  Pedlosky, 
1978;  Haynes  and  McIntyre,  1986).  For  example,  Lelong  and  Riley  (1991)  have  shown  that 
wave/wave  and  wave/vortex  interactions  do  not  modify  ertel  vorticity.  Thus,  while  internal  waves 
can  carry  energy  into  the  ocean  interior,  ertel  vorticity  anomalies  are  tied  to  a  water  parcel.  Vortices 
have  been  observed  in  laboratory  stratified -wake  experiments  (Lin  and  Pao,  1979)  and  as  a  decay 
product  in  numerical  simulations  of  dissipative  tuibulence  (Riley  et  a/.,  1981;  Staquet  and  Riley, 
1989;  Herring  and  Metais,  1989).  They  also  appear  in  numerical  simulations  of  'forced  internal 
waves'  if  the  forcing  projects  on  ertel  vorticity  anomalies  (Metais  and  Herring,  1989;  Holloway  and 
Ramsden,  1990).  Metais  and  Herring  found  that  a  numerically  simulated  field  of  random  internal 
waves  without  ertel  vorticity  anomalies  did  not  create  vortical  mode.  Because  turbulence  and 
mixing  are  weak  and  confined  to  small  vertical  scales  in  the  ocean  interior  (Mourn  and  Osborn, 

1986;  Gregg,  1987;  Gregg,  1989;  Yamazaki  etal.,  1990),  we  anticipate  that  ertel  vorticity 
anomalies  produced  there  to  be  likewise  weak  and  confined  to  small  vertical  scales  where  molecular 
viscosity  will  rapidly  eliminate  any  dynamic  signal.  However,  considerable  finestructure  may  be 
generated  in  regions  of  strong  forcing,  such  as  at  boundaries,  and  survive  little  affected  as  it  is 
carried  into  the  ocean  interior  by  subduction.  The  question  of  what  fractions  of  finescale  variance 
in  the  ocean  are  internal  waves  and  stratified  two-dimensional  turbulence  can  only  be  answered  with 
measurements. 

A  first  attempt  to  estimate  ertel  vorticity  on  the  finescale  was  undertaken  by  Muller  et  al.  (1988). 
Using  the  IWEX  array  velocity  measurements,  they  estimated  the  relative  vorticity  directly  and 
stretching  from  the  time-integral  of  horizontal  convergence.  The  vorticity  and  convergence  spectra 
were  identical.  Kunze  et  al.  (1990)  questioned  their  claim  of  having  found  an  ertel  vorticity  signal 
on  the  grounds  that  (i)  like  quasigeostrophic  flow,  vortical  mode  should  have  little  or  no  horizontal 
convergence  so  their  'stretching'  signal  was  internal  wave  strain,  (ii)  near-inertial  internal  waves 
have  vorticity  as  well  as  convergence,  and  (iii)  in  a  blue  spectra,  a  three-point  array  will  detect 
'vorticity'  even  in  a  pure  convergence  field  and  vice  versa.  Lien  (1990)  illustrated  that  this  can 
explain  the  large  horizontal  scales  from  IWEX.  But  at  radii  of  25  m,  the  IWEX-aliased  GM 
vorticity  lies  below  GM  convergence  unlike  the  measurements.  On  these  scales,  GM  isopycnal 
slopes  tilt  vertical  shear  into  vertical  vorticity  sufficiently  to  explain  the  measurements.  Thus,  the 
IWEX  measurements  of  velocity  finestructure  are  explicable  as  internal  waves,  and  Muller  et  al.’s 
(1988)  conclusion  that  they  identified  ertel  vorticity  finestructure  is  suspect. 
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Using  measurements  from  a  neutrally  buoyant  float,  Kunze  etal.  (1990)  showed  that,  given  typical 
finescale  aspect  ratios  <fiN  =:  0.01  (Marmorino  et  al.,  1987;  Gregg  et  ai,  1986,  Itsweire  et  al, 
1989),  the  observed  finescale  shear-to-strain  ratio  of  2.2  was  too  high  to  be  explained  by  stratified 
two-dimensional  turbulence.  However,  it  was  consistent  with  a  finescale  internal  wave  spectrum 
dominated  by  near-inertial  waves.  Indeed,  the  observed  shear-to-strain  ratio  is  only  slightly  above 
the  GM  value  of  1 .7  (Munk,  1981).  The  semi-Lagrangian  strain  spectra  of  Sherman  and  Pinkel 
(1991)  supports  the  interpretation  that  mor.  shear  variance  at  high  wavenumber  is  Doppler-smeared 
near-inertial  motions  rather  than  vortical  mode.  In  contrast,  D'Asaro  and  Morehead  (1991)  found 
that  the  incoherent  signal  at  40-m  vertical  wavelength  in  velocity  profile  surveys  had  a  potential-to- 
horizontal  kinetic  energy  ratio  (PEIHKE)  and  Burger  number  consistent  with 

vortical  mode  and  not  internal  wave  dynamics  (Fig.  1).  These  measurements  were  collected  under 
the  ice  in  the  Beaufort  Sea.  The  incoherent  (vortical)  signal  contained  as  much  energy  as  the  high- 
frequency  internal  waves  in  the  weak  internal  wave  regime  under  the  ice.  None  of  these 
measurements  were  able  to  estimate  ertel  vorticity. 


N/f=70 


Figure  1.  A  dynamic  diagram  of  the  ratio  of  potential-to-horizontal  kinetic  energy  PEIHKE  versus 
Burger  number  {N^kn^)l(fk^)  from  D'Asaro  and  Morehead  (1991).  The  S-curve  is  the 
consistency  relation  (maiked  with  intrinsic  frequencies)  for  internal  waves  with 
NIf  =  70  [PEIHKE  =  i.V(B+2)].  The  thick-dashed  diagonal  corresponds  to  geostrophy 
[PEIHKE  =  MB]  and  the  thick  solid  diagonals  to  high  Rossby  number  vortical  mode  [PEIHKE  = 
R(P-IB  =  MRi].  The  two  blocks  of  stippling  correspond  to  the  coherent  signal  (left),  which  is  in  the 
near-inertial  wave  part  of  the  diagram,  and  the  incoherent  signal  (right),  which  is  in  the  geostrophic/ 
vortical  regime,  from  D'Asaro  and  Morehead's  XCP  surveys  in  the  Beaufort  Sea.  The  two  vertical 
dotted  lines  bound  the  Burger  numbers  resolved  by  the  Ampere  Seamount  surveys. 
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In  September  1988,  an  expedition  was  made  to  Ampere  Seamount  at  35°  03.5'  N,  12°  52.2'  W  in 
the  eastern  North  Atlantic  (Fig.  2)  to  look  for  evidence  of  ertel  vorticity  finestmeture  which  would 
be  a  signature  of  stratified  two-dimensional  turbulence.  The  Coriolis  frequency  at  this  latitude  is 
8.3x10’^  s  It  was  thought  that  the  likelihood  of  finding  this  signal  would  be  greater  in  the 
vicinity  of  a  seamount  where  flow  separation  might  lead  to  shed  eddies  in  the  wake.  However,  as 
no  fmescale  ertel  vorticity  measurements  have  been  made  in  the  ocean,  this  was  not  crucial.  Eddy- 
shedding  did  not  appear  to  be  playing  a  role  in  the  data  we  collected. 


Figure  2.  Bathymetry  in  the  eastern  North  Atlantic  showing  the  location  of  Ampere  Seamount  at 
35°  04'N,  12°  52'W  outside  the  mouth  of  the  Gulf  of  Cadiz  The  summit  comes  within  53  m  of  the 
surface. 


MEASUREMENTS 

We  first  undertook  an  XBT  box  survey  60  km  on  a  side  around  the  seamount  (Fig.  3)  to  look  for 
mesoscale  impinging  geostrophic  flow.  No  signal  was  apparent.  Four  drifters  were  then  deployed 
within  10  km  of  the  summit  to  examine  the  near-field  mean  flow.  Three  of  these  drifters  were 
recovered  and  redeployed  on  the  eastern  flank  for  a  total  of  seven  drifter  tracks.  The  drifters  were 
drogued  to  100-200  m  using  a  high-drag  line  in  that  depth  range  and  a  low-drag  line  to  the  surface 
(Drever  and  Kennelly,  1991).  Radar  reflectors  were  used  to  locate  the  drifters.  The  ship  came 
alongside  each  drifter  to  determine  its  range  and  bearing  to  a  radar  beacon  moored  on  the  summit 
(Fig.  3).  Range  is  accurate  to  ±2(X)  m  and  bearing  to  ±2°.  Positioning  based  on  Loran  C  was  good 
to  one  kilometer  in  x  and  y.  The  drifters  were  tracked  from  6-10  September  1988.  On  the  northern 
flank  of  the  seamount  and  to  the  east  in  an  interior  boundary  layer,  drifters  1  and  2  moved 
persistently  toward  the  east  with  average  speeds  of  5-7  cm  s'^  (Fig.  4).  Tidal  fluctuations  of 
±5  cm  S' ^  were  also  primarily  in  the  u  velocity  component.  On  the  eastern  flank,  motion  was 
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Figures.  Sampling  in  the 
neighboihcxjd  of  Ampere 
Seamount  including  an  XBT  box 
survey  (A)  around  the  seamount, 
drifter  deployments  (+)  tagged  to 
100-200  m  depth,  six  CTD  casts 
(□ )  and  two  cross-shaped  XCP 
surveys  on  the  eastern  flank.  The 
XCP  surveys  contained  27  and  28 
profiles  at  spacings  of  0.3-1  km. 
A  radar  transponder  navigation 
mooring  was  located  on  the 
summit  (V). 


•40  -30  -20  -10  0  10  20  30  40 

X  (km) 


weak  and  random  for  the  first  three  days,  then  accelerated  to  the  south  during  9  September, 
reaching  speeds  of  ~l0  cm  s'^  Drifter  3,  deployed  southwest  of  the  summit,  moved  southward 
at  ~13  cm  s'^  However,  on  recovery  it  was  discovered  to  have  lost  its  drogue  so  its  track  is  not 
representative  of  the  flow  at  100-200  m  depth.  The  last  drifter  was  recovered  in  the  middle  of  9 
September. 

Based  on  the  lateral  shear  between  drifters  on  the  northern  and  eastern  flanks  of  Ampere  Seamount 
during  the  first  three  days  of  the  drifter  deployment  (Fig.  5),  which  correspond  to  vorticities  -0.5/, 
it  was  thought  that  flow  separation  was  most  likely  to  occur  in  the  northeast  comer  of  the  summit. 
Eddies  generated  by  this  mechanism  would  be  found  east  and  north  of  the  summit  so  two  cross¬ 
shaped  finescale  expendable  current  profiler  (XCP)  surveys  were  conducted  near  the  northeast 
flank  on  the  afternoons  of  8  and  9  September  (Fig.  3).  Six  CTD  casts  to  20(X)-m  depth  were  made 
here  between  the  XCP  surveys  to  determine  the  local  7’,o^relation.  The  XCP  surveys  contained  28 
and  27  probes  with  12  to  14  XCPs  in  each  leg  and  drop  spacings  of  0.3-1  km.  Survey  1  was 
effectively  4  km  in  diameter  and  survey  2  was  7  km  across.  Each  survey  was  completed  in  three 
hours  in  an  effort  to  minimize  biasing  of  the  spatial  gradients  by  temporal  variability.  Because  these 
horizontal  scales  are  dominated  by  near-inertial  waves,  this  appears  to  have  been  effective.  Vertical 
wavenumber  spectra  of  profile  sums  and  differences  near  the  intersection  of  the  legs  suggest  that 
temporal  variability  has  little  impact  on  wavelengths  greater  than  100  m. 
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Figure  4.  The  seven  drifter  tracks 
span  6  to  10  September 
superimposed  on  Ampere  4, 

Seamount  bathymetry.  Drifters  |  35,, 
on  the  northern  flank  of  Ampere  % 
moved  eastward  at  5-7  cm  s' 
extending  off  the  flank  in  an 
interior  boundary  layer  to  the  east. 

Those  on  the  eastern  flank  moved 
little  for  the  first  three  days,  then  s  s . 

moved  southward  at  speeds 
exceeding  10  cm  s'l.  The  drifter 
to  the  southwest  moved  south  at 
13  cm  s'^  but  it  lost  its  drogue. 

IS’W  55'  50'  45'  40' 

longitude 

Expendable  current  profilers  electromagneticaUy  measure  the  horizontal  velocity  (m  ,  v)  relative  to  a 
depth-independent  constant  (e.g.,  measures  the  baroclinic  flow)  and  measure  temperature  T  with  an 
XBT  thermistor.  Data  values  are  recorded  every  0.3  m  from  the  surface  to  ~1600-m  depth.  The 
upper  50  m  is  generally  contaminated  by  temporally  aliased  velocities  associated  with  the  surface 
swell.  In  the  pycnocline,  the  oceanic  signal  typically  falls  below  the  instrumental  noise  level  for 
wavelengths  smaller  than  10  m.  Therefore,  standard  pre-analysis  XCP  processing  smooths  the  raw 
data  with  a  6-m  triangular  window  every  3  m.  The  velocities  have  ims  errors  of  ±0.4  cm  s'^  and 
temperature  errors  of  ±0.15  °C.  We  will  be  using  these  data  to  compute  vertical  and  horizontal 
gradients.  The  velocity  error  corresponds  to  shear  errors  of  ilO'^  s'^  ~  0.03N  over  40  m  (vertical) 
and  ±10“^  s'^  ~  0.013/ over  4  km  (horizontal).  The  temperature  error  corresponds  to 
±4x10~3  °C m'l  =4x10'^  s~^  ~ 0.3N^  over 40 m  and ±4xlO'5°C m*^  =  4x10'^  s~2  ~0.15/V 
over  4  km  given  dbldT-  lO'^  m  s“2  °C'^  Thus,  with  comparison  to /and  N,  the  velocity 
contributes  smaller  errors  to  an  ertel  vorticity  signal  (see  below)  than  temperature.  Assuming 
resolved  vertical  scales  of 40400  m  and  horizontal  scales  of  3-7  km  ,  the  range  of  resolved  Burger 
number  is  0.05-30  (between  the  dotted  vertical  lines  in  Fig.  1).  For  intern.  J  wave  dynamics,  this 
range  includes  frequencies  up  to  3/  For  vortical  dynamics,  Rossby  numbers  up  to  ten  are  in 
principle  measurable. 
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Figure  5.  Drifter  velocities  around  Ampere  Seamount  for  the  period  prior  to  the  acceleration  to  the 
south  on  the  eastern  flank. 


ERTEL  VORTICITY 

Review 

Following  a  water  parcel,  the  ertel  vorticity  cannot  be  modified  except  by  irreversible  processes: 
external  forcing,  dissipative  turbulence  and  mixing  (Ertel,  1942;  Pedlosky,  1978).  Thus,  no  ertel- 
vorticity  fluctuations  are  associated  with  nondissipative  internal  waves.  For  linear  internal  waves, 
the  linear  stretching  and  relative  vorticity  contributions  to  ertel  vorticity  are  equal  and  opposite.  At 
high  wavenumbers  where  nonlinearity  becomes  important,  nonlinear  contributions  of  the  ertel 
vorticity  may  contribute,  but  no  total  ertel  vorticity  anomalies  arise  in  the  absence  of  internal  wave 
dissipation  (Lelong  and  Riley,  1991). 
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The  ertel  vorticity  will  be  defined  here  as  the  dot  product  of  the  total  voiticity  (2i2+  VxV)  and  the 
gradient  of  the  buoyancy  V(  +  fc) 

^  =  (2^2  +  Vx  V)-V(  fi +fc)  (1) 

where  Earth's  rotation,  2f3=  (0, 2Qcos(laf),  2£2sm(lat°))  =  (0,/cot(/ar°),jO,  and  the 
buoyancyfl  +  6  has  been  split  into  a  laigescale  background  B(z)  varying  only  with 

depth  and  smaller  scale  anomalies  b(x,y,z,t).  The  splitting  of  the  vertical  buoyancy  gradient  is  not 
necessary  but  is  common  practice  and  a  convenient  way  of  separating  large  and  small  scale  s. 
Negleaing  the  meridional  component  of  Earth's  rotation  and  the  vertical  velocity  w,  Eq.  (1)  can  be 
expanded  into  a  background,  linear  and  nonlinear  part 

n  =/iV  2  +fbz  +  (vx  -uy)  2  +  (vjc  -  uy)bz  -  bxvz  +  byUz  (2) 

(i)  (ii)  (iii)  (iv)  (v)  (vi) 

where  subscripts  denote  derivatives  and  /72  =  dBldz  is  the  background  buoyancy  frequency.  The 
background  ertel  vorticity  (i)  involves  only  the  smoothed  stratification  Biz)  and  the  planetary 
vorticity /.  The  linear  ertel  vorticity  anomaly  is  made  up  of  buoyancy-gradient  anomalies  (ii)  and 
relative  vorticity  (iii).  Nonlinear  ertel  voiticity  anomalies  arise  from  coupling  of  buoyancy-gradient 
anomalies  and  relative  vorticity  (iv)  and  the  twisting  terms  (v)  and  (vi). 

Data 

Estimating  the  different  components  of  (2)  requires  determination  of  both  horizontal  and  vertical 
gradients  of  u,  v  and  b.  This  is  achievable  with  cross-shaped  XCT  surveys  provided  that  the 
surveys  are  coherent  so  that  (i)  horizontal  gradients  can  be  estimated  and  (ii)  temperature  can  be 
used  as  a  proxy  for  buoyancy. 

To  demonstrate  that  the  survey  was  coherent.  Fig.  6  displays  the  eastwest  section  of  east  velocity  u 
froiii  survey  2.  Fluctuations  of  ±10  cm  s'^  are  seen  on  scales  of  tens  to  hundreds  of  meters  with 
vertical  stmeture  down  to  scales  of  50  m  coherent  across  much  of  the  transect.  Vertical  least- 
squares  cubic  fits  to  the  profiles  (dashed  lines)  reveal  little  variance  associated  with  vertical 
wavelengths  greater  than  1000  m.  As  wavelengths  -1000  m  can  be  affected  by  the  barotropic 
offset  when  profiles  are  not  of  identical  length  and  our  main  interest  here  is  in  the  finescale 
(£  100  m),  the  cubic  fits  were  removed  before  subsequent  analysis.  Because  the  profiles  are 
horizontally  coherent,  we  are  justified  in  estimating  the  horizontal  gradients  d/dx  from  the  eastwest 
legs  and  d/dy  from  the  northsouth  legs  using  least-squares  fits.  These  are  then  combined  to 
determine  dynamically  relevant  variables.  Figure  7a  displays  the  relative  vorticity  (v;^  -  uy)lfiOT 
survey  1  as  a  function  of  depth  z  and  the  horizontal  scale  over  which  the  fit  was  performed  Ar.  As 
the  fitting  scale  Ar  increases,  so  does  the  number  of  profiles  going  into  the  fit  (number  at  bottom  of 
each  profile)  while  the  standard  deviation  (stippling),  as  determined  using  a  bootstrap  technique, 
decreases.  At  Ar=4  km ,  the  relative  vorticity  has  significant  fluctuations  on  scales  of  tens  to 
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Figure  6.  A  sample  section  of  u  velocity  profiles  from  the  east-west  leg  of  XCP  survey  2.  The 
dashed  lines  indicate  cubic  fits  to  the  profiles.  Fluctuations  coherent  over  much  of  the  transect  are 
evident  down  to  scales  of  tens  of  meters. 


hundreds  of  meters  with  rms  values  of  0.2-0.3/,  an  order  of  magnitude  above  instrument  noise. 
Unresolved  oceanic  variance  is  -0.1/  The  horizontal  convergence  (ux  +  vyjZ/for  survey  1  (Fig. 
7b)  has  similar  characteristics.  Inertially  rotating  the  velocity  profiles  to  a  common  time  before 
carrying  out  the  fits  did  not  alter  the  details  of  the  vorticity  and  convergence  profiles  appreciably. 

Figure  8  displays  the  T.CF-relation  from  the  CTD  casts  collected  near  the  seamount.  The  relation  is 
tight  for  temperatures  7  <  10  °C  (depths  greater  than  1250  m)  and  for  12  °C  <  7  <  16  °C 
(150-600  m  depth)  but  not  in  the  salt-stratified  isothermal  layer  between  600  and  1200  m,  nor  in 
the  upper  150  m  where  water-mass  gradients  are  evident.  In  this  paper  we  will  confine  our 
attention  to  150-600  m  depth  and  use  b(T)  =  7<^/<77  based  on  least-squares  fits  to  the  CTD  data  to 
relate  buoyancy  to  temperature.  For  150-600  m  depth,  dbidT  =  10’3  m  s'2  and  the  buoyancy 
frequency  N  =  3.3-3.8  x  lO'^  s"^ 
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Figure  7a.  (Facing  page,  top)  Survey  1  relative  vorticity  (vx  -  uy)lf  fxora  least-squares  horizontal 
fits  as  function  of  depth  z  and  the  fitting  scale  Ar.  As  the  fitting  scale  increases,  the  number  of 
drops  in  the  fit  increases  (numbers  at  bottom  of  each  profile)  and  the  standard  deviation  (stippling) 
diminishes.  For  a  fitting  scale  Ar  =  4  km  ,  significant  fluctuations  occur  on  scales  greater  than  50 
m  with  rms  values  of  0.2-0.3/. 

Figure  7b.  (Facing  page,  bottom)  As  in  Fig.  7a  but  for  horizontal  convergence  (Ux  +  vyjif. 
Magnitudes  and  scales  are  comparable  to  those  of  relative  vorticity. 


(kg/m^) 


Figure  8.  Temperature  T  versus 
density  at  fiom  the  six  CTDs 
collected  east  of  Ampere.  For 
temperatures  less  than  10  °C 
(depths  greater  than  1250  m)  and 
between  12-16  °C  (150-600  m), 
the  7, a -relation  is  tight, 
allowing  temperature  to  be  used 
as  a  proxy  for  buoyancy 
(density).  A  salt-stratified 
isothermal  layer  occupies  the 
depth  range  650-1200  m  and 
water-mass  gradients  are  evident 
in  the  upper  150  m. 


Spectra 

The  sum  of  the  five  linear  and  nonlinear  terms  of  the  ertel  vorticity  (2)  reveals  that  there  is  ertel 
vorticity  finestructure  present  between  150-  and  600-m  depth.  The  nonlinear  terms  contribute  little 
to  the  signal,  that  is,  on  the  scales  of  the  survey,  the  ertel  vorticity  is  linear.  The  stretching  term 
dominates.  These  results  are  most  clearly  seen  in  vertical  wavenumber  spectra  of  the  ertel  vorticity 
terms  (Fig.  9).  The  spectra  are  presented  in  both  log-log  and  variance-preserving  forms.  Figure  9a 
displays  the  ertel  vorticity  component  spectra  for  survey  1  and  a  fitting  scale  Ar=4  km  and  Fig.  9b 
for  survey  2  and  Ar=7  km.  The  stretchingy&z  (thick  solid)  clearly  dominates  the  variance,  peaking 
at  50-100  m  wavelength.  This  scale  is  at  least  in  part  due  to  the  horizontal  averaging  over  the  fitting 
scale  which  smooths  over  higher  wavenumbers.  The  nonlinear  terms  are  at  least  an  order  of 
magnitude  smaller  at  all  wavenumbers.  The  other  linear  term,  the  vorticity  A  2,  is  an  order  of 
magnitude  smaller  than  the  stretching  at  50-100  m  wavelength  but  comparable  in  magnitude  at 
lower  wavenumbers.  It  exceeds  stretching  in  the  lowest  wavenumber  band  in  the  second  s  irvey 
but  this  is  a  consequence  of  the  cubic-fit  separation  of  background  /V  2  and  anomaly  bz  which 
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Figure  9.  (a,  top)  Vertical  wavenumber  spectra  from  survey  1  with  horizontal  fitting  scale  Ar  =  4 
km  for  the  linear  and  nonlinear  terms  in  the  ertel  vorticity  (2)  including  stretching/&z,  vorticity 
( vx  -  Wy)  N^,(vx-  uy)bz,  and  twisting  bxVz  and  -byUz  terms.  The  spectra  are  presented  in 
both  log-log  (left)  and  variance-preserving  (right)  forms.  The  stretching  peak  at  60-m  wavelength 
contains  an  order  of  magnitude  more  variance  than  the  other  terms.  At  lower  wavenumbers 
{Xz  >  100  m ),  vorticity  and  stretching  become  comparable.  At  higher  wavenumbers  (Xz  <  20  m) 
vorticity  slightly  exceeds  stretching  due  to  the  12-m  scale  over  which  vertical  gradients  were 
computed,  (b,  bottom)  As  in  Fig.  9a  but  for  survey  2  with  7-km  fitting.  The  stretching  excess 
peak  ranges  from  Xz  =  30-160  m.  Vorticity  exceeds  stretching  at  the  lowest  resolved  wavenumber 
as  a  consequence  of  the  cubic  fit  used  to  separate  and  fbz. 
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assigns  all  low  wavenumber  variance  to  the  background.  At  high  wavenumbers,  vorticity  exceeds 
stretching  because  of  the  12-m  scale  over  which  first-differencing  to  estimate  bz  was  performed. 


Comparing  the  measured  stretching  (strain)  and  vorticity  spectra  with  the  GM  model  (Figs.  10  and 
11)  reveals  that,  while  the  stretching  greatly  exceeds  the  GM  model  in  the  50-100  m  wavelength 
band,  the  vorticity  spectra  are  comparable  to  GM  (for  this  comparison,  the  high  horizontal 
wavenumbers  that  the  array  does  not  resolve  have  been  eliminated  from  the  GM  model  with  a 
simple  boxcar  lowpass  filter  with  a  cutoff  kn  =  ic/Ar).  In  survey  1,  the  vorticity  has  a  weak  peak  at 
50-100  m  but  is  generally  similar  in  shape  and  level  to  GM.  In  survey  2,  the  vorticity  lies  on  the 
GM  model  except  at  the  largest  resolved  vertical  wavelength  (X^  =  384  m).  Thus,  while  stretching 
greatly  exceeds  vorticity  indicating  the  presence  of  vortical  mode,  the  dynamic  (velocity)  signal 
differs  little  from  the  GM  model.  This  suggests  that  the  velocity  signal  could  be  predominantly  due 
to  internal  waves.  This  can  be  tested  by  comparing  the  measured  vorticity  and  convergence  fields 
with  the  filtered  GM  model  (Fig.  12).  For  survey  1  and  Ar=  4  km ,  the  observations  share  with  the 
GM  model  the  tendency  for  (i)  convergence  to  exceed  vorticity  at  low  vertical  wavenumbers,  (ii) 
convergence  and  vorticity  to  be  nearly  identical  at  high  vertical  wavenumbers,  and  (iii)  convergence 
to  peak  at  slightly  lower  wavenumbers  than  vorticity.  The  same  cannot  be  said  of  survey  2  where 
vorticity  slightly  exceeds  convergence  at  most  wavenumbers.  This  is  not  consistent  with  internal- 
wave  dynamics  for  which  (V//*V)  >  (V//xV).  We  caution  that  the  difference  between  the  two 
spectra  is  small  and  may  not  be  significant.  If  this  is  the  case,  the  survey  2  spectra  suggest  a  larger 
relative  contribution  from  near-inertial  waves  [for  which  (V//'V)  =  (V//xV)]  than  the  GM  model 
and  survey  1. 

For  survey  1,  for  which  the  convergence  exceeds  the  vorticity  at  most  wavenumbers,  consistent 
with  internal-wave  dynamics,  the  ratio  of  these  two  quantities  can  be  used  to  estimate  the  intrinsic 
frequency.  For  (Oq  «  N,  assuming  a  single  dominant  wave,  the  intrinsic  frequency  depends  on 
the  ratio  of  the  convergence  V  to  the  vorticity  C 

.  (3) 

Because  of  the  similar  treatment  of  vorticity  and  convergence,  this  estimate  is  more  reliable  than 
other  intercomparisons  that  could  be  made.  The  intrinsic  frequency  is  displayed  as  a  function  of 
vertical  wavenumber  in  Fig.  13  for  Ar=4  km.  Where  it  falls  below  coq,  the  model  assumptions  fail. 
For  the  variance-containing  lower  wavenumbers,  the  intrinsic  frequencies  lie  between  1.2/ and  3/ 

SUMMARY  AND  CONCLUSIONS 

Measurements  were  made  in  the  vicinity  of  a  seamount  to  look  for  ertel  vorticity  finestructure. 

Since  the  ertel  vorticity  of  a  fluid  parcel  can  only  be  modified  by  irreversible  processes,  no  ertel 
vorticity  fluctuations  are  associated  with  internal  gravity  waves.  Thus,  finding  ertel  vorticity 
finestructure  would  be  evidence  of  non-internal  wave  dynamics  on  the  finescale,  that  is,  stratified 
two-dimensional  turbulence  aka  vortical  mode  (Riley  et  al,  1981;  Lilly,  1983;  Muller,  1984).  We 
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Figure  10.  (a,  top).  Comparison  of  the  vertical  wavenumber  spectrum  for  4-  km  averaged 
stretchingy&z  from  survey  1  with  that  from  the  GM  internal  wave  model  filtered  to  remove 
unresolved  high  horizontal  wavenumbers  {kH  >  nlAr).  The  observed  stretching  is  higher  than  GM 
for  6xl0‘2m'^</:z<2.5xl0’^  m"^  •  (b,  bottom)  Comparison  of  the  vertical  wavenumber 
spectrum  for  the  4-km  fit  vorticity  (vx-Uy)N'^  from  survey  1  with  the  GM  internal  wave  model. 
Levels  are  comparable. 
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Figure  12a.  (facing  page,  top).  Comparison  of  the  observed  vertical  wavenumber  spectra  for 
horizontal  convergence  and  relative  vorticity  from  survey  1  (thick  curves)  with  the  CM  model 
integrated  to  horizontal  wavenumbers  of  7t/8.6  km  (thin  curves).  This  upper  integration  bound  is 

consistent  with  the  fitting  scale  of  the  horizontal  gradients  which  filters  out  higher  wavenumbers. 
Like  the  GM  model,  the  observed  convergence  exceeds  vorticity  at  low  wavenumbers  and  is 
comparable  at  high  wavenumbere.  Also,  the  vorticity  peaks  at  slightly  higher  wavenumbers  than 
convergence  in  both  measurements  and  model.  This  suggests  that  the  dynamic  (velocity)  signal  is 
dominated  by  internal  waves. 

Figure  12b.  (facing  page,  bottom)  As  in  Fig.  12a  but  for  survey  2  and  the  GM  model  integrated  to 
horizontal  wavenumbers  of  71/13.7  km  ■^.  In  this  case,  the  observed  vorticity  slightly  exceeds 
convergence  at  most  wavenumbers,  inconsistent  with  linear  internal  wave  dynamics.  The 
difference  is  small  and  may  not  be  significant. 
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Figure  13.  Intrinsic  frequency  versus  vertical 
wavenumber  as  inferred  from  the  ratio  of  horizontal 
convergence  to  relative  vorticity  (3)  in  survey  1  with 
Ar=4.3  km  (thick  solid)  and  the  ratio  of  convergence 
to  vorticity  for  the  filtered  GM  model  (dotted).  This 
assumes  a  single  internal  wave  dominates.  Values 
below / are  inconsistent  with  (3).  At  variance- 
containing  wavenumbers,  values  lie  between  1.2- 
2.5/,  consistent  with  the  filtered  GM  model. 


caution  that  the  reverse  is  not  true.  An  absence  of  ertel  vorticity  finestmcture  does  not  preclude  the 
existence  ot  stratified  two-dimensional  turbulence  because  vortices  can  have  compensating 
contributions  from  the  different  terms  (2)  making  up  ertel  vorticity  (McWilliams,  personal 
communication,  1991). 

The  velocity  and  temperature  profile  surveys  described  here  reveal  ertel  vorticity  finestructure  on 
vertical  wavelengths  of 40-400  m  and  horizontal  scales  of  3-7  km  near  a  seamount.  As  on  basin 
scales,  these  scales  are  dominated  by  stretching/b2.  Thus,  away  from  strong  eddies,  stretching  can 
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be  used  to  estimate  ertel  vorticity  down  to  scales  of  a  few  kilometers.  The  implied  high  potential  to 
horizontal  kinetic  energy  ratio  and  low  aspect  ratios  (see  Fig.  1)  are  reminiscent  of  the  density 
fmestructune,  aka  pancake  eddies  or  blini,  discussed  in  the  internal-wave  literature  in  the  early  70's 
(Phillips,  1971;  Garrett  and  Munk,  1971;  McKean,  1974;  Eriksen,  1978;  Levine  and  Irish,  1981). 
The  stretching  spectra  peaks  at  ~60-m  wavelength. 

The  dynamic  (velocity)  signal  contains  roughly  equal  amounts  of  relative  vorticity  (vx  -  uy)lf  and 
horizontal  convergence  (ux  +  Vy)lf.  For  comparison,  high-frequency  internal  waves  have  greater 
convergence  thari  vorticity,  near-inertial  waves  comparable  convergence  and  vorticity,  and  stfatified 
two-dimensional  turbulence  greater  vorticity  than  convergence.  Thus,  the  velocity  signal  is  most 
consistent  with  near-inertial  internal  waves.  This  is  borne  out  by  the  close  agreement  between  the 
observed  and  GM  vertical  wavenumber  spectra  for  these  quantities  at  least  in  survey  1.  With  the 
exception  of  the  byUz  in  survey  1  (Fig.  9a),  the  nonlinear  vorticity  and  twisting  contributions  to  the 
ertel  vorticity,  (v;^  -  Uy)bz,  bxVz  and  byUz,  differ  little  from  zero. 

The  velocity  finescale  being  dominated  by  near-inertial  waves  is  consistent  with  the  findings  of 
Kunze  et  al.  (1990)  and  Sherman  and  Pinkel  (1991).  The  dominance  of  the  stretching  term  fbz  in 
the  ertel  vorticity  indicates  that  the  observed  anomalies  are  very  nearly  passive  and  geosirophic. 

This  suggests  that  they  were  not  recently  formed  by  flow  separation  around  Ampere  Seamount 
since,  in  the  near  field,  a  wake  of  shed  eddies  should  have  a  strong  dynamic  signal;  flow  separation 
at  topography  has  been  proposed  as  a  generation  mechanism  for  Arctic  eddies  (D'Asaro,  1988)  and 
Meddies  (Prater  and  Sanford,  1990)  which  have  strong  dynamic  signals.  Alternative  explanations 
include: 

•  a  signature  of  irreversible  processes  in  the  pycnocline. 

•  an  artifact  of  subduction  of  surface  mixed-layers  or  injection  of  benthic  boundary 
layers  from  the  flanks  of  Ampere  Seamount  (Armi,  1978). 

As  discussed  in  the  introduction,  the  60-m  wavelengths  of  the  finestructure  are  too  large  to  be  due 
to  pycnocline  turbulence  given  typical  measured  microstructure  dissiparion  levels  (Mourn  and 
Osborn,  1986;  Gregg,  1987;  Gregg,  1989;  Yamazaki  etal.,  1990).  They  arc,  however,  similar  to 
typical  winter  mixed-layer  depths.  Following  subduction,  vertically  stacked  mixed  layers  would 
slowly  collapse  and  lose  their  dynamic  signature  (Gill,  1981).  Dissipative  turbulence  and  mixing 
concentrated  at  the  base  of  the  mixed  layer  would  smear  any  pronounced  sheet-and-layer  structure, 
blending  them  into  the  background  stratification.  Alternatively,  Nabatov  and  Ozmidov  (1988) 
reported  evidence  of  actively  mixing  layers  in  the  pycnocline  a  few  Idlometers  from  Ampere 
Seamount.  These  layers  appeared  to  have  been  generated  by  tidal  advection  of  benthic  boundary 
layers  off  the  summit.  While  tidal  advection  would  limit  the  excursion  of  the  layers  to  within  a  few 
kilometers  of  the  seamount,  geostrophic  flow  like  that  we  observe  could  carry  them  further.  Emer>' 
(personal  communication,  1991)  and  Roden  (personal  communication,  1991)  have  also  found 
evidence  of  detached  benthic  boundary  layers  at  the  depth  of  the  summit  in  the  vicinity  of  Fieberling 
Guyot  in  the  North  Pacific.  While  our  measurements  indicate  stretching  ertel  vorticity  finestructure 
throughout  the  pycnocline,  we  cannot  exclude  this  mechanism  yet.  We  infer  that  the  observed 
finestructure  is  not  related  to  flow  separation  but  is  due  to  injection  of  mixed  layers  from  either  the 
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surface  or  benthic  boundary.  Additional  analysis  is  needed  to  distinguish  between  these  two 
boundary  sources. 
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Abstract 

We  investigate  the  role  of  potential  vortlcity  in  nearly  two  dimensional  flows  of 
importance  in  geophysical  fluid  dynamics.  Potential  vorticity  conservation  arises  from 
particle  interchange  symmetry  in  the  Lagrangian  formulation  of  fluid  dynamics  and  is 
associated  with  an  infinite  dimensional  symmetry  group.  In  truncating  the  number  of 
degrees  of  freedom  of  these  fluid  flows,  as  one  does  when  making  numerical 
Integrations  of  the  theory,  it  is  not  possible  to  keep  the  full  infinite  dimensional 
symmetry  group.  We  show,  in  the  context  of  the  shallow  water  equations,  how  to 
modify  the  symmetry  algebra  sind  construct  a  Hamiltonian  for  the  fluid  which 
preserves  the  maximum  symmetry  consistent  with  the  finite  number  of  retained 
degrees  of  freedom  and  which  becomes  the  original  fluid  as  the  number  of  degrees  of 
freedom  increases  to  infinity.  The  construction  is  done  in  planar  geometry  without 
rotation,  but  it  also  goes  through  for  f  or  /?  plane  settings,  for  flows  on  a  sphere 
(rotating  or  not)  and  for  stratified  fluids.  The  latter  application  includes  both 
internal  and  surface  gravity  waves. 


1  Introduction 

This  is  a  talk  about  methods  of  truncating  or  restricting  the  number  of  degrees  of  freedom 
in  equations  of  motion  of  relevance  to  geophysical  fluid  dynamics  while  preserving  the 
symmetries  leading  to  conservation  laws  respected  by  those  evolution  equations.  In 
particular,  the  symmetry  which  will  concern  us  here  is  that  of  particle  relabeling  in 
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Lagrangian  coordinates  [Eckart  1960]  which  leads  to  conservation  of  potential  vorticity  in 
either  Lagrangian  or  Eulerian  formulations  of  the  theory.  The  results  provide  a  consistent 
mode  truncation  of  the  full  continuum  theory  which  preserves  the  invariance  of  as  many  of 
the  conserved  quantities  of  the  continuum  theory  as  is  consistent  with  the  number  of 
retained  degrees  of  freedom.  Further,  as  the  number  of  degrees  of  freedom  goes  to  infinity, 
the  original  continuum  theory  is  recovered  and  the  full  set  of  conserved  quantities  is 
recovered  as  well.  This  provides  the  possibility  of  reducing  the  number  of  degrees  of 
freedom  of  a  continuum  geophysical  fluid  dynamics  flow  to  a  finite  number,  the  only 
situation  which  can  be  treated  numerically,  and  still  preserving  the  maximum  possible 
symmetry  of  the  underlying  theory. 

The  methods  we  present  here  are  Hamiltonian,  and  the  fluid  dynamics  is  cast  in 
Lagrangian  realization.  The  advantage  of  this  is  that  the  underlying  Lagrangian  theory  is 
canonical  in  the  classical  mechanics  sense  and  the  symmetries  of  the  theory  are  manifest 
and  easy  to  deal  with.  The  correspondir  g  Eulerian  theory  is  non-canonical  and  the 
symmetries  are  hidden  or  “mysterious”.  The  reason  for  this  disguise  of  the  symmetries  is 
that  the  Eulerian  theory  is  “reduced”  from  the  Lagrangian  formulation  by  considering  the 
flow  only  on  hypersurfaces  in  phase  space  where  the  conserved  quantities  are  constant.  The 
manifestation  of  these  symmetries  in  terms  of  conserved  quantities  seems  unnatural  in 
Eulerian  formulation  while  appearing  quite  natural  in  Lagrangian  formulation. 

An  outline  of  this  talk  is  as  follows: 

•  (1)  Lagrangian  formulation  of  the  Shallow  Water  Equations  and  the  Internal  Wave 
Equations 

•  (2)  Invariance  under  particle  interchange  and  potential  vorticity  conservation. 

•  (3)  Truncating  the  Fourier  modes  and  SU(N)  symmetry 

-  Algebra  of  Symmetry  Generators  and  Dynamical  Variables 

-  Conserved  Quantities 

•  SU(N)  symmetric  Hamiltonian,  Hn',  N  -*  oo  leads  to  usual  equations 

In  the  SU(N)  symmetric  truncated  theory  there  are  w  N  conserved  quantities.  As  N  -*  oo, 
we  recover  the  continuum  theory  and  an  infinite  number  of  conserved  quantities. 
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This  talk  focuses  on  the  shallow  water  equations  (Pedlosky  1979]  because  it  is  for  these 
that  we  have  concrete  results  at  this  time.  The  shallow  water  equations  are  also  formulated 
on  an  f-plane,  that  is  Cartesian  or  flat  geometry,  in  this  talk.  We  know  how  to  extend  the 
results  to  flows  on  the  surface  of  a  sphere,  but  the  algebra  is  difficult  and  will  be  reported 
elsewhere.  In  progress  is  work  on  extending  these  results  to  quasi- two  dimensional 
geophysical  flows  including  internal  waves  on  a  plane  {(  or  and  surface  gravity  waves. 
The  reader  will  see  that  our  methods  are  generally  applicable  to  flows  with  a  conserved 
potential  vorticity.  If  there  is  drivii.g  and  damping  also  present  in  the  physical  setting, 
then  we  can  regard  the  work  here  as  establishing  a  finite  set  of  coordinaies  for  such 
dynamics.  When  the  driving  or  damping  is  not  significant,  then  in  the  coordinates  we 
present  the  required  conservation  laws  are  respected  automatically.  In  that  sense  they 
provide  a  rational  choice  of  truncated  modes  for  all  numerical  work  on  geophysical 
problems  where  quasi-two  dimensionality  is  a  feature. 

Our  motivation  for  concentiating  on  potential  vorticity  modes  is  two  fold: 


•  The  work  of  Muller  and  co-workers  (Muller  1988a,  Muller  1988b]  has  provided 
evidence  for  the  geophysical  importance  of  potential  vorticity  carrying  motions  even 
at  small  scales. 

•  Conserved  quantities  are  always  important  for  constraining  the  allowed  physical 
motions  of  a  system  and  for  checking  numerical  integrations  of  those  equations  of 
motion. 


2  Lagrangian  Fluids 


In  the  description  of  fluids  by  the  Lagrangian  method  [Abarbanel  1987]  we  are  required  to 
give  the  position  of  a  fluid  particle  y(r,  t)  and  its  canonical  momentum  p(r,t)  for  each 
particle  label  r,  which  is  a  two  or  three  dimensional  continuum  of  labels  for  particles.  The 
evolution  equations  of  these  variables  follows  from  an  Action  Principle  which  is  really  just 
Hamilton’s  Principle.  This  states  that  the  action  5  in  d-dimensions: 


S„.p, =  (1) 


is  stationary  under  changes  of  y(r,  <)  near  the  orbit  of  the  system.  Here  the  internal  energy 
density  e{p,  s)  is  a  thermodynamic  quantity  from  which  the  pressure  is  derived.  It  is  a 
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function  of  the  density  and  the  specific  entropy.  In  this  expression  for  the  action  all  partial 
derivatives  with  respect  to  time  are  with  r  held  fixed.  The  density  p{y)  is 

My(r,())  =  (2) 


and  s  =  s(r)  is  the  entropy  per  unit  volume.  Varying  S  with  respect  to  y(r,  t)  with  r  and  t 
fixed  leads  to  the  equations  of  motion 


p(y) 


g^y(r,0 

dt^ 

dpiVyi) 

dt 


ds 

di 

P 


-Vp(y,0, 


(3) 


To  reach  the  Eulerian  formulation  of  fluid  dynamics  we  identify  a  fixed  point  in  space  x 
with  the  location  y(r,  <)  of  a  particular  fluid  particle  at  time  t.  This  defines  a  particular 
label  R(x,  t)  which  identifies  the  fluid  particle  which  arrives  at  x  at  the  appointed  time,  so 

x  =  y(R(x,t),<),  (4) 

and  the  Eulerian  velocity  U£:(x,  t)  is  defined  as 

Mx,<)  =  ^^lr=R(x,o- 

The  Lagrangian  derivative  at  fixed  label  r  becomes 

^Ir  =  ^|x  +  U£(x,<)  •  Vx.  (6) 

The  Eulerian  formulation  at  fixed  spatial  points  x  is  a  reduced  description  of  the  fluid 
theory  [Marsden  1984]  since  it  describes  flows  restricted  to  surfaces  in  the  fluid  state  space 
which  have  constant  values  of  the  conserved  potential  vorticity.  Lagrangian  fluid  dynamics 
describes  the  evolution  of  six  fields:  the  canonical  coordinates  y(r,  <)  and  their  canonical 
momenta  p(r,<).  Eulerian  fluid  dynamics  describes  the  evolution  of  five  fields: 

U£(x,  t),/)(x,  <),  and  the  specific  entropy  s{x,t).  This  reduction  in  number  can  be  traced  to 
the  restriction  of  the  flows  to  motion  on  constant  potential  vorticity  surfaces,  and  that 
brings  us  to  potential  vorticity  and  its  interpretation. 
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In  this  talk  we  consider  the  shallow  water  equations  as  our  paradigm  for  a  nearly  two 
dimensional  fluid  with  a  conserved  quantity.  We  wish  to  truncate  to  a  finite  number  the 
continuum  degrees  of  freedom  of  the  fluid  and  to  do  so  in  a  fashion  which  preserves  a 
subset  of  the  symmetry  leading  to  potential  vorticity  conservation  The  truncated  theory 
must  become  the  correct  continuum  theory  as  the  number  of  modes  goes  to  infinity. 

The  shallow  water  equations  result  from  stationarity  of  the  action 


^  dy{r,t)  gl 

S-J  dlJdrh,lT){--^ - - 


(7) 


with  J  —  "  absorb  the  initial  “height”  /io(r)  into  the  definition  of  the  labels 

/  d^rAo(r)  -♦  /  without  any  loss  of  generality,  and  we  do  that  to  simplify  our  formulae. 
The  canonical  momentum  is  defined  in  the  usual  way  as  the  derivative  of  the  Lagrangian 
5  =  /,'j*  dt  f  £prL[y(r,i),dty(r,t}]  with  respect  to  d<y(r,/),  so  p(r,t)  =  3,y(r,f).  The 
shallow  water  Hamiltonian  is  then 

^(y,P)  =  ^/‘^^»’(|p(r,OI*  + j),  (8) 

and  the  equations  of  motion  follow  from  the  Pois.son  bracket  relation 

{•,//(y,p)},  (9) 

using  the  fundamental  Poisson  bracket 


{yo(r,0iP6(r',i)}  =  -  r'). 


(10) 


Under  particle  interchanges  which  preserve  the  density  (or  ho(r)  here)  the  action  is 
invariant.  This  is  formally  expressed  by  requiring  that  SpS  =  0  with  y(r,  t)  and  density 
held  fixed,  and  was  pointed  out  first  by  Eckart  in  1960  [Eclcart  1960].  The  conserved 
quantity  which  results  from  this  symmetry  of  the  action  is  the  potential  vorticity 


<?(r,0 


^ya(r.0^Pa(r,0 
dr,  dr,  ’ 


(11) 


and 

dt 

Translating  this  into  Eulerian  variables  using  the  prescription  given  above  results  in 


(12) 
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9E(x,t) 


2-VxX  Ue(x,0 

/lE(x,i) 


(13) 


and 

(^  +  Ufi  •  Vx)9£;(x, i)  =  0.  (14) 

he(x,  t)  is  the  usual  Eulerian  fluid  thickness  in  shallow  water  theory  and  comes  from  the 
Lagrangian  quantity  h(r,t)  =  j. 

These  conservation  laws  lead  to  the  statements  that  for  arbitrary  functions  G 

|/d’rG(,(r,())=0,  (16) 

and 

^fd^xh^(x,t)G(qE(x,t))  =  0.  (16) 

These  are  an  infinite  number  of  conserved  quantities  associated  with  the  local  particle 
interchange  symmetry.  Next  we  examine  the  algebra  associated  with  this  symmetry  noting 
it  is  q(r,t)  which  is  the  infinitesimal  generator  of  the  symmetry. 

Before  delving  into  the  algebra  let  us  make  the  connection  with  internal  wave  dynamics. 
For  internal  waves  the  flows  are  three  dimensional  and  the  Hamiltonian  is 

fl(y.p)  =  /  +  +  (17) 

where  R  is  the  rotational  potential  whose  curl  is  zf(r),  and  the  initial  density  ^0(^3)  is 
taken  to  depend  on  the  vertical  coordinate  only.  The  quantity  conserved  under  particle 
interchange  for  this  theory  is 


,(r.i)  =  -  ('•. »  r.)). 


(18) 


0=1 


or  in  Eulerian  variables 

^E(x,t)  =  (zf-hV  X  ue)-Vp.  (19) 


3  Algebra  of  Particle  Interchange  Symmetry 

To  exhibit  the  algebra  associated  with  the  particle  interchange  symmetry  of  the  shallow 
water  equations,  it  is  easier  to  go  from  configuration  space  r  to  Fourier 
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space  [Abarbanel  1991].  For  this  we  place  the  configuration  space  in  a  box  of  size  Lx  L 
and  define  Fourier  transforms  via 

+O0 

/(r)  =  E  i^(n)exp[t/cnT], 
n=-oo 

F{n)  =  ^ydV/(r)exp[-i/cn  •  rj.  (20) 

Here  the  vector  n  =  [ni ,  nj]  with  n;  are  integers  n,-  =  0,  ±1 ,  ±2, , . . . ,  ±oo,  and  k= 

With  this  Fourier  transform  pair  we  define  Y(n,<)  and  P(n,<)  as 

+00 

yc{r,t)  =  j  Y.  Ta(n,<)exp[i/cn  t], 

^  n=-oo 

^  +0O 

?«(«•.<)  =  7  Pa(n,0exp[kn-r],  (21) 

^  n=-oo 

with  the  normalization  chosen  so  the  fundamental  Poisson  bracket  becomes 

{ya(n,<),P^(m,<)}  =  ^aA,m+n-  (22) 

The  Fourier  components  of  the  potential  vorticity  are  taken  as 

9(r.  0  =  Y  0  exp[tKn  •  r],  (23) 

which  leads  to 

Q(n,i)=  Y  m' X  mPa(m)Q<,(m')<5n  .m+ms  (24) 

m,m' 

where  m'  x  m  =  mjm2  -  m'jmi  is  the  z  component  of  the  cross  product  among  vectors. 

With  these  definitions  of  Fourier  components  we  can  easily  evaluate  the  Poisson  brackets  of 
the  Q(n)  which  are  the  generators  of  the  local  particle  interchange  symmetry  with  the 
Y(n),  the  P(n),  and  themselves.  This  leads  to 

{(5(n),y;(m)}  =  nxmyc,(m  +  n), 

{Q(n),Pa(m)}  =  nxmPo(m  +  n), 

{Q(n),(5(m)}  =  n  X  m(5(m  + n),  (25) 


so  the  algebra  of  the  Q(n)  closes,  as  it  must  if  we  have  a  symmetry,  and  the  Fourier 
components  of  the  y  and  the  p  transform  under  the  algebra  as  “vectors”.  The  factors  of 
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m  X  n  are  the  structure  constants  of  the  group  of  particle  interchange  symmetry. 

Perhaps  a  more  familiar  example  of  this  kind  of  algebra  is  that  of  three  dimensional 
angular  momentum  in  classical  mechanics.  The  angular  momentum  L  =  q  x  p  or 
La  =  f-ahc<lhPc\  a,b=  1,2,3  has  the  following  Poisson  brackets  with  the  coordinates  q,  the 
momenta  p,  and  L  which  follow  from  the  fundamental  bracket  {9a)P6}  =  bab- 

{^a»96}  ”  ^abcQcy 

{.La^Pb}  ~  ^abcPcy 

{La^L),]  —  CabcLc-  (26) 

Any  quantity  which  satisfies  {La,vi,}  =  tabcVc  is  a  vector  under  three  dimensional  rotations 

which  are  generated  by  L.  The  dot  product  v  •  v  is  unchanged  under  rotations  since 
{La,v  •  v}  =  0,  and  L  •  L  is  the  invariant  of  the  algebra  of  the  rotation  group.  Rotational 
invariance  of  the  dynamics  of  a  system  is  guaranteed  by  having  an  Hamiltonian  H(p,q) 
which  satisfies 

{l„,i/(p,q)}=0.  (27) 

This  also  leads  to  the  conservation  (under  evolution  in  time  under  H{p,q))  of  L*  =  L  •  L 
and  any  function  of  L^. 

A  critical  aspect  of  the  angular  momentum  algebra  which  we  must  establish  for  our  particle 
interchange  algebra  is  that  the  Poisson  brackets  satisfy  the  Jacobi  identity 

(La,  {u,  L,}}  +  (4,  L,}}  +  {L,,  Lt}}  =  0,  (28) 

for  this  guarantees  that  a  combination  of  rotations  is  also  a  rotation  and  that  under 
evolution  through  a  finite  time  under  H{p,q)  angular  momentum  is  conserved. 

Now  we  return  to  the  shallow  water  equations.  The  final  ingredient  we  require  for 
constructing  the  truncated  Hamiltonian  for  shallow  water  flow  is  the  Fourier  decomposition 
of  the  Jacobian  and  the  transformation  properties  of  these  Fourier  coefficients  under 
particle  interchange.  This  decomposition  is  easily  established  to  be 

j  - 

a(r) 

=  ^^EKn.OexplfKn-r], 

^  n 

^  m,m' 


(29) 
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from  which 

{(3(n),/»(m)}  =  n  X  m/)(m  + n)  (30) 

follows.  So  the  Fourier  components  of  the  Jacobian  are  also  vectors  under  the 
transformations  generated  by  the  Fourier  components  of  potential  vorticity. 

Just  as  with  the  three  dimensional  angular  momentum  example  above,  the  Jacobi  identity 
among  the  Q(n)  is  critical  in  guaranteeing  that  finite  particle  interchange  transformations 
such  as  are  generated  by  finite  time  evolution  under  the  shallow  water  Hamiltonian  lead  to 
potential  vorticity  conservation. 

Before  displaying  our  truncated  shallow  water  theory  we  recall  how  the  potential  vorticity 
Q(n,  t)  is  conserved  in  the  case  with  an  infinite  number  of  Fourier  components.  For  this  we 
need  to  compute  the  Poisson  bracket  of  with  the  Hamiltonian 

^=2  II  P.(n)P.(-n)  +  |/dV-.  (31) 

“  n=-oo  "  " 

The  Poisson  bracket  with  the  first  term  in  II  is  up  to  a  factor  of  2 

(m'  X  m)  P(m)  •  P(m')<^n,m+m'.  (32) 

m.nv 

which  vanishes  because  of  symmetry  in  the  m,m'  sum.  The  Poisson  bracket  with  the 
second  term  is  (up  to  a  constant  factor) 


1  f  ,2  5(exp(-iKn 

- W) — ■ 


(33) 


which  vanishes  by  integration  by  parts.  In  a  mode  truncated  theory  the  first  part  of  this 
will  remain:  the  kinetic  energy  will  still  Poisson  commute  with  potential  vorticity,  but 
integration  by  parts  will  be  absent  since  we  will  no  longer  have  a  continuum  theory  in  label 
space. 


4  Truncating  the  Number  of  Modes;  a  New 
Potential  Vorticity  Algebra 

Now  we  restrict  the  number  of  Fourier  modes  allowed  to  the  variables  Y(n,t)  and  P(n,t) 
by  keeping  the  Fourier  sums  in  the  bounds  —M  <  n,  <  Af  for  i  =  1,2.  We  now  have  N'^ 
degrees  of  freedom  where  N  =  2M  +  1.  The  fundamental  Poisson  bracket  among  the  Y(n) 
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and  the  P(n)  is  unchanged  except  the  rule  is  to  keep  all  Fourier  indices  within  so 

when  n  +  m  appears  it  is  to  be  so  restricted.  The  problem  comes  when  we  go  to  the 
Poisson  br£w:kets  of  the  potential  vorticity  Q(n)  with  the  coordinates  or  the  canonical 
momenta  or  the  Fourier  components  of  the  Jacobian  or  with  itself.  In  this  we  encounter 
the  cross  product  iTi  x  n  which  is  the  structure  constant  for  the  group  action  of  Q(n)  in  the 
Euclidian  space  of  Fourier  indices.  By  our  truncation  of  modes  we  have  changed  the  space 
of  Fourier  modes  from  the  plane  to  that  of  a  two  dimensional  torus;  this  is  because  we  have 
introduced  an  effective  periodicity  in  Fourier  labels.  To  match  this  and  preserve  the  Jacobi 
identities  we  replace  m  x  n  by 


n  X  m  — >  — sin(K^(n  x  m)], 
liN 


(34) 


where  kw  =  ^.  Clearly  &s  N  oo  this  reduces  back  to  the  Euclidian  space  version  n  x  m. 
For  finite  N,  which  is  our  concern  here,  we  have  an  effective  periodicity  in  Fourier  space 
now  respected  by  the  new  structure  constants.  What  is  truly  remarkable,  however,  is  that 
this  simple  replacement  of  m  x  n  also  respects  the  Jacobi  identity  so  a  group  structure  is 
retained  [Hoppe  1989). 

With  these  new  structure  constants  we  can  write  the  Fourier  decomposition  of  the 
potential  vorticity 


1  M 

QN(n)  =  —  sin[KAf(nxm)]P(m)-Y(n-m),  (35) 

m=-Af 


and  for  the  Jacobian  Fourier  components,  we  write 

1  M 

PN{n)  =  —  8in[Kiv(n  X  m)]Yi(m)y'2(n  -  m).  (36) 

m=-M 

The  Poisson  brackets  of  this  new  QN{n)  with  any  of  Y(n),P(n),pAr(n)  or  (5(n)  takes  the 
form 

{<3„{n),  /(m))  =  ''"I'*”*'"  ^  ***1  /(m  +  n),  (37) 

Kn 

with  /(m)  any  component  of  the  canonical  coordinates  or  canonical  momentum  or  Pn{^) 
or  Q/v(nfi).  This  set  of  Poisson  brackets  now  defines  a  finite  algebra  of  particle  interchange 
transformations  generated  by  the  Qi^{n).  It  also  defines  anything  which  transform  as  /(m) 
here  as  a  vector  under  this  new  transformation  group.  The  group  structure  is  guaranteed 
by  satisfying  the  Jacobi  identity,  the  demonstration  of  which  is  a  tedious  task  left  to  the 
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dedicated  reader.  Our  job  now  is  to  establish  a  Hamiltonian  Hn{Y,P)  in  these  truncated 
variables  which  Poisson  commutes  with  Qjv(n)  and  becomes  just  the  shallow  water 
Hamiltonian  bls  N  -*  oo.  The  easiest  method  is  to  seek  invariants  of  the  finite  particle 
interchange  algebra  (it  happens  to  be  SU(N))  and  construct  Hn  out  of  them. 

4.1  Invariants  of  the  Truncated  Algebra 

The  idea  is  to  use  the  transformation  properties  of  vectors  /(m)  under  the  (3jv(n)  algebra 

{Q^in),  /(m)}  =  /(m  +  n),  (38) 

to  form  “dot  products”  Cp{f)  such  that 

{QN{n),Cp{f)}=0.  (39) 

The  Cp{f)  made  out  of  powers  of  /(m)  are 
M 

Ciif)  =  5^  /(ni)/(m')^o,m+m' 

m.m'=-w 

Csif)  =  /(ni)/(n2)/(n3)^o.n,+nj+n3  exp[iK;v(ni  x  n2  +  nj  x  na  +  n2  x  ns)] 

ni.nj.nj 

Cuiif)  =  n  xn^]/(ni)/(n2).../(nz,)/(-(ni +n2  +  ...ni)).  (40) 

ni,..nz,o</3 

So  these  are  generalized  “powers  of  vectors”. 

The  kinetic  energy  term  in  the  truncated  Hamiltonian 

j  M 

^  P(n).P(-n),  (41) 

^  n=-M 

is  just  C2(P)  up  to  a  constant.  The  term  involving  j  requires  some  thought.  The  idea  is  to 
express  j  cis  a  power  series  around  some  finite  value  Jo  and  then  truncate  the  sum  with  N 
terms.  Then  we  replace  each  of  the  integrals  of  by  Cp{pN)  up  to  constants.  The  natural 
value  of  Jo  is  unity  since  for  small  displacement.*:  Y(r,  t)  =  r  +  small  terms,  and  for 
Y  =  r,  J  =  1.  For  general  Jq  we  write 
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1 

J 


1 


Jo-iJo-J) 

1  7 

Jo  fc-o  Jo 
1  7 


(42) 


which  is  very  nearly  j  when  0  <  J  <2J)  and  N  is  large. 

In  the  expression  for  the  potential  energy  in  Hn  involving  /  d^rj  we  make  this  replacement 
for  and  specifically  set 


so  our  truncated  Hamiltonian  is 

I  M 


N 


(43) 


(44) 


This  Hamiltonian,  by  construction,  has  zero  Poisson  bracket  with  QAr(n).  Further 
{Cp{Qn),Hn}  =  0  as  well. 

This  constitutes  our  mode  truncated  shallow  water  Hamiltonian  and  is  an  explicitly  SU(N) 
symmetric  approximation  to  the  continuum  shallow  water  theory  from  which  we  started. 
As  the  number  of  modes  goes  to  infinity,  the  continuum  theory  is  recovered  in  all  its 
details.  For  finite  N,  the  symmetry  constraints  of  particle  interchange  are  respected  as 
accurately  as  possible. 


5  Conclusions 

In  this  talk  we  have  presented  insight  into  the  origins  of  potential  vorticity  conservation 
and  in  doing  so  have  investigated  the  algebra  of  infinitesimal  operations  ^lssociated  with 
the  particle  interchange  symmetry  responsible  for  that  conservation  law.  The  generators  of 
local  infinitesimal  particle  interchanges  are  the  potential  vorticity  at  a  point,  and  in  the 
continuum  theory  their  Poisson  bracket  algebra  is  infinite  dimensional. 

We  then  showed  how  to  truncate  the  modes  of  the  shallow  water  theory,  expressed  in 
Fourier  space  of  its  Lagrangian  representation,  and  to  alter  the  symmetry  algebra  so  it 
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lemains  a  symmetry  algebra  of  the  finite  degree  of  freedom  theory.  In  the  planar  geometry 
where  we  worked,  this  replacement  was  straightforward. 

In  the  future  we  shall  address  several  questions: 

•  the  application  and  numerical  investigation  of  this  kind  of  truncation  to  inviscid  two 
dimensional  incompressible  flow.  This  simplest  of  all  theories  of  fluid  flow  has  only 
one  Eulerian  dynamical  field  which  can  be  taken  to  be  the  vorticity  out  of  the  plane 
of  flow,  and  the  algebra  of  this  variable  in  Eulerian  representation  parallels  that 
discussed  here  for  the  potential  vorticity. 

•  the  extension  of  the  construction  presented  here  to  two  dimensional  flow  on  a  sphere 
(rotating,  if  you  like). 

•  the  extension  of  these  ideas  to  planar  and  spherical  stratified  flow  for  the  study  of 
internal  waves  and  surface  waves. 

•  the  numerical  investigation  of  these  symmetric  finite  degree  of  freedom  systems  to 
understand  the  role  played  by  the  symmetry  constraints. 

•  investigation  of  the  “statistical  mechanics”  of  these  symmetric  Hamilton  systems  and 
of  the  paths  to  chaos  in  the  systems. 

Another  avenue  of  substantial  interest  is  to  understand  the  Eulerian  version  of  our 
Lagrangian  formulations  of  these  symmetric  theories.  This  is  both  for  general  interest  and 
since  the  numerical  investigation  of  the  synunetry  preserving  mode  truncated  theories  may 
well  be  easier  in  Eulerian  variables. 

Finally,  since  damping  and  driving  are  physical  ingredients  of  any  real  observations  of  the 
ocean,  we  expect  that  these  inviscid  or  Hamiltonian  discussions  will  serve  as  means  for 
identifying  variables  in  which  to  investigate  both  the  inviscid  and  the  dissipative  physical 
settings.  The  advantage  of  the  variables  thus  suggested  is  that  when  length  scales  and  time 
scales  are  large  enough  that  viscosity  is  unimportant,  all  conservation  laws  one  would  want 
to  be  respected  are  respected. 
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ABSTRACT 

We  report  on  theoretical  analysis  and  direct  numerical  simulations  of  internal 
wave  and  vortical  mode  interactions  in  stably  stratified  fluids.  Utilizing  multiple- 
time-scale  perturbation  analysis,  a  resonant  interaction  is  found  between  a  vor¬ 
tical  mode  and  two  internal  waves  in  which  the  vortical  mode  plays  the  role  of  a 
catalyst.  This  interaction  could  cause  significant  modification  of  the  internal  wave 
field.  Vortical  mode  self-interactions  are  found  to  be  strongly  nonlinear,  and  can 
be  a  significant  source  of  internal  waves.  The  numerical  simulations  indicate  that 
the  theoretical  analysis  is  valid  for  the  small  parameter  (Froude  number)  of  order 
one  or  less.  Furthermore,  in  each  case  computed  in  this  range  of  Froude  number, 
the  vortical  mode  exhibited  strong  instabilities,  transferring  energy  to  larger  hori¬ 
zontal  scales. 


1.  INTRODUCTION 

The  traditional  view  of  oceanographic  flows  at  higher  frequencies  (between 
the  local  Coriolis  and  buoyancy  frequencies)  and  smaller  scales  (between  tens  ol 
meters  up  to  about  tens  of  kilometers)  is  that  these  flows  mainly  consist  of  iner¬ 
tial  gravity  waves.  Laboratory  visualizations  have  indicated,  however,  that  quasi¬ 
horizontal  meandering  motions  often  exist  superimposed  upon  an  internal  wave 
field.  Such  flows  have  been  observed,  e.  g.,  in  the  later  stages  of  decay  of  a  turbu¬ 
lent  wake  (Lin  and  Pao,  1979),  in  the  later  stages  of  grid  turbulence  (Liu,  1980), 
and  in  the  long-time  behavior  of  a  short  duration  jet  (van  Heijst  and  Flor,  1989) 
when  such  experiments  are  carried  out  in  a  stably  stratified  fluid. 

In  an  attempt  to  explain  the  laboratory  results  and  also  some  numerical 
simulation  data,  Riley  et  al.  (1981)  have  suggested  that  the  presence  of  quasi¬ 
horizontal  structures,  which  have  been  termed  vortical  modes  (Muller  et  al.. 
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1986),  is  due  to  the  domination  of  the  flow  by  stable  density  stratification.  In¬ 
troducing  a  Froude  number  defined  by  F  =  u' (NL,  where  u'  is  an  rms  velocity, 

N  is  the  buoyancy  frequency,  and  L  is  an  integral  scale  (characterizing  the  larger- 
scale  structure),  they  argued  that  the  vortical  modes  appear  when  F  becomes 
small,  i.  e.,  when  the  influence  of  stratification  becomes  strong.  Furthermore,  they 
offered  scaling  arguments  to  explain  why  the  flow  should  consist  of  both  vorti¬ 
cal  modes  and  internal  waves  when  F  becomes  small,  and  gave  a  mathematical 
decomposition  of  the  velocity  field  into  wave  and  vortical  mode  components.  Sub¬ 
sequently  Lilly  (1983)  extended  these  ideas  to  large-scale  geophysical  flows  (with 
rotation),  in  which  case  the  small  parameter  is  a  Rossby  number.  Lilly  suggested 
that  vortical  modes  might  explain  recent  atmospheric  spectral  data  (Gage,  1979) 
at  intermediate  scales.  Muller  (1988;  see  also  Muller  et  al.,  1988)  has  proposed 
that  vortical  modes  explain  the  vertical  fine-structure  observed  in  the  ocean  inter¬ 
nal  wave  field. 

At  the  present  time,  little  is  known  about  the  properties  of  vortical  modes 
at  the  internal  wave  scales,  for  example,  the  vortical  mode  energy  levels,  spec¬ 
tral  distributions,  dynamical  interactions,  sources  of  energy,  and  sinks  of  energy. 
The  goal  of  the  work  presented  here  is  to  elucidate  the  dynamic  interactions  of 
the  vortical  modes,  and  in  particular:  (i)  to  identify  the  principal  interactions 
which  affect  vortical  modes;  (ii)  to  determine  how  weakly  nonlinear  theory  must 
be  modified  to  take  into  account  these  interactions;  and  (iii)  to  test  the  resulting 
theoretical  predictions  by  comparison  with  results  from  direct  numerical  simula¬ 
tions  of  the  fundamental  equations  of  motion. 

There  are  two  key  points  upon  which  this  theory  rests.  The  first  is  that  a 
small  parameter  exists.  This  is  an  assumption  implicit  in  any  wave  theory,  and 
implies  that,  in  some  sense,  the  nonlinearities  are  sufficiently  weak  that  the  math¬ 
ematical  concept  of  a  wave  is  useful.  This  small  parameter  can  be  taken  to  be,  for 
example,  the  ratio  of  the  wave  period  to  an  advective  time.  For  higher  frequency 
motions  this  ratio  is  a  Froude  number,  as  utilized  by  Riley  et  al.  (1981),  whereas 
for  lower  frequency  motions  it  is  a  Rossby  number  (Lilly,  1983). 

The  second  point  upon  which  the  theory  rests  is  the  use  of  Ertel’s  potential 
vorticity  in  the  decomposition  of  the  flow  fields  (Muller  et  al.,  1986).  We  define 
the  internal  wave  field  to  be  that  part  of  the  flow  which  does  not  contribute  to 
the  potential  vorticity,  and  the  vortical  mode  field  to  be  that  part  of  the  flow 
which  accounts  for  all  of  the  potential  vorticity.  A  principal  rationale  for  using 
potential  vorticity  in  the  decomposition  is  that,  as  a  dynamic  quantity  conserved 
following  the  motion  in  the  absence  of  molecular  diffusion,  it  cannot  be  associ¬ 
ated  with  w'ave  propagation.  This  decomposition  reduces  to  that  obtained  when 
the  governing  equations  are  linearized  (Muller  et  al.,  1986),  and  Staquet  and  Ri¬ 
ley  (1989)  have  shown  that  this  decomposition  can  be  usefully  extended  to  weakly 
nonlinear  flows.  It  should  be  noted  that,  with  this  definition,  the  vortical  mode 
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is  the  same  as  what  is  termed  ‘stratified  turbulence’  at  intermediate  atmospheric 
scales  (Lilly,  1983),  and  the  ‘slow  quasi-manifold’  or  the  solution  to  the  ‘balanced 
equations’  (McIntyre  and  Norton,  1991)  at  planetary  scales.  Furthermore  Lilly 
(1983)  has  demonstrated  that,  at  intermediate  scales,  the  vortical  mode  satisfies 
the  (nonlinear)  geostrophic  turbulence  equations  to  lowest  order. 

In  an  effort  to  understand  the  vortical  mode  dynamics  and  their  interaction 
with  the  internal  wave  field,  we  have  recently  examined  the  nonlinear  interaction 
of  simple  monochromatic  internal  waves  and  vortical  modes,  in  particular  address¬ 
ing  wave-wave,  wave-vortical  mode,  and  vortical  mode- vortical  mode  interactions 
(belong  and  Riley,  1991).  In  the  next  section,  we  briefly  review  the  theory  of  be¬ 
long  and  Riley  and  discuss  their  principal  results.  In  the  third  section,  results  of 
direct  numerical  simulations  of  wave- vortical  mode  interactions  are  presented  and 
compared  with  theory.  In  addition,  simulations  are  presented  for  initial  conditions 
consisting  only  of  vortical  modes.  The  behavior  of  the  resulting  flows  is  examined, 
and  the  results  compared  to  the  scaling  analysis  suggested  by  the  theory.  In  the 
final  section,  the  results  are  summarized  and  discussed. 


2.  RESULTS  FROM  PERTURBATION  ANALYSIS 

As  mentioned  in  the  previous  section,  vortical  modes  are  visually  observed 
in  laboratory  experiments  when  the  Froude  number  based  upon  the  energy  con¬ 
taining  range,  i.  e.,  F  =  u' /NL,  is  small.  This  Froude  number  can  be  interpreted 
as  the  ratio  of  two  time  scales;  ,  the  buoyancy  period,  and  L/u',  an  advec- 
tive  time  scale.  In  the  experiments,  the  buoyancy  period  has  thus  become  small 
compared  to  the  advection  time.  F  being  small  is  also  the  usual  requirement  for 
linear  or  weakly  nonlinear  internal  wave  theory  to  be  valid. 

This  suggests  the  use  of  multiple  time  scale  perturbation  analysis  to  analyze 
the  dynamics  of  the  internal  waves  and  vortical  modes,  belong  and  Riley  (1991) 
have  carried  out  such  an  analysis,  and  begin  by  writing  the  velocity  field  u{x,t)  in 
the  form,  as  suggested  by  Lilly  (1983): 

u  =  V  +  +  (1) 

[Note  that  this  analysis  has  also  been  extended  to  rotating  flows  (belong,  1989) 
by  starting  with  the  decomposition  suggested  by  Muller  et  al.  (1986),  which  is  an 
extension  of  the  above  expression  to  include  the  effects  of  rotation.]  Here  the  sub¬ 
script  H  denotes  the  horizontal  component.  To  lowest  order  the  stream  function 
V'  (and  an  associated  density  field)  completely  determine  the  vortical  mode,  while 
the  vertical  velocity  w  (or  where  w  —  —  JV^(f)dz)  specifies  the  internal  wave 
field.  When  these  expressions  are  substituted  into  the  Navier-Stokes  equations 
subject  to  the  Boussinesq  approximation,  an  equation  for  rp,  namely  the  vertical 
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vorticity  equation,  is  obtained  while  an  equation  for  w  results  from  manipulation 
of  the  vertical  and  horizontal  momentum  equations.  In  addition,  the  equation  for 
the  buoyancy  is  required. 

Velocities  are  nondimensionalized  by  ti',  lengths  by  L,  and  time  by  N~^ . 

(It  is  assumed  that  N  is  uniform  in  space.)  All  nondimensionalized  dependent 
variables  are  expanded  in  power  series  of  F,  and  terms  of  like  powers  of  F  are 
equated.  Furthermore,  a  ‘fast’  time  of  the  order  of  the  buoyancy  period  and  a 
‘slow’  time  of  the  order  of  the  advective  time  are  now  both  treated  as  indepen¬ 
dent  variables.  To  lowest  order  (on  the  short  time  scale  N~^),  linear  theory  is  re¬ 
covered.  On  this  time  scale,  the  vortical  modes  are  steady.  The  equations  at  the 
next  order  give  an  0{F^)  correction  to  these  solutions  unless  a  resonance  exists, 
in  which  case  the  form  of  the  lowest  order  solutions  has  to  be  reassessed  in  order 
for  the  series  expansion  to  remain  valid.  The  elimination  of  secular  terms  from 
the  second  order  equations  yields  the  evolution  of  the  solutions  on  the  slow,  ad¬ 
vective  time  scale.  The  results  depend  on  the  specific  problem  considered,  i.  e.,  on 
the  initial  conditions.  (Note  that  when  this  analysis  is  extended  to  the  case  with 
rotation,  the  small  parameter  is  a  Rossby  number,  and  the  theory  proceeds  in  an 
analogous  manner.) 

Wave- Wave  Interactions 

For  this  case,  the  initial  conditions  are  taken  to  be  two  linear  internal  waves 
and  a  linear  vortical  mode.  The  internal  waves  are  arbitrarily  oriented,  while 
the  vortical  mode  is  assumed  to  be  harmonic  in  space  and  is  given  in  terms  of  a 
stream  function  as  in  Equation  (1)  above.  The  results  of  the  analysis  are  an  ex¬ 
tension  of  resonant  wave  interaction  theory  in  the  presence  of  a  vortical  mode, 
and  also  the  application  of  resonance  theory  to  triads  which  are  out  of  the  ver¬ 
tical  plane.  Wave  resonant  triads  are  unaffected  by  the  presence  of  the  vortical 
mode,  unless  there  exists  a  wave-vortical  mode  resonance  (see  the  next  subsec¬ 
tion  below).  Furthermore,  resonant  triad  analysis  is  readily  extended  to  wave  tri¬ 
ads  not  lying  in  a  vertical  plane.  The  only  deviation  from  the  vertical  plane  case 
is  that  the  gravity  vector  is  effectively  reduced  by  the  cosine  of  the  angle  of  the 
triad-containing  plane  with  respect  to  the  vertical. 

The  initial  wave  fields,  being  solutions  to  the  linear  wave  equations,  possess 
no  potential  vorticity.  Since  potential  vorticity  would  be  expected  to  be  conserved 
for  these  weak  wave  interactions,  the  potential  vorticity  should  remain  zero.  From 
the  decomposition  of  the  flow  field  discussed  in  the  Introduction,  no  vortical  mode 
would  be  expected  to  be  generated.  One  key  result  of  this  theory,  however,  is 
that,  for  interactions  out  of  a  vertical  plane,  linearized  potential  vorticity  can  be 
produced  at  higher  orders.  This  can  lead  to  the  erroneous  conclusion  that  wave- 
wave  interactions  can  be  a  source  of  vortical  mode  energy  (e.  g.,  Dong  and  Yeh, 
1988).  Potential  vorticity  is,  however,  exactly  conserved  at  each  order  by  such  in¬ 
teractions  so  that  no  vortical  mode  energy  is  generated  by  such  an  interaction. 
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Another  important  related  point  is  that,  although  resonances  out  of  the  vertical 
plane  are  as  likely  to  occur  as  in-plane  resonances,  it  is  not  clear  that  any  of  the 
present  theories  [e.  g.,  McComas  and  Bretherton  (1977)]  include  such  interactions. 

Wave- Vortical  Mode  Interactions 

In  this  case  the  initial  conditions  consist  of  one  internal  wave  (with  wave 
number  vector  ki  and  frequency  w)  and  one  vortical  mode  (with  wave  number 
vector  «2).  The  analysis  predicts  that  a  resonance  can  occur  with  a  second  inter¬ 
nal  wave  (with  wave  number  vector  K3)  of  the  same  frequency  if  the  wave  num¬ 
bers  satisfy 

Ki±K2±Kz=0.  (2) 

The  wave  number  vectors  of  the  internal  waves  lie  on  a  vertical  cone  whose  sur¬ 
face  is  at  angle  9  =  cos~^  u).  (See  Figure  1.)  Note  that  this  interaction  could  act 
to  redistribute  energy  broadly  in  wave  number  space. 

The  nonlinear  amplitude  equations  for  this  case  can  be  solved  analytically, 
and  it  is  found  that  the  role  of  the  vortical  mode  is  catalytic,  i.  e.,  it  is  needed 
for  the  interaction  to  occur,  but  it  does  not  actively  participate  in  the  energy  ex¬ 
change.  (This  mechanism  is  reminiscent  of  the  elastic  scattering  interaction  dis¬ 
covered  by  Phillips,  1968,  although  the  dynamics  for  the  present  case  are  signifi¬ 
cantly  different.)  The  two  wave  modes  exchange  energy  harmonically  on  the  slow 
time  scale,  the  vertical  velocity  being  given  by 

w  =  cos(rjPt)  sin(Ki  •  X  —  u)t)  —  sin(rFt)  cos(k3  •  x  —  ut) .  (3) 

Here  2Tr /TF  is  the  interaction  period,  where  P  is  given  by 


BkiKz  sin^  9  sin  A7 


{cos^  9  cos  A7  +  sin^  9}  . 


The  parameter  B  is  the  amplitude  of  the  vortical  mode  and  A7  is  the  angle  be¬ 
tween  the  horizontal  components  of  the  wave  number  vectors  of  the  two  waves. 
Note  that  this  same  resonance  exists  in  the  case  with  rotation  (belong,  1989). 

Vortical  Mode  Interactions 

In  this  final  case,  initial  conditions  consisting  of  two  vortical  modes  have 
been  considered.  It  is  found  that  all  interactions  are  resonant  because  the  reso¬ 
nance  condition  imposed  on  the  frequencies  is  identically  satisfied,  the  frequency 
of  any  vortical  mode  being  zero  regardless  of  its  wavenumber.  As  a  consequence, 
the  vortical  mode  equations  are  fully  nonlinear  on  the  vortical  mode  time  scale 
{L/u').  It  is  found  that,  to  lowest  order,  the  vortical  mode  velocity,  pressure,  and 
density  satisfy: 
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Figure  1.  Wave/vortical  mode  resonant  triad. 


Here  R  =  u'Ljv  is  the  Reynolds  number.  Note  that  these  equations  describe  hor¬ 
izontal  motion  in  each  horizontal  plane,  but  with  vertical  variation  retained.  This 
result  was  suggested  by  Riley  et  al.  (1981)  using  heuristic  arguments.  In  addition 
to  the  conclusion  that  the  vortical  modes  satisfy  Equation  (5),  it  was  found  that 
the  vortical  modes  excite  internal  waves  at  higher  order,  with  the  amplitude  of 
the  internal  waves  scaling  as  F  (or  the  energy  as  F^).  Note  that,  with  rotation, 
the  lowest  order  equations  are  equivalent  to  the  (nonlinear)  geostrophic  turbu¬ 
lence  equations  (Lilly,  1983). 
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3.  SIMULATION  RESULTS 

In  this  section  we  present  results  of  direct  numerical  simulations  and  com¬ 
parisons  with  theory  for  both  wave- vortical  mode  interactions  and  vortical  mode 
self-interactions.  The  simulations  employ  pseudo-spectral  numerical  methods  with 
leap-frog  time-stepping  (smoothed  every  25  time  steps).  The  wave-vortical  mode 
simulations  were  performed  on  32  x  32  x  32  point  computational  grids,  while  the 
vortical  mode  interactions  used  64  x  64  x  64  point  grids.  All  calculations  were 
performed  on  an  Ardent  Titan  Mini-Supercomputer  Server. 

Wave- Vortical  Mode  Interactions 

As  discussed  in  the  previous  section,  a  resonance  was  found  to  exist  between 
a  vortical  mode  and  two  internal  waves  if  the  two  waves  are  of  the  same  frequency 
and  the  three  wave  number  vectors  form  a  triangle  on  the  surface  of  a  vertically- 
oriented  cone.  In  order  to  examine  these  interactions  we  have  performed  direct 
numerical  simulations  for  a  number  of  different  resonance  conditions,  and  for  a 
variety  of  different  Froude  numbers.  The  following  case  is  typical  of  the  results 
from  these  simulations,  and  represents  the  interaction  of  an  internal  wave  with  a 
horizontally  shearing  current.  The  latter  is  a  special  case  of  a  vortical  mode.  The 
initial  vertical  velocity  of  the  internal  wave  satisfies 

u;(x,0)  =  cos(^i  •  x) , 

while  the  vortical  mode  is  initially  given  by 

u(®,0)  =  ^K2jB s\n{K2  •  ®), -re2i-B sin(K2  •  ®)>0 


We  choose 

=(2,0,2), 


giving  a  wave  propagating  at  45°  to  the  horizontal.  The  vortical  mode  wave  num¬ 
ber  is 

K2  —  (—2,2,0) , 

giving  a  horizontal  current  uniform  in  ®3,  but  which  is  sinusoid^ll  in  the  horizontal 
with  wave  number  magnitude  |/c2|  =  2\/2.  Based  upon  the  resonance  conditions 
[Equation  (2)],  the  resonant  wave  should  be  found  at 

K3  =  (0,2,2) . 
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The  parameter  B  is  taken  to  be  2.0,  and  the  Fronde  number  F  to  be  0.02.  From 
the  scaling  analysis,  this  implies  that  the  wave  frequency  u;  in  the  simulations  is 
2tt/F,  while  the  interaction  frequency  F  is  2.0.  The  perturbation  theory  indi¬ 
cates  that  both  the  kinetic  and  the  potential  energy  in  the  initial  internal  wave 
{k\)  should  vary  with  time  as  0.5cos^(2t),  and  that  in  the  forced  wave  (ks)  as 
0.5sin^(2<). 

Figure  2  contains  a  plot  of  the  potential  energy  at  the  forced  wave  number 
Ks  versus  time  taken  from  the  simulations.  Also  plotted  is  the  theoretical  pre¬ 
diction.  We  see  that  the  simulations  follow  the  theory  fairly  closely  for  a  time  of 
about  2  to  2.5,  at  which  point  the  potential  energy  in  this  wave  mode  begins  to 
oscillate  (near  the  buoyancy  frequency),  and  the  results  begin  to  deviate  signifi¬ 
cantly  from  the  theory.  More  insight  into  this  problem  is  given  by  examining  the 
kinetic  energy  of  each  mode  for  this  case,  as  shown  in  Figure  3.  According  to  the 
theory,  the  kinetic  energy  in  the  vortical  mode  should  remain  uniform  in  time. 
Again  we  see  that  the  simulation  results  follow  the  predicted  oscillation  in  the 
wave  kinetic  energy  up  to  a  time  of  about  2  to  2.5,  at  which  point  the  computed 
solutions  rapidly  diverge  from  the  theoretical  predictions.  Furthermore,  the  ki¬ 
netic  energy  in  the  vortical  mode  remains  approximately  constant  up  to  this  time, 
and  it  then  begins  to  exhibit  a  large  deviation  from  its  initial  value. 


Time 


Figui*  2.  Potential  energy  in  the  forced  wave  «3;  Ft  =  0.02. 
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Figure  3.  Kinetic  energy  in  all  three  modes;  Ft  =  0.02. 


Visual  analysis  of  the  results  of  this  case  determined  that  the  horizontally 
shearing  motion  was  subject  to  a  shear  instability  which  arose  dramatically  at 
about  a  time  of  2.  Furthermore  this  instability  transferred  energy  mainly  into  the 
vortical  mode  components  at  wave  numbers  /cj  and  /C3.  Prior  to  this  instability, 
however,  the  perturbation  theory  gave  accurate  predictions  of  the  interactions. 

Vortical  Mode  Interactions 

In  order  to  examine  nonlinear  vortical  mode  interactions  we  have  considered 
initial  conditions  consisting  of  a  sum  of  spatially  harmonic  vortical  modes.  The 
initial  velocity  field  is  given  by 

u(x,0)  =  cos®3(cos»i  sin *2,  —  sin®i  cos»2>0)  >  (6) 

while  the  initial  perturbation  density  field  is  identically  zero.  For  the  nonstrat- 
ified  case  this  initial  condition  defines  the  Taylor-Green  problem  (Taylor  and 
Green,  1937),  with  the  velocity  field  oriented  such  that  it  is  initially  horizontal. 
This  problem  has  received  much  attention  in  the  literature  (e.  g.,  Orszag,  1971). 
The  perturbation  analysis  predicts  that  as  F  — >  0,  the  flow  field  should  satisfy 
Equation  (5)  to  lowest  order.  The  exact  solution  to  these  equations,  satisfying  the 
above  initial  conditions,  is 

«(£, 0)  =  cosa;3(cosa;i  sina:2>  ~  sin®!  cos®2)0) .  (7) 
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The  nonlinear  terms  in  the  momentum  equation  [Equation  (5a)]  are  exactly  bal¬ 
anced  by  the  pressure  gradient,  so  that  the  equations  become  linear.  The  stream¬ 
line  pattern  remains  independent  of  time  as  the  velocity  field  decays  due  to  vis¬ 
cosity.  This  solution  is  an  extension  of  a  well-known  solution  for  the  two-dimen¬ 
sional  Taylor-Green  problem  (see,  e.  g.,  Staquet,  1985). 

We  performed  a  series  of  simulations  for  a  number  of  different  Froude  num¬ 
bers,  using  the  above  initial  conditions  for  each  case.  For  all  the  cases  presented 
the  initial  Reynolds  number  R  was  dxed  at  200.  Figure  4  gives  a  plot  of  the  vol¬ 
ume  integrated  kinetic  energy  of  the  horizontal  velocity  (normalized  by  its  initial 
value)  for  these  different  cases.  The  case  with  F  -  oo  corresponds  to  the  Taylor- 
Green  problem,  and  agrees  with  previously  published  simulation  results.  We  see 
that  increasing  the  stratification  decreases  the  decay  rate,  as  might  be  expected. 


F(  =  00 

-  F,  =  0.25 


Figure  4.  Taylor-Green  problem;  normalized  kir'^tic  energy  of  horizontal  velocity 
for  various  Froude  numbers. 


Furthermore  as  F  becomes  small,  roughly  F  <1.0,  the  computed  solutions  coin¬ 
cide,  as  expected  from  the  perturbation  theory.  Figure  5  gives  a  plot  of  the  same 
data  on  an  expanded  scale,  for  the  cases  with  stronger  stratification.  Also  plotted 
is  the  result  from  the  theoretical  solution.  Equation  (7).  We  see  that  the  solution 
to  the  predicted  asymptotic  equations  agrees  very  well  with  the  simulation  results 
for  F  <  1.0. 

Figure  6  contains  plots  of  the  wave  energy  for  these  same  cases.  The  wave 
energy  contains  the  potential  energy  plus  the  wave  part  of  the  kinetic  energy,  as 
defined  by  Equation  (1).  Note  that  the  wave  energy  decreases  significantly  as  F  is 
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Figure  5.  Taylor-Green  problem:  normalized  kinetic  energy  of  horizontal  velocity 
for  several  I'Toude  numbers;  expanded  scale. 


decreased.  When  these  results  are  replotted,  scaled  with  as  suggested  by  the 
theory,  then  the  wave  energy  collapses  well  for  F  <  4.0  (Figure  7).  Therefore,  for 
F  <  1.0,  the  perturbation  analysis  is  consistent  with  the  results  for  both  the  hor¬ 
izontal  kinetic  energy,  which  consists  mainly  of  the  vortical  mode,  and  the  wave 
energy. 

This  present  case  is  somewhat  degenerate  because,  as  F  becomes  small,  the 
nonlinear  and  horizontal  pressure  gradient  terms  come  into  balance,  leading  to 
the  simple  viscous  decay  given  by  Equation  (7).  As  mentioned,  this  is  similar  to 
the  result  for  the  two-dimensional  Taylor-Green  problem.  It  is  well-known  for  the 
two-dimensional  problem,  however,  that  the  solution  is  unstable  to  subharmonic 
perturbations.  The  length  scales  of  the  flow  continually  grow  larger  as  energy  is 
nonlinearly  transferred  to  lower  wave  numbers.  Therefore  we  also  performed  a 
series  of  simulations  for  different  F  using  the  above  initial  conditions.  Equation 
(6),  but  with  white  noise  added.  Figure  8  gives  a  sequence  of  constant  contours 
of  V*  in  a  horizontal  plane  for  the  case  F  =  1.0.  At  this  value  of  stratification 
these  contours  approximate  streamlines  in  a  horizontal  plane.  We  see  that  the 
flow  develops  nonlinearly  in  time,  as  energy  is  continually  transferred  to  larger 
scales,  reminiscent  of  the  two-dimensional  problem.  Figure  9  contains  plots  of  ip 
in  two  different  horizontal  planes  at  a  later  time.  We  see  that  the  two  layers  have 
become  decoupled,  the  flow  in  the  two  planes  being  very  different.  Finally,  Fig¬ 
ure  10  has  plots  of  the  total  energy  versus  time  for  the  different  cases  computed. 
Again  the  results  converge  for  F  <  1.0,  consistent  with  the  predictions  of  the  per¬ 
turbation  theory. 


Scaled  Wave  Energy 
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Figure  8.  Sequence  of  constant  contours  of  the  stream  function  in  a  horizontal 
plane  for  Ft  =  0.2  at  T=0,  T=5,  T=10,  and  T=15. 


4.  CONCLUSIONS  AND  DISCUSSION 

We  have  reported  on  theoretical  analysis  and  direct  numerical  simulations  of 
internal  wave  and  vortical  mode  interactions  in  strongly  stratified  flows.  The  the¬ 
oretical  work  utilizes  multiple-scale  expansions  assuming  the  existence  of  a  small 
parameter  (e.  g.,  the  Froude  number).  Furthermore,  a  decomposition  of  the  flow 
field  into  internal  waves  and  vortical  modes  that  is  based  upon  Ertel’s  potential 
vorticity  is  employed.  The  objectives  are:  (i)  to  identify  the  principal  interactions 


Riley,  Lelong,  and  Slinn 


Figure  9.  Constant  contours  of  the  stream  function  in  two  different  horizontal 
planes  for  Ft  —  0.2  at  T=15. 


which  affect  vortical  modes  ;  (ii)  to  determine  how  weakly  nonlinear  theory  must 
be  modified  to  take  into  account  these  interactions;  and  (iii)  to  test  the  resulting 
theoretical  predictions  by  comparisons  with  results  of  direct  numerical  simulations 
of  the  fundamental  equations  of  motion. 

Wave- wave  interactions  are  considered  theoretically,  and  previous  results 
on  wave  resonance  are  reproduced.  Resonances  out  of  the  vertical  plane  are  also 
found,  and  an  apparently  erroneous  conclusion  regarding  the  excitation  of  vortical 
modes  by  internal  wave  interactions  is  explained.  Another  interaction  examined 
is  the  resonance  of  two  internal  waves  and  a  vortical  mode.  In  this  interaction  the 
vortical  mode  plays  the  role  of  a  catalyst,  not  exchanging  energy  with  the  waves, 
but  being  necessary  for  the  interaction  to  occur.  This  interaction  could  have  a 
significant  effect  on  the  development  of  an  internal  wave  field.  By  comparing  the¬ 
oretical  results  with  those  from  direct  numerical  simulations,  we  have  found  that 
the  perturbation  analysis  predicts  the  interactions  very  well  if  the  Froude  number 
is  small  enough,  approximately  F  <  1.0.  From  the  numerical  simulations  we  have 
also  found,  however,  that  the  vortical  modes  considered  were  highly  unstable,  and 
ultimately  experienced  breakdown  as  the  fluctuations  in  the  flow  increased.  In  all 
cases  considered  for  this  interaction  the  vortical  mode  consisted  at  least  partially 
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Figure  10.  Taylor-Green  problem:  total  energy  for  several  Froude  numbers. 


of  horizontally  varying  currents  with  multiple  inflection  points.  These  flows  sat¬ 
isfy  both  Rayleigh’s  and  Fjortoft’s  necessary  conditions  for  instability  (Drazin  and 
Reid,  1981).  Thus,  it  is  not  surprising  that  they  were  unstable.  The  instabilities 
appear  to  feed  energy  into  the  vortical  modes  at  the  same  wave  number  as  the  in¬ 
ternal  waves.  Once  the  unstable  fluctuations  grew  to  an  appreciable  amplitude, 
then  the  results  of  the  simulations  deviated  strongly  from  the  perturbation  theory 
predictions. 

Vortical  mode  self-interactions  are  also  considered,  and  it  is  found  that  the 
lowest  order  governing  equations  are  fully  nonlinear.  As  a  test  case  the  problem 
of  Taylor  and  Green  is  considered.  An  exact  solution  to  the  perturbation  equa¬ 
tions  was  found  for  this  case,  an  extension  of  a  well-known  two-dimensional  re¬ 
sult.  The  results  of  the  numerical  simulations  agreed  well  with  this  solution  for 
approximately  F  <  1.0.  Furthermore,  the  scaling  of  the  potential  energy  pre¬ 
dicted  by  the  theory  was  also  consistent  with  the  simulation  results  when  this 
condition  was  satisfied.  When  white  noise  was  added  to  the  initial  Taylor-Green 
field,  for  small  F  the  flow  exhibited  subharmonic  instabilities  similar  to  those  ob¬ 
served  for  the  two-dimensional  Taylor-Green  case.  Again  the  perturbation  equa¬ 
tions  as  well  as  the  predicted  scaling  of  the  potential  energy  were  found  to  hold 
for  approximately  F  <  1.0. 

In  both  cases  the  simulations  emphasize  the  importance  of  nonlinearity  in  the 
dynamics  of  the  vortical  modes.  Furthermore,  especially  in  the  Taylor-Greene  case,  it  is 
clear  that  upscale  transfer  of  energy  to  larger  horizontal  scales  occurs,  a  phenomena 
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suggested  by  Lilly  (1983),  and  observed  in  the  laboratory  (Lin  and  Pao,  1979)  and  in 
other  numerical  simulations  (Riley  et  al.,  1981;  Herring  and  Metais,  1989;  Metais 
and  Herring,  1989).  It  was  also  clear  that  the  different  horizontal  layers  tend  to 
become  uncorrelated,  since  the  horizontal  flow  dynamics  differ  in  each  layer.  How 
the  layers  remain  weakly  coupled,  whether  through  viscous  effects  or  shear  insta¬ 
bilities,  must  surely  depend  strongly  on  the  Reynolds  number. 

If  vortical  modes  exist  on  geophysical  scales  then  their  spatial  characteristics 
and  dynamical  properties  become  of  interest.  Clearly,  if  vortical  modes  somewhat 
similar  to  those  considered  here  were  prevalent,  then  the  vortical  mode  field  would 
be  rapidly  evolving  in  time  and  probably  continually  be  subject  to  shear  instabili¬ 
ties.  However,  if  vortical  modes  existed  as  two-dimensionally  (in  the  horizontal) 
stable  flows,  e.g.,  in  stable  rotation  satisfying  Rayleigh's  circulation  criterion 
(LeLong,  1989;  McWilliams,  1985),  then  perhaps  they  would  be  more  persistent 
dynamically. 
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ABSTRACT 

First,  two  terms  of  a  resonant  trans  ;er  integral  are  derived  for  a  simple  one-dimensional  analog  to 
the  equations  of  fluid  motion.  The  purpose  of  this  rather  academic  exercise  is  to  more  clearly 
illustrate  the  assumptions  of  the  msonant  interaction  approximation.  Second,  it  is  shown  that,  in 
much  of  the  region  of  phase  space  where  nonlinear  interactions  are  usually  considered  weak 
enough  for  the  theoiy  to  be  applicable,  nonlinear  transfers  due  to  bottom  scattering  and  other 
mechanisms  cannot  be  ignored. 


INTRODUCTION 

Weakly  nonlinear  resonant  interactions  have  been  studied  extensively  as  a  model  for  predicting 
the  temporal  evolution  of  various  broad-band  wave  spectra.  Hasselmann  (1962, 1966)  derived  a 
general  wave-wave  resonance  theory,  which  I  will  refer  to  as  the  resonant  interaction 
approximation  (RIA).  RIA  has  been  used  with  some  success  on  the  surface  wave  interaction 
problem  (WAMDI,  1988),  but  it  is  still  unclear  how  applicable  it  is  to  internal  waves.  RIA-based 
internal  wave  spectral  evolution  equations  were  derived  and  evaluated  by  Olbers  (1976), 
McComas  and  Bretherton  (1977,  henceforth  MB),  and  Pomphrey,  et  al.  (1980).  Results  of  these 
calculations  have  yet  to  be  verified  for  any  realistic  ocean  internal  wave  field,  however,  and  the 
validity  of  RIA  for  large  portions  of  the  internal  wave  spectmm  has  been  called  into  question  by 
Holloway  (1980, 1982),  Henyey  et  al.  (1986),  and  Mliller,  et  al.  (1986). 

The  initial  portion  of  this  paper  will  attempt  to  highlight  some  of  the  basic  points  of  an  RIA 
derivation  using  a  1-D  analog.  The  somewhat  ad  hoc  derivation  will  follow  Hasselmann  (1966); 
a  more  careful  derivation  using  the  method  of  multiple  time  scales  is  given  by  Benney  and 
Saffman  (1966),  who  also  begin  with  a  one  dimensional  example  for  readability.  It  must  be 
stressed  that,  since  RIA  reduces  the  dimension  of  any  problem  by  one,  the  resonant  "surface"  for 
this  example  will  just  be  a  set  of  three  pwints.  The  purpose  of  this  exercise  is  strictly  to  clarify  the 
mechanics  of  an  RIA  derivation,  and  not  to  offer  a  new  way  of  solving  one  dimensional 
problems. 

In  the  past,  criticisms  of  RIA  have  focused  on  mapping  out  regions  of  phase  space  where  RIA 
predicts  interactions  so  strong  that  they  violate  the  theory’s  assumptions  of  "weakness."  There  are 
regions  of  phase  space,  however,  where  RIA  predicts  interactions  which  are  so  weak  that  they 
will  be  overshadowed  by  other  nonlinear  mechanisms,  most  notably  bottom  scattering.  The 
second  portion  of  this  paper  attempts  to  map  the  regions  in  wavenumber  and  frequency  space 
where  resonant  interaction  theory  either  violates  its  own  assumptions  or  predicts  interactions  so 
weak  that  they  will  be  overshadowed  by  other  mechanisms. 
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DERIVATION  OF  A  SPECTRAL  EVOLUTION  EQUATION 

Derivation  of  a  resonant  spectral  evolution  equation  directly  from  the  equations  of  fluid  motion 
is,  among  other  things,  a  monumental  exercise  in  algebra.  Fortunately,  the  critical  steps  may  be 
highlighted  by  deriving  a  similar  evolution  equation  for  a  one  dimensional  analog.  The 
somewhat  modified  Korteveg-DeVries  (KdV)  equation, 


has  many  of  the  same  basic  properties  as  the  equations  of  fluid  motion.  It  is  first  order  in  time, 
non-dissipative,  dispersive,  and  contains  a  quadratic  nonlinearity.  The  dependent  variable  <|>(x,r) 
is  assumed  to  be  of  order  one,  and  e  is  a  small  parameter,  analogous  to  a  Rossby  number  for  low 
frequency  internal  waves. 

The  first  step  in  our  streamlined  derivation  will  be  to  expand  (1)  in  a  Fourier  series.  If  we  assume 
a  periodic  solution  in  a  domain  ,  we  may  write 


iniix 

<tK-*,0  =  ^  ,  (2) 


where  the  summation  is  over  all  integer  mode  numbers,  and 

L  -MIU 

kn,t)  =  ■^jdx^x,t)e  ^  .  (3) 

To  handle  the  nonlinear  term,  we  make  use  of  the  convolution  rule, 

L  -mitt  ^ 

—  / (X )«  (x ,0c  ^  (« !•' )« (« 2.»  (4) 

~L  ii*  »i 

where  5,^,+,,  is  the  Kronecker  delta.  The  KdV  equation  may  then  be  written 

(5) 

Al  A} 

A  A 

where  i  =  nri/L  is  the  wavenumber,  and  <{i,  =  <|>(«y,0.  Note  that  the  factor  i/2  =  (« i+n2)rt/2L 
appears  due  to  the  Kronecker  delta  and  the  synunetiy  of  the  summation. 

It  would  be  possible  to  find  a  numerical  scheme  to  evaluate  (5)  directly  for  a  finite  number  of 
modes.  The  convolution  sum  could  be  handled  by  a  fast  Fourier  transform  algorithm,  and  a 
suitable  procedure  could  be  used  to  integrate  in  time.  This  technique  is  simply  a  pseudo-spectral 
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Fourier-Galerkin  scheme,  however,  and  has  the  same  basic  strengths  and  weaknesses  as  any  of 
the  competing  numerical  methods.  To  take  advantage  of  the  supposed  weakness  of  the  nonlinear 
term,  we  instead  make  a  perturbation  expansion  about  a  first  order  linear  solution. 

Expanding  our  solution  in  powers  of  e,  we  may  write 


(6) 


where  ^^  =  0(1).  The  linear  solution  is  then 


=  A(n,f=Oy‘“‘,  (7) 

where  to  s  is  the  intrinsic  frequency,  and  the  time  /  is  measured  from  the  most  recent  time  the 
spectrum  was  measured  or  calculated.  The  A  (n  ,0)’s  are  chosen  such  that  j(t> = A  =  ^  at  r  =  0.  The 
second  order  solution  will  then  be  obtained  from 

A 

^  -  «(0  A  ,A  (8) 

where  the  subscripts  on  amplitudes  Aj  and  frequencies  denote  dependence  on  mode  number 
fij  =Lkjln.  (Unsubscripted  forms  will  generally  be  dependent  on  mode  number  n .) 

Equation  (8)  has  die  solution 


2<t'  = 


-ik 
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1^x225*.*,+*, A  jA  le 
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(9) 


This  may  be  integrated  in  x  to  obtain 

zi  =  .A2A(«,f ),  (10) 

^  »i  Ha 


where  £2  s  coj+Wj-©,  and 


A(Q,t)  ^  (11) 

A  similar  but  slightly  more  complicated  expression  may  be  obtained  for  While  the  third  order 
quantities  must  be  included  in  the  full  resonant  transfer  equation  for  both  KdV  and  internal  wave 
systems,  they  will  be  ignored  in  this  discussion. 
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At  this  point,  we  should  make  some  obseivations  on  just  what  "linear  solution"  we  are  expanding 
about.  Recall  that  the  purpose  of  RIA  is  to  predict  the  temporal  evolution  of  a  given  spectrum. 
Presumably  at  r  =  0,  we  know  the  spectrum  and  the/^fA^/s  are  chosen  such  that  the  first  older 
solution  \<p  is  the  complete  solution  <p.  It  is  clear  from  (9)  that  2  0  at  r  =  0;  the  same  applies 

to  higher  order  terms.  But  for  larger  times,  the  spectrum  will  evolve,  and  the/lfArj’s  will  peri¬ 
odically  have  to  be  updated  (and  t  reset  to  zero  in  my  notation)  for  the  series  (6)  to  correctly 
approximate  the  true  solution. 

In  an  actual  RIA  calculation,  phase  information  is  sacrificed  and  A  (/t)  is  not  actually  calculated. 
Instead  we  look  for  an  equation  governing  the  temporal  evolution  of  an  action  density  a  (k,t), 
defined  as 


(0 


+  — 


>  +  <2^i4>  > 

^  %  «  A,  „ 


(0 


+ 


(12) 


where  the  brackets  represent  ensemble  averages  and  asterices  indicate  complex  conjugates.  Our 
choice  of  first  order  solution  ,41  implies  that  the  lowest  (second)  order  action  term  (0"*<,(l)i(l)*>  will 
be  constant.  If  we  can  assume  that  all  amplitudes  A  (it)  are  uncorrelated  and  Gaussian,  then  the 
third  order  terms,  with  their  associated  triple  correlations,  vanish  identically.  It  must  be 
recognized  that  strong  interactions  in  even  an  initially  Gaussian  wave  field  might  set  up 
correlations  between  interacting  wave  modes.  In  this  case,  the  third  order  (cumulant)  terms  may 
not  be  neglected,  and  the  theory  will  fail.  If  our  Gaussian  assumption  is  valid,  we  have 


3a 

dt 


lilf 

dt  (0  I' 


>+  <2^2^  >  f  + 


(13) 


To  perform  the  averaging  on  the  middle  term,  it  is  useful  to  first  write  equation  (10)  as  a  single 
sum  without  a  Kronecker  delta. 


2^  =  ~:re‘“'2>l(n,)A(n-«,)A„ 


(14) 


where  Aj  =  A(a)(jfc^)+a)(/:-it^)-co,t  )•  We  then  have 


(15) 
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Again  assuming  that  the  A ’s  are  Gaussian  random  variables,  we  split  up  the  fourth  order  moment 
into  second  order  moments  to  obtain 

<2<?2^*>  =  ^'ZJ^\<A(ni)A(n-ni)><A*(n2)A*(n-n2)>  (16) 

^  n.  (la  1 


+  <A(ni)A*(n-n2)><A(n-ni)A*in2)> 
+  <A(n{)A*  (n^><A(n~n  i)A*  (n-n2)> 


Because  <A  (n  j)/4  (n  2)>  vanishes  for  n  j  2  (A  *  (« )=A  (-n )),  each  of  the  second  order  moments 

in  the  first  term  vanishes  for  n*0.  Because  of  the  factor  in  front  of  the  integral,  we  may  then 
drop  this  term. 

The  second  term  vanishes  except  when  n  |  +  ^2  =  a*  If  we  replace  the  summation  variable  /12  with 
n  2+n ,  we  find  that  the  third  term  vanishes  except  when  «  =  n ,  -  « 2.  We  may  then  insert  and 
make  use  of  two  new  Kronecker  deltas  to  write 

^  *> 

<2<l*2*l*  >  =  ■7~££S*^,+tJA({0i+(02-tl),t)rfl  ja2(i)ia)2  (17) 

^  "1  "a 

+  5*, *,.*,!  A((0,-t02-ti),t )  I  Jfl  2W1CO2. 

Here  we  have  made  the  substitution 


a(n,t)  =  =  •^<A(/i)A  *(«)>, 


(18) 


valid  for  short  amounts  of  time  since  the  most  recent  update  to  the  spectrum.  The  amount  of  time 
for  which  this  is  valid  will  be  inversely  proportional  to  the  strength  of  the  interactions. 

The  spectral  evolution  equation  for  a  (k )  will  be  of  the  form 


aa 

dt 


9 


>, 


(19) 


A  A 

where  again  the  (non-negligible)  <j<|>3<{»>  terms  have  been  dropped  for  simplicity.  The  time 
derivative  acts  only  on  the  |A|^  functions  on  the  right  hand  side  of  (17),  which  have  the  explicit 
form 


|A(fi,r)|2  = 


2-2cos(Q/) 

ft' 


(20) 
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The  limiting  behavior  of  these  functions  is  essential  to  the  validity  of  RIA  theory.  We  find  a 
short  time  limit  of 


lim[|A(£2,0l*l  = 

i-*0  L  J 


(21) 


and  a  long  time  limit  of 


to  [|  A{Q,t )  I  ^]  =  2nl  S(n),  (22) 

where  8(Q)  is  now  a  Dirac  delta.  For  intermediate  values  of  / ,  we  find  a  sinc-like  function  in  D 
with  a  bandwidth  =  2K/t ,  as  shown  in  Figure  1.  The  value  of  t  chosen  for  this  function  must  be  of 
the  same  or  lesser  order  than  the  amount  of  time  our  expansion  (12)  remains  accurate  and  rapidly 
convergent,  such  that  (18)  remains  valid. 

RIA  theory  chooses  to  take  the  long  time  limit  (22)  as  an  approximation  of  |  A  |  ^.  In  doing  so,  it 
assumes  that  the  first  order  solution  holds  steady  long  enou^  for  the  bandwidth  of  the  function  in 
Figurel  to  become  small  in  comparison  with  a  characteristic  bandwidth  in  the  internal  wave 
frequency  spectrum.  By  "characteristic  bandwidth,"  I  mean  a  bandwidth  over  which  amplitudes 


Figure  1.  The  function  |  Al^/2w,  approximated  as  a  Dirac  delta  in  RIA  theory. 
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vary  essentially  linearly,  such  that  the  filter  function  depicted  in  figure  1  may  be  safely  replaced 
by  a  Dirac  delta.  This  bandwidth  has  traditionally  been  taken  as  the  period  of  the  wave  n , 
yielding  the  validity  criterion 


2rtv 

(0 


<  1, 


(23) 


where  v~'  is  the  interaction  time  over  which  (18)  remains  valid.  It  must  be  stressed  that  (23)  is  a 
necessaiy  but  not  suhicient  criterion  for  KIA’s  validity  --  we  must  also  be  able  to  somehow 
justify  dropping  the  cumulant  term  in  (12).  However,  (23)  is  an  easy  test  to  perform,  and 
Holloway’s  (1980)  implementation  of  it  is  still  the  only  quantitative  attempt  to  establish  a  high 
wavenumber  cutoff  for  RIA. 

Applying  (22),  we  obtain 

-  ^^SI5«,„+«,8((0i+W2-w)a,a2C0i©2  (24) 

<ii"j 

8((0i-(02-a))a  ja  2<0i(02, 


plus  similar  forms  for  the  <i^^>  terms.  In  the  limit  of  a  continuous  spectrum,  we  have 

2  2**** 

~  ^2^  11^'^ 2^^ j-^2)5(®i+{02-a))a ja 2©iC02  (25) 

+  d(/c  -k  i+k  2)5((i)i-W2-ti))a  ifl  2a)it02. 

Notice  that  RIA  has  reduced  the  dimension  of  the  problem  by  one.  Equation  (25)  is  now  a  zero¬ 
dimensional  integral(!);  the  corresponding  equation  for  internal  waves  will  be  two-dimensional. 

The  transfer  integral  for  internal  waves  takes  the  form  (Mliller,  et  al,  1986) 

.  e«  «o 

-—  =  I  J  dkjd k27’+8(k-ki-k2)8(w,+(i)2-(i))(a  ,a  j-aa  j-aa 2)  (26) 

+  27’”8(k-ki+k2)8((i)j-{i)2-ti))(a  ja  2+aa  j-aa  2), 


where  a  is  the  internal  wave  action  density  and  T*  and  T~  are  rather  messy  coupling  coefficients 
depending  on  the  wave  vectors  k,  k„  and  k2.  Resonant  interactions,  then,  are  confined  to  "triads" 
of  three  waves  satisfying  the  conditions  k=kjdtk2  and  (o=(0i±(02. 

The  appeal  of  RIA  theoiy  is  perhaps  chiefly  tied  to  the  reduction  in  dimensions  associated  with 
the  8  functions  acting  on  the  frequencies.  However,  the  validity  of  this  8  function  is  by  no  means 
assured,  as  suggested  by  the  requirement  (23).  Additionally,  the  Gaussian  assumption,  which 
allowed  us  to  drop  the  cumulants  in  (12),  suggests  another  restriction  on  the  strength  of  the 
interactions,  namely  that  the  "forcing"  waves  nj  and  « 2  must  have  rapid  decorrelation  times 
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compared  to  the  interaction  rates.  This  restriction  is  discussed  briefly  in  Mliller  et  al.  (1986),  in 
the  context  of  their  equation  (70),  but  imposes  a  criterion  which  has  been  relatively  difficult  to 
quantify. 

For  very  weak  interactions,  we  may  expect  the  perturbation  expansion  to  be  a  useful  model. 
However,  it  will  be  pointed  out  in  the  latter  section  of  this  paper  that  when  resonant  interactions 
become  too  weak,  other  nonlinear  transfer  mechanisms  must  also  be  considered. 


VALIDITY  AND  APPLICABILITY  OF  RESONANCE  THEORY 

In  the  tradition  of  Holloway  (1980),  interaction  times  predicted  by  McComas  (1977),  and  MB 
were  compared  with  other  readily  available  characteristic  time  scales.  Approximate  formulas  for 
induced  diffusion  (ID)  and  parametric  subharmonic  instability  (PSI)  time  scales,  given  by 
McComas  and  Mliller  (1981,  henceforth  MM),  were  applied  to  the  GM76  (Cairns  and  Williams, 
1976)  model  spectmm.  The  model  spectrum  and  the  resulting  time  scales  are  shown  in  Figures  2 
and  3,  respectively.  Numerical  values  for  the  GM76  spectrum  were  inertial  frequency 
/  =  7.0xl0"^s~*,  buoyancy  frequency  V  =  71/ ,  stratification  scale  b  =  1300m,  peak  mode  number 
j*  =  3,  and  dimensionless  energy  scale  E  =  6.3x10'*.  The  hydrostatic  dispersion  relation 


where  and  k,  are  the  horizontal  and  vertical  wave  numbers,  was  used  throughout. 

Figure  3  is  essentially  an  attempt  to  replicate  figure  4  of  McComas  (1977)  and  figure  1 1  of  MB, 
without  solving  the  full  transfer  integral  (26).  It  was  generated  using  equations  (11)  and  (22)  of 
MM,  with  the  ID  equation  (11)  applying  for  frequencies  ©  >  y ,  and  the  PSI  equation  (22) 
applying  for  ©  <  2/ .  A  value  of  x  =  I,  or  ©' = 2.5/ ,  was  chosen  in  MM’s  equation  (22)  to  better  fit 
the  PSI  time  scales  indicated  by  McComas  (1977)  and  MB.  (The  transfer  times  in  figure  8  of 
MM  appear  to  be  approximately  ten  times  too  high.) 

The  figures  compare  reasonably  well,  except  at  very  low  wave  numbers,  and  at  the  region  near 
© = 2/ ,  where  interaction  rates  pass  through  zero  in  the  earlier  plots.  The  discrepancies  at  low 
wave  numbers  do  not  substantially  affect  the  results  which  will  follow.  Also,  there  is  no  reason 
to  expect  the  actual  strength  of  tlie  interactions  to  become  small  near  ©  =  2/ .  The  rightward 
leaning  "spikes"  which  appear  in  the  earlier  plots  have  therefore  been  truncated. 


Mean  Free  Paths  and  Bottom  Scattering 

Horizontal  and  vertical  "mean  free  paths,"  MFP^  and  MFP,  of  resonantly  interacting  internal 
waves,  plotted  in  Figures  4  and  5,  were  then  calculated  by  multiplying  the  resonant  interaction 
times  inFigure3  with  the  horizontal  and  vertical  group  velocities.  The  mean  free  paths  then 
correspond  to  the  distances  which  waves  may  be  expected  to  propagate  before  they  are 
significantly  altered  by  resonant  interactions.  If  a  wave  propagates  more  than  one  ocean  depth  in 
the  vertical  (or  one  ocean  width  in  the  horizontal)  before  it  has  time  to  resonantly  interact,  it 
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Logio  GM76  power  spectrum  (m^  s’^) 


Figure  2.  The  GM76  model  spectrum.  The  energy  density  is  multiplied  by  the  vertical 
wavenumber  ifc,  and  the  aspect  ratio  a,  such  that  the  quantity  plotted  integrated  over  the  area 
dlog(^,)dlog(a)  gives  the  energy  in  that  area. 


Logto  GM76  time  scale  (s) 


Figures.  Interaction  time  scales  predicted  by  RIA  theory.  The  formulas  of  McComas  and 
Miller  (1981)  are  used  to  approximate  values  previously  obtained  by  solving  the  fiill  RIA 
transfer  integral. 
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Logio  GM76  horizontal  MFP  (m) 


Figure  4.  Horizontal  "mean  free  paths"  of  resonantly  interacting  waves.  In  an  infinite  ocean, 
waves  would  be  expected  to  propagate  the  distances  shown  before  being  consumed  by  resonant 
interactions.  The  quantity  plotted  is  the  product  of  the  horizontal  group  velocity  with  the  time 
scale  of  Figure  3. 


cannot  be  well  modeled  without  considering  scattering  effects.  Figure  4  suggests  that  a 
substantial  range  of  low  wavenumber  waves  will  be  affected  by  bottom  scattering. 


Critical  Layers 

Two  types  of  critical  trapping  may  occur  for  low  frequency  waves,  as  schematically  illustrated  by 
Kunze  and  Mhller  (1989)  in  their  figures  1 A  and  IB. 

In  the  presence  of  variable  baroclinic  vorticity  C,  internal  waves  will  experience  an  effective 
inertial  fi^quency 


/#  =/  +  (28) 

As  a  near-inertial  wave  propagates  into  a  region  in  which  exceeds  the  intrinsic  frequency,  its 
vertical  group  velocity  will  go  to  zero,  sending  its  vertical  wavenumber  to  infinity.  This  type  of 
critical  layer  is  discussed  in  detail  in  Kunze  (1985).  If  we  assume  that  varies  linearly  with 
depth  as  |  |  =  1.2/ /3000s"‘m“‘,  where  3000m  is  the  bottom  depth,  the  change  in  which 

a  wave  may  experience  as  it  propagates  may  be  estimated  by 


Internal  Wave-Wave  Resonance  Theory 


Logio  GM76  vertical  MFP  (m) 


Figure  5.  Vertical  "mean  free  paths"  of  resonantly  interacting  waves.  The  quantity  plotted  is  the 
product  of  the  vertical  group  velocity  with  the  time  scale  of  Figure  3. 


I  I  =  3^  •  min(AfFF. ,  3000m).  (29) 

When  I I  >(i)  -  / ,  a  wave  may  reach  a  critical  layer  of  this  type.  An  appropriate  stall 
criterion  will  then  be 


Y>  1.  (30) 

where  Y=  I A/,^  |  /(«-/)  is  plotted  in  Figure  6.  It  is  seen  that,  for  the  parameters  chosen,  such 
critical  layers  may  be  experienced  by  waves  with  frequencies  less  than  l.2f  and  vertical 
wavelengths  greater  than  approximately  300  meters. 

A  second  type  of  critical  layer  may  occur  even  when  the  effective  Coriolis  parameter  is  constant. 
A  wave  may  have  its  intrinsic  frequency  shifted  to  /  (or  f,j)  by  spatial  variability  in  the 
geostrophic  current.  In  a  time  independent  mean  flow  U,  the  Eulerian  frequency  to  will  be  a 
constant  along  a  ray  path,  while  the  intrinsic  frequency  will  be  given  by  coq  =  to  -  k-U.  Thus  an 
appropriately  oriented  change  of  geostrophic  current  AU  =  AUcnt  )/**  along  a  ray  path 

will  push  the  intrinsic  frequency  to  /  and  cause  the  wave  to  stall.  This  type  of  critical  layer  is 
discussed  in  more  detail  by  Olbers  (1981). 

AU„a  is  plotted  in  Figure  7;  Kunze  and  Mbller  (1989)  suggest  that  critical  layers  are  likely  when 


AUcrit  <  0.05ms"*. 


(31) 
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Logio  stall  criterion  y 


Figure  6.  The  stall  criterion  y=  I  !/(©-/).  For  y>  1,  the  effective  Coriolis  frequency  may 
increase  to  the  wave  frequency  along  a  ray  path,  causing  critical  trapping. 


Logic  critical  A  u  (m  s  ') 


Figure  7.  The  change  in  the  mean  current  along  a  ray  path  which,  if  appropriately  oriented,  will 
push  a  wave’s  intrinsic  frequency  below  the  inertial  frequency,  causing  critical  trapping. 
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The  likelihood  of  a  wave  ever  reaching  such  a  critical  layer  will  also  depend  strongly  on  that 
wave’s  mean  free  path,  however.  To  account  for  this,  we  first  define  a  Richardson  number  as 

min(30(X)m,A/FPj) 

'  i  ^  ■ 

Replacing  AU  with  AU„i,  gives  a  "critical  Richardson  number"  of 

fM,min(3000m,A/FF,) 

"  to-/ 

■ 

which  is  plotted  in  Figure  8.  We  may  supplement  (31)  by  requiring  that  the  shear  be  strong 
enough  along  a  wave’s  mean  free  path  for 

Ri  <Ricrit  (34) 

to  hold.  Since  Kelvin-Helmholtz  instability  will  occur  when  Ri  s  1/4,  we  may  conclude  that  the 
region  in  which  this  type  of  critical  layer  may  occur  will  be  bounded  by  the  contours 


Logio  critical  Richardson  number 
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Figure  8.  The  critical  Richardson  number,  on  a  scale  of  either  the  vertical  mean  free  path  or  the 
ocean  depth,  required  to  cause  trapping.  If  the  actual  Richardson  number  is  greater  than  that 
shown,  the  shear  will  be  too  weak  for  this  effect  to  occur  in  the  vertical  distance  the  wave  can 
propagate  before  it  is  consumed  by  resonant  interactions.. 
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AUcrii  =  O.OSms"'  in  figure  7  and  RicHi  =  0.25  in  Figure  8. 

It  should  be  noted  that  the  first  phenomenon,  in  which  along  a  ray  path,  is  vertically 
anisotropic  and  may  not  occur  among  both  upward  and  downward  propagating  waves 
simultaneously.  The  second  phenomenon,  in  which  coo  is  shifted  to/  along  a  ray  path,  is  strongly 
dependent  on  the  orientation  of  the  horizontal  wave  vector,  which  must  be  aligned  with  the  mean 
flow.  Finally,  both  of  the  critical  layers  described  will  no  doubt  be  highly  intermittent,  and  their 
importance  in  the  overall  spectral  energy  transfer  is  still  unknown. 


Validity  regions 

Figure  9  divides  the  internal  wave  spectrum  into  five  sections,  using  information  from  Figures  5-9 
and  the  various  cutoff  criteria  listed  in  the  text  and  in  equations  (23),(30),  and  (31).  We  first 
consider  the  three  non-overlapping  sections,  divided  by  the  solid  lines.  In  the  leftmost  section, 
the  vertical  mean  free  path  exceeds  the  canonical  3000  meter  ocean  depth,  and  we  expect  bottom 
reflection  effects  to  be  significant.  This  region  also  roughly  corresponds  to  the  region  in  which 
the  horizontal  mean  free  path  is  greater  than  100  to  1000  kilometers,  as  indicated  in  Figure  4.  In 
the  rightmost  section,  which  corresponds  to  the  shaded  portion  of  Holloway’s  (1980)  figure  la. 


Applicability  of  RIA 


Figure  9.  Map  of  RIA’s  potential  applicability.  In  the  rightmost  solid  region,  the  interaction  time 
is  less  than  one  wave  period,  and  we  expect  the  perturbation  expansion  to  fail.  In  the  leftmost 
solid  region,  bottom  reflections  will  be  significant.  In  the  center  solid  region,  RIA  may  be  useful. 
In  the  two  dashed  regions,  the  types  of  critical  trapping  discussed  in  the  text  may  also  be 
important. 
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the  interaction  time  exceeds  the  wave  period,  and  we  expect  the  perturbation  expansion  to  break 
down.  (Again,  this  cutoff  is  a  crude  one,  as  equation  (23)  is  not  a  sufficient  condition  for  RIA’s 
validity.) 

In  the  center  region,  RIA  may  in  fact  prove  useful.  Several  possible  obstacles  must  still  be 
recognized  here,  however.  First,  the  Gaussian  or  random  phase  assumption  must  be  tested  to  see 
if  cumulants  may  in  fact  be  ignored.  Second,  we  see  that  much  of  this  region  is  overlapped  by 
the  regions  in  which  the  two  critical  layer  phenomena  may  (or  may  not)  be  significant,  as 
indicated  by  the  dashed  curves. 

The  area  inside  the  leftmost  dashed  region,  based  on  the  criterion  (30),  corresponds  to  waves 
which  may  be  susceptible  to  the  first  type  of  critical  layer  discussed,  in  which along  a  ray 
path.  The  area  inside  the  rightmost  dashed  region,  bounded  on  the  left  by  the  curve 
AUcri,  =  0.05ms“‘  and  on  the  right  and  top  by  the  curve  =  0.25,  corresponds  to  waves  which 
may  be  susceptible  to  the  second  type  of  critical  layer,  in  which  coo->/ .  Since  the  dashed  regions 
overlap  much  of  RIA’s  "applicability  region,"  one  might  be  tempted  to  abandon  the  RIA  theory 
altogether  at  this  point.  However,  it  should  be  mentioned  that  RJA’s  parametric  subharmonic 
instability  mechanism  yields  an  energy  flux  toward  the  near-inertial  portion  of  the  spectrum  (cf. 
MB);  we  may  (boldly  and  blindly)  speculate  that  this  flux  is  in  perfect  balance  with  critical  layer 
dissipation. 


SUMMARY 

The  one-dimensional  analog  has  made  resonance  theory  somewhat  more  accessible  to  all  who 
might  be  interested.  Also,  it  has  been  pointed  out  that  there  is  a  rather  substantial  region  in 
phase  space  where  bottom  reflections  may  dominate  the  nonlinear  transfer.  Finally,  two  types  of 
critical  trapping  mechanisms  have  been  discussed  for  near-inertial  waves.  While  the  net  contribu¬ 
tion  by  these  mechanisms  to  the  overall  nonlinear  transfer  is  unknown,  it  has  been  shown  that 
they  may  affect  waves  over  large  regions  of  phase  space,  including  much  of  the  region  where 
resonant  interactions  may  occur.  Since  RIA  does  not  predict  equilibrium  for  near-inertial  waves, 
however,  it  has  been  suggested  that  critical  layer  interactions  may  in  fact  complement  RIA  theory 
in  this  region. 
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ABSTRACT 

The  issue  of  which  variables  to  use  for  internal  wave  dynamics  is  discussed.  Advantages  of 
Hamiltonian  canonical  variables  are  mentioned.  The  suggestion  that  vertically  Lagrangian 
coordinates  be  used  is  reviewed.  It  would  be  useful  to  separate  internal  waves  form  the 
vortical  mode,  but  no  satisfactory  separation  has  been  found. 


Ten  years  ago,  a  meeting  was  held  at  Scripps  Institute  of  Oceanography  (West,  1981)  at  which 
various  speakers  discussed  the  Hamiltonian  formulation  of  internal  wave  dynamics,  the  use  of 
a  vertically  Lagrangian  coordinate  system,  and  the  mode  of  motion  now  termed  the  vortical 
mode.  These  topics  comprise  the  subject  of  this  paper.  In  these  ten  years,  we  have  not 
completely  solved  the  problem;  we  don’t  really  know  what  variables  are  best  to  use. 

For  the  case  of  surface  waves,  the  situation  is  much  better.  We  have  found  a  set  of  variables 
for  which  the  linear  approximation  is  remarkably  good  (Creamer  et  al,  1989).  The  most 
important  short-time  nonlinear  features  of  the  wave  field  result  not  from  nonlinear  dynamics, 
but  simply  from  a  nonlinear  change  of  variables.  The  Hamiltonian  formulation  and 
Lagrangian  coordinates  played  a  large  role  in  Hn-iing  these  variables. 

Hamiltonian  variables  (Henyey,  1983)  have  a  number  of  advantages.  A  very  important 
advantage  is  that  conservation  laws  are  very  naturally  handled  in  that  framework.  If  one 
makes  an  approximation,  one  generally  does  not  destroy  conservation  laws,  only  changes  their 
form  slightly.  That  is  not  true  of  approximating  equations  of  motion.  An  example  of  a 
conservation  law  that  has  been  misunderstood  in  non-Hamiltonian  frameworks  is  conservation 
of  action.  A  commonly  studied  system  is  the  dynamics  of  infinitesimal  waves  interacting  with 
a  single  periodic  wave,  imagined  to  be  an  exact  solution  of  the  equation  of  motion.  For  this 
problem,  in  the  frame  of  reference  moving  with  the  phase  velocity  of  the  big  wave,  the  flow  is 
steady.  As  a  result,  the  energy,  frequency,  and  their  ratio,  the  action  are  all  exactly  conserved. 
The  key  is  that  the  energy  is  the  value  of  the  Hamiltonian  function  in  that  frame. 

Another  important  conservation  law  is  momentum  conservation.  In  non-Hamiltonian 
frameworks  a  concept  of  "pseudomomentum "  has  arisen.  This  concept  is  entirely  unneeded; 
there  is  no  distinction  between  the  terms  that  add  up  to  the  total  momentum  and  the 
"pseudomomentum".  The  momentian  density  in  terms  of  Hamiltonian  canonical  variables  is 
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pv  =  linear  terms  -p,Vq,  -PzVq^  -paVq,  (1) 

Each  pair  of  variables  describe  one  of  the  linear  modes;  pi,  q„  are  sound,  p2,  qj,  are  internal 
waves,  and  p,,  q,  are  vortical  mode.  (Only  one  combination  of  p,  and  qj  is  physical.  This 
leads  to  "gauge"  freedom  of  choosing  the  other,  as  described  by  Henyey,  1983.) 

If  for  example 


g2=aco8(Jt‘x  -  or)  (2) 


P2=bsin(k‘X-(i)r)  (3) 


then  the  average  contribution  to  the  momentum  density  is 

<pv>  =  abk/2  (4) 

The  quadratic  part  of  energy  density  turns  out  to  be 

E=aba)/2  (5) 

where  to  is  related  to  k  by  the  linear  dispersion  relation,  so  the  action  density  is 

A=ab/2  (6) 

Another  use  of  the  Hamiltonian  is  in  formal  development.  The  Eikonal,  or  ray  tracing  method 
naturally  follows  from  a  Hamiltonian  formulation  (Henyey  and  Pomphrey,  1983).  Various 
generalizations,  such  as  Whithara’s  (Whitham,  1974)  to  narrow-band  nonlinear  waves,  or  the 
Gaussian  beam  method  require  the  Hamiltonian  or  the  closely  related  Lagrangian  framework. 
Weak  interaction  transport  theory  is  also  most  usefully  derived  from  the  Hamiltonian 
framework;  the  symmetry  of  the  interaction  coefficients  which  leads  to  detailed  balance, 
entropy,  and  effective  temperature  is  not  true  for  arbitrary  differential  equations,  but  always 
occurs  for  Hamiltonian  systems.  The  symmetry  is  obvious  in  a  Hamiltonian  derivation. 

Qosely  related  to  the  Hamiltonian  formulation  is  the  Lagrangian  variational  formulation.  The 
canonical  variational  principle  is  that  the  action 

is  stationary  under  independent  variation  of  all  p’s  and  q’s.  Unfortunately,  the  stationary  value 
is  always  a  saddle  point,  never  a  minimum,  in  certain  special  cases,  the  problem  can  be 
constrained  (such  as  by  assuming  steady  state)  to  make  the  stationary  point  an  extremum. 
Arnold’s  stability  method,  and  other  stability  calculations  are  examples. 


Choosing  Variables  for  Internal  Wave  Dynamics 


Finally,  the  Hamiltonian  can  be  helpful  for  finding  new  variables.  The  theory  of  canonical 
transformations  and  the  Hamilton-Jacobi  equation  can  lead  to  better  variables.  In  the  surface 
wave  case  we  found  the  variables  by  implementing  the  removal  of  nonresonant  interactions, 
which  always  can  be  accomplished. 

Variables  can  be  a  better  choice  to  use  if  the  linear  approximation  is  more  accurate.  There  are 
several  ways  of  telling  if  the  linearization  might  be  better.  One  way  is  that  the  high  frequency 
or  wavenumber  part  of  the  spectrum  might  be  smaller  due  to  the  absence  of  bound  harmonics; 
the  free  waves  are  present  in  either  case.  Another  way  is  that  the  Doppler  shift  might  be 
smaller,  so  the  dispersion  relation  is  better  satisfied.  A  theoretical  way  of  determining  that 
linearization  is  better  is  by  the  size  of  the  nonlinear  interaction  terms.  By  these  criteria,  the 
replacement  of  density  as  a  variable  by  vertical  displacement  that  is  referred  to  as  removing 
"fine  structure  contamination,"  or  in  other  words,  reducing  bound  harmonics,  is  an  improved 
choice  of  variables. 

One  possible  improvement  in  the  choice  of  variables  is  the  use  of  the  vertically  Lagrangian 
coordinate  system.  This  idea  is  not  new;  both  Ripa  and  Milder  in  West  (1981)  mention  it. 
More  recently  Odulo  (1989)  has  written  a  paper  advocating  its  use,  but  I  do  not  understand  his 
reasons  for  believing  it  to  be  superior.  Sherman  and  Pinkel  (1991)  have  analyzed  internal 
wave  data  in  terms  of  this  coordinate  system.  Unfortunately,  the  results  are  not  completely 
convincing.  There  is  not  good  evidence  that  bound  harmonics  v/ere  reduced.  They  did  find 
that  the  small  waves  were  significantly  reduced  in  frequency  (S.nerman  used  this  for  the  cover 
picture  of  his  thesis,  see  Figure  1).  Iliis  presumably  is  associated  with  a  reduction  of  the 
Doppler  shift,  but  of  course  the  dispersion  relation  cannot  be  evaluated  in  the  absence  of 
knowing  the  horizontal  wavenumber. 

What  can  be  said  theoretically?  Not  much.  The  potential  energy  becomes  exactly  quadratic, 
but  nonlinearities  associated  with  stratification  have  always  been  believed  unimportant  relative 
to  the  advective  nonlinearity.  The  vertical  advcctive  terms  are  missing,  but  why  shouldn’t 
horizontal  advection  be  equally  important?  In  order  to  stimulate  consideration  of  these 
variables,  I  present  the  equation  of  motion: 

The  new  vertical  coordinate  is 


z'=r-C 


(8) 


where  ^  is  the  vertical  displacement.  The  advective  time  derivative  is 


(9) 


where 


Eulerian 


Jeffrey  Thomas  Sherman 


10'^  10’' 

vertical  wavenumber  (cpm) 


Semi'Lagrangian 


*g  10'^ 

a 

u 


rT*® 


10'^  J0‘  10  ‘ 

vertical  wavenumber  (cpm) 


10> 


Figure  1.  The  cover  of  Sherman’s  Ph.D.  thesis.  This  shows  the  change  in  the  spectrum 
going  from  the  Eulerian  to  the  vertically  Lagrangian  coordinate  system. 


has  only  horizontal  advection  and  u  is  the  horizontal  velocity.  The  Jacobian  of  the 
transformation  is 


Choosing  Variables  for  Internal  Wave  Dynamics 


The  equations  of  motion  are 


rf,(=w  (12) 

(13) 

dju  =  -VCd,w-fxu-Vp  (14) 

5a/w+v'-«=jV'C‘a>  (15) 

The  potential  vorticity  is 

y=^+(^-5V0-V'xv  (16) 


Another  reason  to  choose  particular  variables  is  to  separate  the  types  of  motion;  sound,  internal 
waves,  and  vortical  motion.  This  separation  is  reasonably  easily  carried  out  in  the  linear 
approximation  by  diagonalizing  an  operator  or  a  Hamiltonian  form,  and  has  been  done 
numerous  times.  The  linear  separation  demonstrates  an  advantage  of  Hamiltonian  variables. 


Using  the  usual  variables,  the  linear  vortical  mode  is  geostrophic.  With  Hamiltonian  variables 
there  is  no  distinction  between  the  geostrophic  and  cyclostrophic  cases.  This  is  closer  to 
reality,  as  there  is  little  difference  other  than  size  between  an  eddy  which  rotates  in  a  week  and 
one  that  rotates  in  an  hour.  Nonlinear  separations,  in  general,  cannot  be  accomplished.  Sound 
is  generally  separated  by  setting  V’v=0  while  retaining  the  value  of  rather  than  the  actual 
stratiHcation.  This  is  adequate  for  most  purposes,  but  not  ideal. 

The  separation  of  internal  waves  from  vortical  mode  is  much  less  satisfactory.  A  pure  internal 
wave  field  can  be  defined  by  the  condition  that  the  potential  vorticity 


y=(/‘+«)*V(z-C) 


(17) 


is  a  constant  (such  as  f).  Even  for  a  pure  oceanic  internal  wave  field  of  typical  strength,  the 
nonlinear  terms  in  J  are  of  comparable  magnitude  to  the  linear  ones.  It  is  clear  that  the  linear 
separation  of  IWs  from  vortical  mode  is  unsatisfactory.  A  step  in  the  right  direction  has  been 
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taken  by  Staquet  and  Riley  (1989).  They  define  that  part  of  the  velocity  belonging  to  the 
vortical  mode  by  a  prescription  which  is  equivalent  to  minimizing  the  energy  subject  to 
specified  J  and  ^  fields.  This  prescription  obviously  does  not  separate  One  could  say  that 
^  is  purely  internal  wave,  but  a  field  with  J»«0  and  ^=0  would  radiate  IWs  in  a  time  of  order 
N'‘.  A  stationary  eddy,  which  one  would  like  to  say  is  purely  vortical,  has  nonzero 

An  alternative  would  be  to  say  that  J  is  one  of  the  coordinates.  It  cannot  be  a  canonical 
coordinate,  as  canonical  fields  have  Poisson  brackets  that  are  delta  function  for  canonical  pairs, 
and  vanish  for  a  single  field.  Potential  vorticity  has  the  Poisson  bracket  (Abarbanel,  private 
communication). 


UWix')) = VJ(x)  X  Vi(x-x')  ‘V(z  -  0 

Even  worse  than  not  vanishing,  this  PB  involves  ^  which,  (as  discussed  above)  although  not 
entirely  IW,  is  mostly  IW. 

Having  reviewed  the  choice  of  variables  for  internal  wave  dynamics,  it  is  clear  that  the 
situation  is  not  entirely  satisfactory.  For  the  surface  wave  problem,  we  are  able  to  demonstrate 
variables  and  list  their  wonderful  properties.  For  the  IW  problem,  we  find  difficulties  with  all 
proposed  schemes.  This  situation  is  indicative  of  the  more  general  situation  that  internal  wave 
dynamics  is  more  difficult  than  that  for  other  wave  fields  such  as  sound  and  surface  waves. 
Progress  has  been  made,  however,  and  we  are  able  at  least  to  try  out  various  possibilities. 
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ABSTRACT 

Both  induced  diffusion  and  the  Henyey,  Wright,  and  FIatt6  model  predict  the  Gregg  scaling 
law 


(1) 


when  the  Garrett-Munk  spectrum  is  used.  This  note  discusses  the  scaling  in  a  more  general 
context.  The  more  general  scaling  is  needed: 

1.  near  the  equator,  where  f=0. 

2.  if  the  shear  .'spectrum  is  not  white  in  vertical  wavenumber. 

INTRODUCTION 

Various  model  predictions  of  the  energy  flux  through  the  internal  wave  field  have  been  made. 
These  model  predictions  involve  not  only  the  intrinsic  physics  put  into  the  model,  but  also  the 
assumed  spectral  form  for  the  internal  waves.  Invariably,  the  Garrett-Munk  (GM)  spectrum  is 
used.  According  to  the  models  discussed  here,  GM  is  appropriate  in  steady-state  conditions  far 
from  the  equator.  The  question  arises,  what  if  these  conditions  are  not  met? 

Gregg  (1989)  showed  that  a  particular  form  describes  data  well.  His  form  is  a  version  of  that 
predicted  by  both  induced  diffusion  (ID)  (McComas  and  Muller,  1981)  and  by  the  model  of 
Henyey,  Wright,  and  Flatt6  (1986)  (HWF).  These  two  models  differ  in  their  overall  level,  but 
have  the  same  scaling  form  when  applied  to  a  Garrett-Munk  spectral  shape. 

GENERALIZED  SCALING 

In  order  to  obtain  more  general  scaling  expressions  for  these  two  models,  we  will  assume  that 
small-scale  IWs  obey  a  power  law  spectrum  in  vertical  wavenumber,  but  not  necessarily  that 
of  GM.  We  will  denote  the  RMS  shear  on  any  vertical  scale  by  S;  the  shear  spectral  level 
scales  as  S^/k^,  where  k^  is  the  vertical  wavenumber  describing  that  scale.  GM  has  S-k^‘^. 
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Induced  diffusion  is  described  by  a  diffusivity  in  vertical  wavenumber  space.  This  diffusivity 
is  given  by  (Muller  et  al,  1986,  eq.  81). 


2 


fd(S^)6(Ct-V,»X) 


(2) 


Q  and  K  are  the  frequency  and  wavenumber  of  the  large  scale  waves  contributing  dS^  to  the 
shear  variance.  is  the  group  velocity.  For  scaling  purposes,  the  delta  function  behaves  as 
the  reciprocal  of  its  argument,  and  we  use  the  term  Vp,K„  as  being  indicative  of  the  scaling. 
Thus,  we  obtain 


D~ 


(3) 


The  maximum  wavenumber  of  the  shearing  waves  is  of  order  the  wavenumber  of  the  sheared 
wave.  (For  GM,  S^/K^  is  constant,  making  this  observation  not  necessary.)  The  group  velocity 
is 


(4) 


where  we  have  assumed  here  and  in  what  follows  a)«N;  Iq,  «lq,. 
Putting  it  ail  together,  we  have 


e=Ddi  E 

•v 

where  E  is  the  energy  spectral  level  in  vertical  wavenumber,  and  scales  as 


(5) 


E  ® ^ 

*v  kl 

Therefore, 


qS^ 

® ; — 

klN^ 


(6) 


(7) 


Scaling  of  Internal  Wave  Model  Predictions 


Under  steady  state  conditions,  this  form  must  be  independent  of  ,  leading  to  the  GM  S 
More  generally,  for  an  evolving  spectrum,  the  flux  is  only  e  at  the  smallest  scales. 
These  scales  are  presumably  determined  by  a  Richardson  number  criteria  S~N,  so 


e-u>N^lkl  w 

where  is  the  wavenumber  at  some  fixed  Richardson  number. 

The  HWF  model  is  based  on  deterministic  evolution  at  small  scales.  The  steady-state  spectral 
form  is  not  obtained  analytically.  Numerical  results  (Flatt6,  Henyey,  and  Wright,  1985) 
demonstrate  S  ~  kv*'^  in  steady  state  for  this  model.  Energy  dissipation  scales  as 


e~ 


(9) 


at  some  fixed  Richardson  number. 

The  change  of  vertical  wavenumber  is  [  dkjdt  |  ~  Sk,,,  so 


e~5Jti 


As  long  as  m-f  is  not  typically  much  smaller  than  f,  k|,/kv  scales  as  w/N.  Thus, 


(10) 

(11) 


e-u>N^lkl, 


(12) 


exactly  the  same  scaling  as  ID  has.  Except  near  the  equator,  typical  values  of  co  are  of  order  f. 
This  is  the  origin  of  the  f  factor  in  the  previously  published  scaling  expressions.  The  models 
do  not  assume  any  process  happens  on  time  scales  of  1/f.  If  there  were  no  separation  between 
horizontal  and  vertical  scales,  (o  would  scale  as  N,  giving  e  ~  N^/k/,  which  could  be  obtained 
by  dimensional  arguments.  The  reason  the  models  predict  otherwise  is  that  the  aspect  ratio  is 
a  dimensionless  parameter. 

We  now  assume 


so  p=0  for  GM.  Evaluating  this  at  fixed  Richardson  number  we  get 


♦1 


(13) 


(14) 
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Eliminating  the  unknown  coefficient  A,  we  get 


we  solve  for  and  put  it  into  e,  obtaining 


e  ~  ^ 


Following  Gregg,  we  fix  k^,  at  2jt/10ra,  so  we  get 


c  \JL 

n) 


This  agrees  with  Gregg  for  the  GM  values 


p~0. 

and  is  the  appropriate  prediction  in  more  general  cases  from  both  models. 


(15) 


(16) 


(17) 


(18) 

(19) 


REFERENCES 

Flattd,  S.M.  F.S.  Henyey,  and  J.A.  Wright  (1985):  Eikonal  calculations  of  short-wavelength 
internal  wave  spectra,  J,  Geophys.  Res.  90,  7265-7272. 

Gregg,  M.C.  (1989).  Scaling  turbulent  dissipation  in  the  thermocline.  J.  Geophys.  Res.  94. 
9686-%98. 


Henyey,  F.S.  J.A.  Wright,  and  S.M.  Flattd  (1986):  Energy  and  action  flow  through  the 
internal  wave  field:  an  Eikonal  approach.  ./.  Geophys.  Res.  91,  8487-8495. 

McComas,  C.H.  and  P.  Muller  (1981):  The  dynamic  balance  of  internal  waves.  J.  Phys. 
Oceanogr.  H,  970-986. 

Muller,  P.,  G.  Holloway,  F.  Henyey,  and  N.  Pomphrey  (1986):  Nonlinear  interactions  among 
internal  gravity  waves.  Rev.  Geophys.  2^  493-536. 


IS  SCATTERING  OR  REFLECTION  MORE 
EFFECTIVE  IN  CAUSING  BOUNDARY  MIXING? 


Naihuai  Xu  and  Peter  Muller 

Department  of  Oceanography,  University  of  Hawaii,  1000  Pope 
Road,  Honolulu  HI  96822 

Abstract 

Comparison  is  made  of  the  redistributed  energy  flux  resulting  from  scattering  of 
two-dimensional  internal  waves  off  one-dimensional  random  topography  with  that 
resulting  from  the  reflection  of  two-dimensional  internal  waves  off  a  straight  slope. 
Reflection  redistributes  much  more  energy  flux  than  scattering  does  (2.86  mW 
as  opposed  to  0.99  mW  m~^  ),  but  reflection  redistributes  less  energy  flux  to  high 
wavenumbers  than  does  scattering  (0.90  mW  m~^  as  against  0.97  mW  m“^  to 
wavenumbers  greater  than  10"“*  cpm).  Scattering  might  thus  be  equally  or  more 
efficient  than  reflection  in  causing  high  shears  and  mixing  near  the  bottom. 

1.  introduction 

Boundary  mixing  has  been  advocated  (e.g.,  Ivey,  1987)  as  a  process  responsible 
for,  diapycnal  mixing  in  the  deep  ocean.  Diapycnal  mixing  is  required  to  satisfy  the 
global  balances  of  mass  and  heat  and  to  support  observed  poleward  heat  transport. 
Internal  wave  reflection  at  topography  has  been  proposed  (Eriksen,  1982,  1985; 
Garrett  and  Gilbert,  1988)  to  cause  this  boundary  mixing.  Recently,  Xu  (1991)  and 
Muller  and  Xu  (1991)  have  suggested  scattering  at  random  topography.  Internal 
wave  interaction  with  topography  distorts  the  wave  spectrum  and  redistributes  the 
incoming  energy  flux  within  the  wavenumber  space.  Waves  scattered  or  reflected  to 
high  wavenumbers  might  break  and  cause  boundary  mixing. 

The  reflection  process  has  been  intensively  studied  by  Eriksen  (1982,  1985)  and 
Garrett  and  Gilbert  (1988).  When  the  incident  wave  length  is  much  shorter  than 
the  radius  of  curvature  of  topography,  internal  waves  can  be  treated  as  encountering 
an  infinite  flat  slope.  The  reflection  process  conserves  the  frequency  and  the 
tangential  component  of  the  wavenumber  vector.  Eriksen  (1982,  1985)  calculated 
the  absolute  difference  between  the  incident  and  reflected  energy  flux  which  is 
comparable  to  the  incident  flux.  This  cjuantity  does  not  tell  how  much  energy  flux 
could  be  used  for  generating  shears,  but  can  serve  as  the  upper  limit.  In  an  attempt 
to  assess  quantitatively  how  much  energy  flux  is  available  for  mixing,  Garrett  and 
Gilbert  (1988)  assumed  that  waves  with  mode  numbers  greater  than  a  critical  mode 
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number  undergo  instability,  break,  and  cause  mixing.  This  critical  mode  number  is 
determined  by  assuming  that  waves  with  mode  numbers  larger  than  the  critical 
number  cause  the  inverse  Richardson  number  to  become  larger  than  one.  Given 
typical  parameters  for  the  deep  ocean,  the  energy  flux  available  for  mixing  is  about 
0.25  mW  m~^  (about  1.4%  of  incident  flux),  much  smaller  than  absolute  energy  flux 
difference  calculated  by  Eriksen  (1985). 

Scattering  of  internal  waves  at  a  random  topography  was  theoretically  analyzed 
by  Muller  and  Olbers  (1975)  in  the  Bragg  scattering  or  weak  interaction  limit. 
Gibers  and  Pomphrey  (1981)  estimated  the  redistributed  energy  flux  in  this  limit 
and  found  it  to  be  as  small  as  ~  10“^  — 10“^  of  the  incident  one.  The  energy  flux 
available  for  mixing  should  be  even  smaller  than  this.  However,  the  formula  used  to 
calculate  the  redistributed  energy  flux  contains  an  algebraic  error.  Rubenstein 
(1988)  treated  a  simplified  problem;  a  two-dimensional  wavefield  interacting  with 
one-dimensional  topography.  In  a  detailed  study,  he  found  significant  energy  flux 
transfer  by  assuming  that  the  probability  of  scattering  from  an  incident 
wavenumber  to  a  scattered  wavenumber  is  proportional  to  the  ratio  of  the  respective 
fluxes.  Unfortunately,  he  interpreted  this  probability  as  a  density  in  a  vertical 
wavenumber  space  whereas  it  is  a  probability  in  horizontal  wavenumber  space.  A 
systematic  derivation  and  evaluation  of  the  scattering  integral  is  given  in  Xu  (1991) 
and  Muller  and  Xu  (1991).  Here  we  compare  the  scattering  and  reflection  processes 
and  concentrate  on  the  question  of  which  process  is  more  efficient  in  causing 
boundary  mixing,  scattering  or  reflection. 

We  emphasize  here  the  difference  between  the  redistributed  energy  flux  and  the 
energy  flux  available  for  mixing.  The  redistributed  flux  represents  the  energy  flux 
that  is  transferred  to  other  wavenumbers,  either  lower  or  higher.  When  the  energy 
flux  is  redistributed  to  lower  wavenumbers,  the  field  becomes  more  stable.  The 
shear  in  the  field  decreases.  This  process  does  not  favor  mixing.  On  the  other  hand, 
if  wave  energy  flux  is  transferred  to  higher  wavenumbers,  shear  is  increased  and  the 
flow  field  tends  to  be  less  stable  and  more  prone  to  breaking.  This  process  favors 
mixing.  The  energy  flux  available  for  mixing  is  the  energy  flux  to  high 
wavenumbers,  which  causes  the  shear  to  become  larger  than  critical.  This  energy 
flux  will  drive  the  field  to  instability,  and  breaking  of  internal  waves  thus  occurs. 


2.  Scattering  process 

We  consider  the  simplified  model  of  two-dimensional  internal  waves  scattered  off 
one-dimensional  random  topography  or  reflected  off  a  straight  slope. 

Baines  (1971)  considered  the  two-dimensional  internal  wave  interaction  with  an 
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arbitrary  flat  bump  topography.  The  slope  of  the  flat  bump  topography  is  required 
to  be  less  than  the  slope  of  the  group  velocity.  The  radiation  condition  was 
formulated  as  a  homogeneous  integral  equation.  An  incident  wave  impinging  on  this 
topography  will  generate  a  forward  transmitted  wave  and  a  backward  reflected 
wave.  The  solution  to  the  system  is  obtained  by  solving  a  Fredholm  integral 
equation  of  the  second  kind.  If  we  further  assume  that  the  vertical  wavelength  of  an 
incident  wave  is  much  smaller  than  the  height  of  topography  (the  ratio  of  them  is  a 
small  parameter  ej),  the  Fredholm  integral  equation  can  be  solved  to  the  second 
order  of  £i  so  that  we  can  obtain  the  lowest  order  corrections  of  the  scattered  energy 
flux.  The  redistributed  energy  flux  is  then  (Xu,  1991) 

/CO 

da'fi^V{u})[E{u!,a')a  —  E{u},  Qf)a'] 

[5i(Q;  +  Qr')  +  'S’i(a-ttO]  (1) 

where  E{u},a)  is  the  incident  energy  density  spectrum,  Si{a)  the  topography  height 
spectrum,  V{ijj)/a  the  vertical  group  velocity,  =  (N'^  —  —  p),  a  the 

modulus  of  horizontal  wavenumber  and  w  the  wave  frequency.  For  each  frequency, 
the  energy  flux  is  conserved,  i.e.,  JD^{u},a)da  =  0.  This  can  be  seen  from  the 
antisymmetric  character  of 


[E{u},a')a-Eiu,a)al  (2) 

The  redistributed  energy  flux  consists  of  two  parts:  the  first  part  is  the  gain  of 
energy  flux  at  a  from  interaction  of  incident  wavenumber  a'  with  topographic 
wavenumber  a  ±  o'.  More  energy  flux  is  gained  at  the  higher  wavenumbers  than  at 
the  lower  wavenumbers.  This  can  be  seen  by  looking  at  the  first  part  of  denoted 
by  £)ji(u;,  a).  Using  k[  to  represent  the  horizontal  wavenumber  of  an  incident  wave 
and  k"  the  topographic  wave,  then  j  (w,  a)  can  be  transformed  as 

D{,{u,a)  =  Dl,Mk[  k';\) 

/cc 

dk'yV{uj)E{u,  k[)\k[  +  k'l\Si{k'()  (3) 

•CO 

where  a  =  |^:(  +  k"\.  The  transfer  function  is  proportional  to  a.  The  scattered  wave 
energy  flux  will  be  larger  for  a  high  scattered  wavenumber  a  than  for  low  scattered 
wavenumber  a.  The  second  term  of  Eq.  (1)  acts  like  a  friction  to  the  incident  energy 
flux.  Waves  that  would  be  reflected  to  a  certain  wavenumber  a  are  scattered  to 
another  wavenumber  a'.  Scattering  always  transfers  energy  flux  to  high 
wavenumbers.  This  result  can  be  understood  using  statistical  mechanics  and  the 
H-theorem  (Muller  and  Xu,  1991). 

Equation  (1)  can  be  derived  by  several  approaches  (see  Xu,  1991).  Rubenstein’s 
hypothetical  approach  differs  by  a  factor  of  /z  and  exaggerates  the  scattering 
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efficiency  at  low  frequencies.  This  extra  factor  results  from  interpreting  a 
probability  density  with  respect  to  horizontal  wavenumber  as  a  density  with  respect 
to  vertical  wavenumber. 


3.  Reflection  process 

The  two-dimensional  internal  wave  reflection  off  a  straight  slope  is  considered 
here.  Assume  that  the  flat  slope  z  =  sx  lies  in  the  x  —  z  plane  where  s  =  tan  the 
inclination  of  the  topography  relative  to  the  horizontal  plane.  The  reflected 
wavenumber  vector  is  denoted  as  k  =  {kcos6,0,ksm9),  a  =  |^’cos<?|.  The 
inclination  6  is  determined  by  the  frequency  and  radiation  condition.  The  reflection 
law  requires  that  the  frequency  and  tangential  component  of  wavenumber  vector 
conserves  in  the  reflection.  The  reflected  energy  spectrum  in  wavenumber  space 
under  the  constraint  of  radiation  and  boundary  conditions  (no  normal  flow  across 
the  boundary)  yields 

Er(k)  =  FAk‘)  (4) 

where  k'  is  the  incident  wavenumber  vector.  It  shows  that  in  the  case  of  reflection, 
the  energy  density  spectrum  at  the  reflected  and  incident  wavenumber  are  the  same. 
This  conclusion  is  consistent  with  Eriksen’s  results  (1982,  1985).  Under  the 
constraint  of  the  radiation  condition,  incident  waves  exist  in  only  certain  permissible 
regions  shown  in  Figure  1.  For  each  frequency,  there  are  two  permissible  incident 
wavenumbers,  one  of  them  is  in  the  first  quadrant,  the  other  is  in  another 
quadrant.  If  the  incident  wavenumbers  lie  in  the  first  quadrant  of  the  ki  —  k^  plane, 
the  reflected  horizontal  wavenumbers  are  always  greater  than  the  corresponding 
incident  ones,  while  if  the  incident  wavenumbers  are  in  any  other  quadrant,  the 
reflected  horizontal  wavenumbers  will  be  smaller  than  the  corresponding  incident 
ones.  The  energy  flux  at  each  frequency  is  therefore  transferred  to  both  high  and 
low  wavenumbers.  The  difference  between  the  reflected  and  incident  normal  energy 
flux  therefore  is 


P(u;,a)  =  X^  Elu, 


a  cos{0r  -  ^o) 
COs{9r  +  tpo) 


-  p 

—  E{u!,  a) - [sin  9r  cos^  9r  COs((/r  + ¥’o)l7 

UJQ 


where  9i  and  92  correspond  to  the  two  inclinations  of  the  permissible  reflected 
wavenumbers.  The  redistributed  energy  flux  vanishes  when  integrated  over  all 
horizontal  wavenumbers.  At  the  critical  frequency  defined  by 


sin  <po  +  f  cos'^ 


(6) 


one  of  the  reflected  wavenumbers  (f/  =  n-/2  -t-  becomes  infinity,  the  other  one 
[9  =  -7r/2  -  goes  to  zero.  This  implies  that  the  energy  flux  is  redistributed  to 
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Figure  1:  Regions  of  permissible  incident  and  reflective  waves  in  the  horizontal- 
vertical  wavenumber  plane.  The  heavy  solid  straight  line  represents  the  bottom  slope. 
The  light  solid  lines  represent  the  critical  frequency  cone.  The  cross-hatched  and  stip¬ 
pled  regions  are  permissible  incident  wavenumbers.  For  the  cross-hatched  regions  the 
reflection  is  subcritical,  for  the  stippled  region  the  reflection  is  supercritical.  The 
incident  wavenumbers  reflect  to  regions  are  indicated  by  the  arrows. 


very  high  and  low  wavenumbers  at  the  critical  frequency. 


4.  Background  Spectra 

For  analytical  convenience,  we  choose  the  Garrett  and  Munk  model  GM76 


(Desaubies,  1976) 

Eiu;,a)  =  b'^NNoEoB{uj)^^^^ 

(7) 

where 

B(w)  = 

TT(jJ 

(8) 

7 

-1- 

II 

(9) 
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and  No  =  5.2  x  10  =  6  x  10  ^  and  6  =  1.3  x  10^  m.  The  bandwidth  is 

given  by 

•■M-(Si)''’?.  <■•) 

here  j»  =  3  is  the  frequency- independent  equivalent  mode  number  bandwidth.  We 
set  the  high  wavenumber  cutoff 

/a;2_/2\i/2 

he-,  (11) 

where  h^c  =  0.1  cpm.  Finite  incident  energy  flux  is  achieved  by  assuming  the  lower 
wavenumber  cutoff 

=  A;Q;.  (12) 

where  A/  «  0.154  based  on  identical  energy  fluxes  in  both  the  continuous  GM76  and 

the  discrete  GM81  (Munk,  1981)  models. 

The  bottom  spectrum  is  chosen  as  formulated  by  Bell  (1975) 

(13) 

where  =  ^.^irFoloto  =  2.0  x  10‘*7r^  cpm~^  is  the  variance  and 


for  k\  <  a‘ 
for  >  al 


(14) 


describes  the  variation,  the  high  wavenumber  cutoff  is  a'.  The  rms  height  of  this 
spectrum  is  about  125  m. 


In  addition,  we  assume  the  parameters  for  typical  deep  ocean  conditions  are 
/  =  0.042  eph  (mid-latitude,  30°),  N  =  0.4  eph  and  ^po  =  4°  corresponding  to 
s  =  tan<^o  =  0.07. 


5.  Comparison  of  redistributed  energy  fluxes  by  scattering 
and  reflection 

With  a  specified  interior  internal  wave  spectrum  and  a  topographic  spectrum, 
we  can  evaluate  the  redistributed  energy  flux  spectrum  for  each  process. 

Figure  2  shows  the  comparison  of  the  redistributed  energy  fluxes  i)(u;,  a)  as  a 
function  of  a  for  frequency  u)  ~  1.33/  in  a  variance  conserving  representation.  In 
the  scattering  process,  energy  flux  is  redistributed  from  low  to  high  wavenumbers. 
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Figure  2:  Comparison  of  redistributed  energy  fluxes  D{uj,a)  by  scattering  or  reflec¬ 
tion.  Incident  energy  flux  |F,(a,u;)|  (solid  line)  and  redistributed  energy  flux  D{a,uj) 
(dashed  line)  as  a  function  of  horizontal  wavenumber  for  frequency  w  =  1.33/.  The 
representation  is  variance  conserving.  The  wavenumbers  a/c,  a.,  and  ahc  are  the  low 
wavenumber  cutoff,  the  bandwidth,  and  the  high  wavenumber  cutoff  of  the  incident 
internal  wave  spectrum,  respectively,  (a).  For  two-dimensional  internal  wave  scat¬ 
tering  model.  Si{a)  (dash-dotted  line)  is  the  bottom  spectrum.  The  wavenumber  Oo 
and  a*  are  the  bandwidth  and  high  wavenumber  cutoff  of  the  topographic  spectrum, 
respectively,  (b).  For  two-dimensional  internal  wave  reflection  model.  The  bottom 
slope  is  7  =  0.07  and  the  critical  frequency  is  u>c  =  1-2/. 
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whereas  in  the  reflection  process  energy  flux  is  transferred  from  medium  to  both 
high  and  low  wavenumbers.  Because  of  no  normal  flow  across  the  boundary,  the 
area  of  negative  lobes  equals  the  area  of  positive  lobes. 

Integration  with  respect  to  wavenumber  a  yields  the  redistributed  energy  flux 

D+{w',  =  yja\D(u,,a)\  (15) 

as  shown  in  Figure  3.  The  total  redistributed  energy  flux  is  3.89  mW  m~^  out  of 
18.2  mWm"^  ,  the  incident  normal  energy  flux,  for  the  reflection  process,  and  1.2 
mW  out  of  17.6  mW  m~^  for  the  scattering  process.  The  reflection  process 
redistributes  21%  of  the  incident  energy  flux  as  against  6.8%  for  the  scattering 
process.  Reflection  is  much  more  efficient  than  scattering  in  redistributing  energy 
flux.  Scattering  redistributes  most  of  the  energy  flux  near  the  inertial  frequency, 
reflection  around  the  critical  frequency. 

An  important  difference  between  the  two  processes  is  the  frequency-integrated 
energy  flux  spectrum  D{a)  as  shown  in  Figure  4.  The  reflection  process 


Figure  3:  Comparison  of  two-dimensional  scattering  and  reflection.  Incident  energy 
flux  |ih(u;)l  (solid  line),  redistributed  energy  flux  D+{uj)  by  scattering  (dashed  line) 
and  redistributed  energy  flux  D''{uj)  by  reflection  (dotted  line)  as  a  function  of  fre¬ 
quency  in  a  variance-conserving  representation. 
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redistributes  2.86  mW  m“^  of  incoming  energy  flux  (15,7%  incident),  scattering 
redistributes  0.99  mW  (5.6%  incident).  These  numbers  are  smaller  than  the 
integrated  since  contributions  cancel  by  frequency  integration.  The  scattering 
process  redistributes  energy  flux  to  much  higher  wavenumbers.  In  the  scattering 
process  0.97  mW  m~^  out  of  0.99  mW  m~^  ,  the  total  redistributed  energy  flux  is 
transferred  to  high  wavenumbers  above  10“^  cpm,  whereas  in  the  reflection  process, 
0.90  mW  m”^  ,  which  is  less  than  32%  of  the  total  redistributed  energy  flux,  is 
moved  to  wavenumbers  above  10““*  cpm.  Scattering  hence  must  be  more  efficient 
than  critical  reflection  in  increcising  the  shear  and  the  inverse  Richardson  number 
near  the  bottom. 


Horizontal  Wavenumber  a:  cpm 

Figure  4:  Comparison  of  two-dimensional  scattering  and  reflecuon.  Incident  energy 
flux  |Fi(a)|  (solid  line),  energy  flux  D^{a)  redistributed  by  scattering  (dashed  line), 
and  energy  flux  D'^{a)  redistributed  by  reflection  (dotted  line)  in  a  variance  conserving 
representation. 
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6.  Discussions 


Here  we  discuss  some  possible  restrictions: 

Three-dimensional  scattering  model 

Are  the  conclusions  drawn  from  the  comparison  of  scattering  and  reflection 
processes  for  the  two-dimensional  geometry  still  valid  for  three-dimensional  model? 
Muller  and  Xu’s  (1991)  and  Xu’s  (1991)  studies  show  that  the  two-dimensional 
model  is  a  good  representation  of  the  three-dimensional  internal  wave  interaction 
model  in  terms  of  the  redistributed  energy  flux  and  other  quantities.  Using  the 
perturbation  method,  Xu  (1991)  and  Muller  and  Xu  (1991)  obtain  a  similar  result 
to  Eq.  (16)  for  the  redistributed  energy  flux 


fOO  ||2  f 

D"{u,a)  =  2/  cPai-|-2U(a;)|5i  •  (5i -f  i- •  (5  X  dip 

J-oo  uj 

[E{u,ai)ot  -  E{u},ai)ai]S2{a-  ai),  (16) 


where  52(d)  is  the  two-dimensional  random  topography  spectrum, 
as 


52(0;)  = 


(a^  -f  ’ 


52(a)  is  derived 


(17) 


a  natural  extension  of  one-dimensional  bottom  topography  by  the  assumption  of 
horizontal  isotropy,  and  E{u,a)  is  specified  as  GM76  as  before. 


Numerical  evaluation  of  Eq.  (16)  gives  similar  features  as  shown  for  the 
two-dimensional  model  in  Figures  2,  3,  and  4.  Magnitudes  differ  only  slightly  by  less 
than  15%  of  the  corresponding  two-dimensional  model  results.  The  total 
redistributed  energy  flux  for  the  three-dimensional  model  is  1.14  mW  m”^  eis 
opposed  to  0.99  mW  m“^  for  the  two-dimensional  case.  The  gain  part  of  the 
redistributed  energy  flux  is  dominant  at  high  horizontal  wavenumbers  and  the  lost 
part  at  lower  horizontal  wavenumbers.  With  this  approximation,  Eq.  (16)  can  be 
integrated  to  yield 

1  (jJ^  -f- 

Z)(u;,a)  «  2^— — 2^\/(u;)[al5(u;)52(a)  -  E{u,a)C\  (18) 
where  E{u)  =  fdaE{u!,a)  and 

C  =  / d^aaS2{a)  =  Z  Q„{ln  ^  -  1}. 

J  Oo 

This  approximation  turns  out  to  be  a  good  one;  it  is  indistinguishable  from  the 
numerically  evaluated  solution  plotted  in  Figure  2.  The  approximation  (18)  is 


(19) 
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particularly  useful  in  theoretical  study  to  derive  the  quantities  associated  with  the 
three-dimensional  internal  wave  scattering  model. 

Limits  of  the  scattering  theory 


For  the  establishment  of  both  three-dimensional  and  two-dimensional  internal 
wave  scattering  theory,  an  expansion  is  made  in  which  two  parameters  are  assumed 
small:  Si  is  the  ratio  of  topography  height  to  the  incident  vertical  internal 
wavelength,  £2  is  the  ratio  of  the  slope  of  topography  to  the  slope  of  wave  rays,  in 
the  root  mean  square  sense.  The  GM  spectrum  implies  the  variance  of  p 


if)  K  DXc  =  ( 


2i  N 

1000  mj  No" 


With  the  specified  topographic  spectrum  S2,  we  ootain 


£i 


UJ 


(20) 


(21) 


which  is  of  order  one  for  the  deep  ocean  where  N/Ng  ~  10”^  Bell’s  spectrum 
implies  a  slope  variance  of 

7^  =  y  da52(a)a^  =  «  (0.2)^,  (22) 

hence 

=  (23) 

which  is  larger  than  one  for  u)  <  2/.  For  typical  ocean  conditions,  the  expansion  is 
only  marginally  correct  and  breaks  down  for  near  inertial  oscillation.  The  transfer 
to  high  wavenumber  is  a  general  tendency  not  limited  to  weak  interaction.  It 
represents  the  approach  to  statistical  equilibrium.  Since  the  approach  to  equilibrium 
is  generally  faster  the  larger  the  nonlinearities  are,  our  results  can  be  expected  to 
represent  a  lower  bound. 

Singularities  in  solutions: 


Singularities  might  indicate  possible  breakdowns  of  the  theory  and  therefore 
deserve  careful  study.  In  horizontal  wavenumber  space  a  — >  0  and  q  — >  co  represent 
singularities  causing  the  energy  flux  and  energy  density  to  become  infinite.  These 
singularities  are  overcome  by  assuming  low  and  high  wavenumber  cutoffs.  There 
still  exist  singularities  in  wave  frequency.  For  the  scattering  process  the  energy 
density  has  a  nonintegratable  singularity  but  energy  flux  is  finite.  The  reflected 
energy  density  spectrum  at  or^  of  the  critical  angles  0  —  7r/2  -f  v^o  (ccrresponding  to 
the  critical  frequency  ujc)  has  a  .lonintegrable  singularity.  The  reflected  energy  flux 
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spectrum  is  finite  here  and  has  the  greatest  contribution  to  the  total  reflected 
energy  flux  spectrum.  This  ensures  that  none  of  the  frequencies  become  the  singular 
point  of  scattered  or  reflected  energy  fluxes. 

Energy  flux  available  for  mixing: 

The  essential  quantity  in  causing  boundary  mixing  is  the  redistributed  energy 
flux  available  for  mixing.  For  the  typical  parameters  of  ocean  conditions  specified  in 
this  paper,  Garrett  and  Gilbert’s  (1988)  results  show  that  the  energy  flux  available 
for  mixing  is  about  0.25  mW  m“^  and  is  due  to  the  redistributed  energy  flux  with 
wavenumbers  beyond  Oc  w  2  x  10“'*  cpm  for  the  three-dimensional  internal  wave 
reflection  model.  Using  the  Eq.  (18)  to  estimate  the  corresponding  energy  flux 
available  for  mixing  for  the  three-dimensional  internal  wave  scattering  model,  we 
find  about  0.80  mW  m~^  of  the  redistributed  energy  flux  will  go  to  mixing. 


7.  Conclusions 

Both  scattering  of  internal  waves  off  random  topography  (Muller  and  Gibers, 
1975;  Gibers  and  Pomphrey,  1981;  Rubenstein  1988,  Muller  and  Xu,  1991  and  Xu, 
1991)  and  reflection  of  internal  waves  off  a  straight  slope  (Eriksen,  1982  and  1985; 
Garrett  and  Gilbert,  1988)  have  been  carefully  studied.  Here  we  assessed  whether 
scattering  or  reflection  is  the  more  efficient  process  in  causing  boundary  mixing? 

In  order  to  answer  this  question,  we  compared  scattering  and  reflection  together  for 
the  two-dimensional  internal  wave  models.  The  scattering  of  three-dimensional 
internal  waves  off  two-dimensional  random  topography  is  more  realistic.  The  study 
shows  that  the  simplified  two-dimensional  internal  wave  scattering  model  is  a  good 
approximation  to  this  general  three-dimensional  scattering  model.  They  show 
almost  similar  features  and  only  differ  slightly  in  magnitudes-by  less  than  15%  in 
terms  of  redistributed  energy  flux.  The  conclusions  are  still  valid  for  the  general 
model  of  three-dimensional  internal  wave  interactions.  The  scattering  process  is 
analyzed  under  the  assumptions  of  (i)  the  height  of  topography  is  smaller  than  the 
vertical  wavelength  and  (ii)  the  slope  of  topography  is  smaller  than  the  wave  slope, 
in  the  root  mean  square  sense.  For  typical  deep  ocean  conditions,  these  conditions 
are  only  marginally  satisfied,  especially  the  slope  condition,  which  breaks  down  for 
near  inertial  waves.  The  reflection  theory  presented  here  is  consistent  with  Eriksen’s 
work.  Comparison  between  scattering  and  reflection  processes  is  made  in  detail.  In 
the  reflection  process,  energy  flux  is  redistributed  to  both  high  and  low 
wavenumbers,  whereas  in  the  scattering  process  scattered  energy  flux  is  transferred 
to  high  wavenumbers.  Reflection  redistributed  much  more  normal  energy  flux  than 
the  scattering  process  does  (2.86  mW  m~^  as  opposed  to  0.99  mW  m~^  ),  but  the 
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reflection  process  redistributes  less  energy  flux  to  high  wavenumbers,  for  example,  to 
a  >  10"'*  cpm,  than  the  scattering  process  (0.9  mW  m"^  opposed  to  0.97  mW  m"^  ). 
Since  most  of  the  redistributed  energy  flux  goes  to  high  wavenumbers,  we  could 
roughly  estimate  the  redistributed  energy  flux  available  for  mixing  as  0.80  mW  m"^ 
compared  with  0.25  mW  m"^  estimated  for  the  reflection  process  by  Garrett  and 
Gilbert  (1988).  Scattering  might  thus  be  equally  or  more  efficient  than  the  reflection 
in  causing  shears  and  mixing  near  the  bottom. 
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On  the  Exchange  of  Energy  Between  Surface 
and  Internal  Wave  Fields 
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University  of  California,  San  Diego 
San  Diego,  CA  92093-0701 


1.  Introduction 

The  proposal  by  Garrett  and  Munk  (1972a)  that  there  is  a  (more-or-less)  steady 
internal  wave  (IW)  spectrum  has  led  to  continuing  search  for  the  sources  and  sinks 
of  IW  energy.  It  has  been  generally  thought  that  energy  loss  occurs  principally  by  a 
cascade  process  to  small  spatial  scales,  where  turbulent  dissipation  damps  the  fluid 
motion.  Dissipation  rates  have  been  deduced  by  Garrett  and  Munk  (1972b),  Gargett 
et  al.  (1981),  Osborn  (1978),  Lueck  et  ai.  (1983),  Gregg  et  al.  (1986)  and  Gregg  (1989). 
These  energy  loss  rates  fall  in  the  range  lO  '*  to  10’^  W  m'^,  corresponding  to  decay 
times  of  10  to  100  days,  with  50  days  often  accepted  as  a  nominal  characteristic 
time. 

Theoretical  calculations  of  the  energy  loss  rate  have  been  given  by  McComas 
(1978),  McComas  and  Muller  (1981),  Pomphrey  et  al.  (1980),  and  by  Platte  et  al. 
(1985).  These  calculations  predict  dissipation  rates  in  the  10  '*  to  10’^  m  range. 

Numerous  mechanisms  for  producing  IW’s  have  been  proposed.  Some  of  these 
are  Illustrated  in  Fig  1,  where  the  iW  spectral  domain  is  indicated  in  a  frequency- 
vertical  mode  number  diagram.  Large  scale  flow  over  bottom  topography  (Bell, 

1975) ,  flows  in  the  mixed  layer  (Bell,  1978,  Kanthu,  1979),  and  mesoscale  shears 
(Watso?  1985)  are  among  the  mechanisms  which  appear  to  provide  significant  IW 
energy  sources. 

The  transfer  of  energy  between  surface  waves  (SW’s)  and  IW’s  has  received 
considerable  attention.  In  particular,  models  proposed  by  Watson  et  al.  (WWC, 

1976) ,  Olbers  and  Herterich  (OH,  1979),  Dysthe  and  Das  (DD,  1981),  and  Watson 
(1990)  have  predicted  the  rate  at  which  IW’s  receive  energy  from  SW’s.  These 
models  have  been  based  on  weakly  nonlinear  interaction  theory  with  coupling  given 
by  "resonant  triads"  of  two  surface  and  one  internal  wave  modes.  The  energy 
exchange  was  significantly  overestimated  by  WWC,  who  used  a  "locked  phase" 
approximation  and  a  numerical  calculation  using  too  few  modes.  The  calculations 
of  OH  were  limited  to  a  specific  mechanism  ("spontaneous  creation")  and  predicted 
an  insignificant  rate  of  energy  exchange.  To  obtain  an  analytic  prediction,  DD 
studied  what  they  called  the  "modulation  mechanism"  and  assumed  a  pencil  beam 
of  SW’s.  They  concluded  that  a  significant  energy  flow  did  not  occur  for  a  realistic 
wind-wave  field. 

The  IW/SW  interaction  was  recently  reviewed  by  Watson  (1990).  He  noted  that 
the  formal  expressions  for  the  interaction  obtained  by  WWC,  OH,  and  DD  were  all 
equivalent,  but  that  in  none  of  these  papers  had  the  implications  of  the  theory  been 
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Fig.  1  Some  suggested  mechanisms  of  Internal  wave  energy  Input  and  loss.  The 
notation  is  that  of  Eqs.  (1-4),  f  is  the  Inertial  frequency,  and  the  units  are  W  m‘2. 


adequately  developed.  Watson  investigated  both  the  OH  spontaneous  creation 
mechanism  and  the  DD  modulation  mechanisms^  He  concluded  that,  except  for 
winds  greater  than  about  20  m  s  ',  only  the  modulation  mechanism  is  of  practical 
significance^.  Using  this  mechanism,  energy  transfer  rates  of  about  10  '*  Wm'^  were 
found,  but  with  energy  flow  from  the  IW  field  to  the  SW  field.  This  energy  transfer 
rate  was  found  to  be  significant  only  for  the  lowest  vertical  modes  and  for  IW 
frequencies  within  a  factor  of  ten  of  the  peak  Vaisala  frequency. 

In  Watson  (1990)  an  exponential  profile  for  the  Vaisala  frequency  was  assumed. 
To  obtain  a  more  realistic  estimate  of  the  significance  of  IW/SW  interactions, 
historical  Vaisala  frequency  data  and  wind  speed  records  have  been  collected  and 
the  theory  applied  to  these.  A  preliminary  account  of  the  conclusions  of  this  work 
is  given  here. 


2.  Linear  Wave  Models 

The  IW/SW  interaction  has  been  treated  as  a  weakly  nonlinear  coupling  of  the 
two  linear  wave  fields.  A  rectangular  coordinate  system  with  the  z-axis  directed 

^  Note  that  both  these  mechanisms  were  included  in  the  formal  analyses  of  WEC,  OH.  and  DD. 

^  The  small  energy  exchange  rate  of  the  spontaneous  creation  mechanism  was  observed  by  OH. 
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upward  is  assumed  to  have  its  origin  in  the  local  plane  of  the  quiescent  ocean 
surface. 

The  vertical  component  of  IW  fluid  velocity  is  written  as 


w{x,z,t)  =  S  E  ^jk(z)  exp 
J  K 


i{K  •  X  -  Qt) 


(1) 


Here  Aj^  specified  the  mode  amplitude  and  IV  is  a  solution  to  the  equation. 


JL 

dz^ 


+  K^  (NVn^  - 1) 


WjK=0, 


(2) 


Wjk{0)=0. 

Wjk{-b)=0.  (3) 

Here  z  =  —b  \s  the  assumed  water  depth  and 

(4) 


is  the  mode  frequency  determined  from  Eqs.  (1),  and  (2),  and  (3).  The  fluid  velocity 
at  the  surface  z  =  0  is  I7(x,f).  THE  GM  76  IW  spectrum  is  used  when  a  spectrum  is 
needed  (see  Gregg  1989,  for  the  form  adopted  here). 

The  linear  surface  wave  field  is  described  by  modes  having  wave  number  k 
and  angular  frequency 


Uk  =  .  (5) 

The  spectrum  of  SW  energy/unit  area  at  a  location  x  is 

Esix,k,t) .  (6) 

The  spectrum  of  ocean  density  is  then 

Fs{x,k,t)  =  Esix.k.t/wk  ).  (7) 

In  the  absence  of  SW  modulation  by  the  IW  current  U,  we  assume  an  "ambient"  SW 
spectrum:  E^ik),  F^ik).  The  surface  wave  "modulation"  M  is  defined  as 

M{x,k,t)  =  Fs/Fa  .  (8) 

For  our  applications,  we  have  evaluated  from  the  models  of  Phillips  (1985), 
Donelan  et  al.  (1985),  and  Banner  (1990).  Our  calculations  are  not  sensitive  to  the 
minor  differences  among  these  models. 
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3.  The  Wave  Interaction  Model 

The  resonant  triad  condition  for  two  SW  modes  having  wavenumbers  k  and  k' 
and  one  IW  mode  with  wavenumber  K  is 

k-k'  =K. 

0Jk-<^k=^  ■  (9) 


it  is  realistic  to  assume  that 

K<<k. 

n<<Uk.  (10) 

These  conditions  let  us  write  the  second  of  Eqs.  (9)  in  the  form 

Cgik)  *  K  =  n.  (11) 

where  Cg  is  then  SW  group  velocity.  The  equation 

Cg(k)  +  U^  K=n  (12) 

is  an  obvious  generalization  of  Eq.  (11)  and  also  represents  the  condition  for  a 
raypath  turning  point  for  SW's  propagating  through  the  current  U. 

The  "standard"  deviation  of  the  SW/IW  interaction  as  a  weakly  nonlinear 
resonant  triad  coupling  begins  with  the  fluid  equations: 

i>^  =  -Vp  +  pg. 

Here  p  is  the  fluid  density,  v  =  (u,w)  the  fluid  velocity,  p  the  pressure,  and  g  the 
acceleration  of  gravity.  The  boundary  conditions  at  the  ocean  surface  are 

=  w  at  z  =  c  (x.t),  the  ocean  surface 
at 


p{x,t)  =  constant  at  z  =  ^. 


(14) 


To  include  triad  Interactions, Eqs.  (13)  and  (14)  are  expanded  to  second  order  in 
wave  amplitudes.  Appropriate  ensemble  averaging  and  cumulant  discard  (see,  for 
example,  Olbers  and  Herterich,  1979)  provide  expressions  for  energy  flow  between 
SW  and  IW  spectra. 


The  above  procedure  leads  to  the  two  mechanisms  noted  in  the  Introduction: 
"spontaneous  creation"  and  the  "modulation  mechanism".  A  simple  derivation  of  the 
energy  exchange  rate  for  the  modulation  mechanism  was  given  in  Watson  (1990). 

We  repeat  this  here.  The  conditions  (9)  let  us  use  the  transport  equation:^ 


d_ 

dt 


+  x  •  Vx  +  k  • 


0 


(15) 
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where 

X  =  Vfe  H,k  =  -V^W,  H  =  uk  +  k  U.  (16) 

On  multiplying  (15)  by  w*.  and  integrating  over  k,  we  obtain 

/  d^kk  .  0  ix,t)  Fs{x,k,t)  =  Ei ,  (17) 

where  the  integration  is  taken  over  some  area  Aq  large  compared  with  the  IW 
wavelength.  Since  U  is  oscillatory,  we  see  that  Eq.  (17)  depends  on  the  value  of  Eq, 
(8). 

The  modulation  of  M  may  be  evaluated  in  a  straightforward  manner  from  Eqs. 
(15)  and  (16),  as  was  shown  in  Watson  (1990).  The  rate  of  energy  exchange  between 
fields  can  then  be  obtained  from  Eq.  (17). 

When  only  a  single  IW  mode  is  considered,  we  can  define  an  e-foldlng  rate 
using  Eq.  (17): 

E,(KJ)  =  v(KJ)Et(KJ).  (18) 

The  sign  of  v  determines  whether  energy  flows  to  or  from  the  IW  field.  To  obtain 
energy  transfer  for  a  finite  IW  spectral  domain,  an  appropriate  sum  over  K  and  j 
can  be  evaluated. 


4.  Energy  Transfer  Rates 

To  evaluate  the  significance  of  the  energy  transfer,  seasonally  averaged  Valsala 
profiles  were  obtained  for  approximately  25  locations  in  the  North  Pacific  Ocean. 
Corresponding  seasonally  averaged  wind  profiles  were  also  obtained  for  the  same 
locations.  An  example  of  the  Vaisala  profiles  Is  shown  in  Fig.  2. 

The  dependence  of  the  energy  transfer  rate  (W  m'^)  for  a  summer  profile  is 
illustrated  in  Fig.  3.  For  wind  speeds  less  than  17  m/s  the  transfer  of  energy  is  to 
the  SW  field.  At  higher  wind  speeds  the  IW  field  receives  energy  from  the  SW  field. 
Since  no  seasonally  averaged  winds  above  15  m/s  were  found,  we  conclude  that  the 
mean  transfer  of  energy  is  from  the  IW  field  to  the  SW  field.  For  summer  profiles 
this  is  at  a  rate  which  seems  to  be  significant  for  the  net  IW  energy  balance.  For 
winter  Vaisala  profiles  the  rates  are  reduced  by  about  an  order  of  magnitude.  This 
is  illustrated  in  Figs.  4  and  5  where  the  rates  of  energy  loss  are  shown  as  a  function 
of  horizontal  wavelength  and  for  modes  1  and  2. 

A  more  detailed  discussion  of  the  implications  of  this  process  will  be 
published  elsewhere. 


^  A  phenomenological  model  for  surface  wave  damping  is  included  in  Eq.  (15).  This  has  little 
influence  on  the  calculated  transfer  rates. 
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Fig.  2  Seasonally  average 
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Fig.  3  The  energy  transfer 
rate  to  the  FW  field  as  a 
function  of  wind  speed. 
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THE  SATURATION  OF  MIDDLE -ATMOSPHERE  GRAVITY  WAVES 


Colin  0.  Hines 

Areclbo  Observatory,  P.O.  Box  995,  Areclbo,  Puerto  Rico  00613 


1.  INTRODUCTION 

A  broad  spectrum  of  gravity  waves  propagates  through  the  middle  atmosphere , 
analogous  to  that  found  in  the  oceans.  As  in  the  oceans,  this  spectrum 
exhibits  a  degree  of  universality  over  a  decade  or  more  in  vertical  wavenumber 
m:  the  wind  power  spectral  density  is  approximately  of  the  form  over 

the  universal  range,  where  Ng  is  the  unperturbed  buoyancy  frequency  and  K  is  a 
constant  variously  taken  to  lie  between  0.1  and  0.5.  (In  this  paper, 
frequencies  and  wavenumbers  are  to  be  measured  la  radians  per  second  and  per 
meter,  respectively,  though  it  matters  not  for  this  particular  purpose.)  This 
"saturated”  portion  of  the  spectrum  is  found  irrespective  of  meteorological 
conditions,  time,  place  and  height  (Balsley  and  Carter  1982;  Dewan  et  al. 

1984;  Tsuda  et  al.  1989;  Van/iandt  1982;  Vincent  1984).  The  cause  of 
saturation  in  the  atmosphere  is  still  a  matter  for  debate,  as  is  that  in  the 
oceans;  the  two  may  have  —  indeed,  are  likely  to  have  —  similar  origins  and 
differences  of  detail  only. 

The  most  frequently  employed  theory  of  saturation  in  the  atmosphere  attributes 
it  to  linear  instability  (Dewan  and  Good  1986,  henceforth  DG86;  Smith  et  al. 
1987,  henceforth  SFV87),  though  a  recent  paper  by  Weinstock  (1990)  makes  an 
Important  challenge  based  on  the  diffusive  dissipation  imposed  by  nonlinear 
combination  of  the  smaller-scale  waves.  The  present  paper  outlines  yet 
another  mechanism:  wave-wave  interaction  imposed  by  the  advective  nonlinearity 
of  the  Eulerian  fluid-dynamic  relations.  It  adapts  and  summarizes  a  three- 
part  set  of  papers  recently  accepted,  and  a  fourth  part  recently  submitted, 
for  publication  (Hines,  1991a, b,c,d,  henceforth  H91a,b,c,d,  respectively). 

The  three  parts  correspond  to  Sections  2,  3  and  4  respectively,  with  the 
fourth  part  included  in  Section  3,  and  an  over-all  discussion  is  presented  in 
Section  5. 

To  set  the  stage  for  oceanographers,  I  should  remark  here  on  two  important 
differences  between  the  atmospheric  and  oceanic  cases:  (1)  The  wave  spectrum 
in  the  middle  atmosphere  is  believed  to  be  dominated  by  waves  propagating 
their  energy  upward  from  sources  at  lower  levels  (such  as  winds  blowing  over 
mountains,  moving  cold  fronts,  shear  in  jet  streams,  and  tropospheric 
convection  that  penetrates  to  or  through  the  tropopause) .  Partial  internal 
reflections  may  occur  in  the  middle  atmosphere,  but  there  is  no  strongly 
reflecting  single  level  analogous  to  the  surface  of  the  oceaa.  Instead,  the 
upper  levels  act  primarily  as  a  dissipative  region,  the  effective  diffusion 
coefficients  increasing  with  height  z.  (2)  Wave  amplitudes  tend  also  to 
increase  with  z,  in  response  to  the  decrease  of  gas  density.  (The  amplitudes 
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tend  to  grow  as  exp  z/2H  while  the  density  decreases  as  exp  -  z/H,  where  the 
scale  height  H  is  about  7  km.)  In  consequence,  the  wave-induced  wind  variance 
would  be  expected  to  grow  by  some  five  or  six  orders  of  magnitude  on  ascending 
from  the  tropopause  (at  heights  of  8  -  16  km)  to  the  turbopause  (at  heights  of 
100  -  110  km) ,  were  it  not  for  the  limiting  effects  of  saturation  and 
dissipation;  in  fact  it  increases  by  about  three  orders  of  magnitude  only,  but 
this  still  constitutes  a  wide  range.  The  factor  K  in  the  saturated  portion  of 
the  spectrum  is  found  to  remain  relatively  constant  despite  these  wide  ranges 
of  anticipated  and  observed  intensities,  but  the  saturated  range  of  wavenumber 
m  is  found  to  shift,  with  at  least  the  lower  bound  progressing  to  smaller  ra 
with  increase  of  height  (e.g.,  SFV87).  These  features  open  to  the 
atmospherist  a  degree  of  freedom  not  available  to  the  oceanographer,  one  that 
may  inspire  new  modes  of  attack  on  the  problem  of  saturation  and  one  that 
provides  for  a  testing  of  any  new  theory. 


2.  CRITIQUE  OF  LINEAR- INSTABILITY  THEORY 

The  linear-instability  theory  of  DG86  and  SFV87  attributes  saturation  to 
instability  engendered  by  the  wave  spectrum  in  consequence  of  the  latter's 
growth  with  height.  The  theory  is  a  descendant  of  an  analysis  by  Hodges 
(1967)  in  which  a  monochromatic,  upgoing  gravity  wave  was  considered.  1  shall 
represent  such  a  wave  as  having  phase  variations  given  by  (kx  +  ly  -  mz  -  wt] , 
with  z  the  upward  coordinate,  m  and  w  positive,  and  I  shall  term  it  a  single 
"mode",  there  being  no  overlying  reflector  to  produce  a  downgoing  complement. 

Hodges  determined  the  Richardson  nximber  Ri  as  a  function  of  phase  for  a  single 
mode  under  approximations  appropriate  to  much  of  the  atmospheric  spectrum. 
These  approximations,  which  I  also  adopt,  produce  the  dispersion  relation 

as  in  an  incompressible  medium  (neglecting  Earth's  rotation),  h  «  +  (k^  +  1^)'‘ 
being  the  horizontal  wavenumber,  taken  to  be  «  m.  He  found  that  the  minimum 
Ri  in  a  single  mode  could  fall  below  1/A  (and  so  produce  dynamic  instability) 
only  if  it  in  fact  fell  below  0  at  an  appropriate  phase  (and  so  produced,  at 
that  phase,  static  —  or  convective  —  instability).  The  required  condition 
for  instability  could  be  stated  as  =  0.5,  where  Og  is  the  standard 
deviation  of  the  wave-induced  shear,  nondimens ionalized  (here  and  henceforth) 
by  division  by  N^.  At  greater  heights,  the  wave  amplitude  was  expected  to 
remain  constant  (be  "saturated",  in  later  parlance),  or  perhaps  even  be 
reduced,  in  consequence  of  the  transfer  of  wave  energy  to  turbulence  energy. 

In  DG86,  arguments  previously  presented  by  Phillips  (1977)  for  ocean  waves 
were  adapted  to  the  atmospheric  case.  The  wave-induced  winds  of  the  saturated 
portion  of  the  atmospheric  spectrum  were  taken  to  be  produced  by  a  succession 
of  wave  groups  (structured  in  the  vertical)  having  a  range  of  vertical 
waveniirabers  Am  proportional  to  m,  and  these  were  taken  to  become  unstable  — 
statically  or  dynamically  —  when  their  reached  some  critical  value  taken 
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to  be  of  order  unity.  With  this  critical  value  independent  of  m,  DG86  found 
that  the  corresponding  wind  variance  must  be  proportional  to  ra’^,  and  so 
the  power  spectral  density  within  the  Am  group  must  be  proportional  to  m“^, 
the  factor  of  proportionality  being  assumed  to  be  of  order  unity.  They  then 
attributed  this  spectral  form  to  the  observable  saturated  wind  spectrum  as  a 
whole,  and  thereby  provided  an  explanation  for  the  observations.  A  second 
argument  by  DG86  obtained  the  same  spectral  form  on  dimensional  grounds,  with 
the  assumption  that  N^,  represented  the  only  background  atmospheric  parameter 
and  m  (taken  to  be  »  h)  the  only  spectral  parameter  relevant  to  instability: 
the  dimensions  of  the  power  spectral  density  of  the  winds  then  required  that 
the  density  itself  be  proportional  to  m“^  as  before.  The  same  spectral 
form  was  adopted  by  SFV87,  based  only  on  a  reference  back  to  DG86,  not  on  any 
further  argument. 

The  first  argument  of  DG86  (and  so  that  of  Phillips)  is  subject  to  severe 
criticism  even  if  one  accepts  the  assumptions  that  go  into  it;  it  in  fact 
requires  yet  another  assumption  -  -  a  hidden  assumption  to  date  -  -  that  the 
postulated  wave  groups  must  enter  the  observations  with  equal  frequency  of 
occurrence  across  the  m  spectrum.  I  see  no  basis  for  such  an  assumption,  even 
if  the  Am  a  m  assumption  might  be  justified  on  some  scaling  grounds  (which  I 
doubt),  and  so  I  cannot  accept  that  the  first  argument  is  relevant.  The 
second,  dimensional  argument  will  be  valid  if  its  assumptions  are,  but  one  of 
those  assumptions  is  that  wave  instability  is  indeed  the  mechanism  that  shapes 
the  spectrum:  consistency  is  found,  which  is  a  necessary  but  not  a  sufficient 
finding  to  establish  wave  instability  as  the  relevant  mechanism.  The  theory 
of  stratified  turbulence,  for  example,  as  in  Lumley  (1964),  leads  to  the  same 
spectral  form,  as  does  the  diffusive  wave  nonlinearity  of  Weinstock  (1990). 
Below,  I  shall  argue  that  the  total  wind  standard  deviation  is  a  relevant 
parameter,  thereby  negating  the  purely  dimensional  argument,  and  indeed  I 
shall  argue  that  the  m"^  form  is  only  an  approximate  accident  anyway,  subject 
to  some  change  from  case  to  case  and  plausibly  from  atmosphere  to  ocean. 

In  DG86,  the  multiplier  of  m“^  was  left  unspecified  other  than  that  it  be 
roughly  of  order  unity  (probably).  In  SFV87,  on  the  other  hand,  a  critical 
value  of  0.5  was  adopted  for  by  analogy  with  the  case  of  the  single, 
monochromatic  wave.  This  critical  value  was  first  applied  to  a  wave  group 
with  Am  •'  m  and  shown  to  produce  NoV2m^  as  the  requisite  spectral  power 
density.  Subsequently,  a  model  spectrum  of  the  form  (1  +  [m/m.]®)"^  was 
assumed,  m.  being  a  characteristic  vertical  wavenumber  determining  the 
transition  from  an  unsaturated  (flat)  portion  of  the  wind  spectrum  at  smaller 
m  to  the  saturated,  large-m,  m“^  tail  spectrum.  With  a  further  assumption  as 
to  the  length  of  the  tail  —  it  was  taken  to  extend  to  about  200  m.  —  and  of 
the  form  of  the  frequency  spectrum  (assumed  separable) ,  the  shear  power 
spectral  density  was  integrated  over  m  and  set  equal  to  the  assumed  critical 
shear  variance,  0.5.  This  procedure  determined  the  absolute  intensity  of  the 
spectral  form  and  led  to  a  wind  power  spectrum  of  in  the  saturated 

tail.  This  spectrum  was  claimed  to  be  in  good  agreement  with  observations  — 
better  agreement,  in  fc.'.t,  than  that  given  by  the  NoV2ni^  result  of  the  Am  - 
m  "narrow-band"  group.  The  agreement  was  taken  as  evidence  not  only  in  favor 
of  the  instability  theory,  but  also  of  the  requirement  to  integrate  the  shear 
over  the  full  spectrum  when  establishing  the  condition  for  instability  — 
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thereby  denying  the  individual-group  model  on  which  the  form  of  the  spectrum 
had  first  been  based. 

Here  again,  the  favorable  conclusion  is  one  of  compatibility  rather  than 
determinacy.  It  could  be  turned  quite  the  other  way  around:  the  wave  spectrum 
might  be  established  in  the  model  form  by  processes  other  than  instability, 
and  the  SFV87  calculation  would  then  merely  establish  that  the  modeled 
spectrum,  if  extended  to  the  assumed  maximum  m,  would  indeed  be  unstable. 

Since  the  linear-instability  theory  maintains  consistency  with  observation,  it 
cannot  be  disproven  by  the  criticisms  I  have  made  here;  but  the  strength  of 
the  arguments  in  favor  of  that  theory  should,  I  think,  have  been  undermined. 

In  any  event,  given  that  theory,  a  further  point  must  be  made:  the  linear- 
instability  theory  has  been  developed  to  date  on  the  basis  of  linear  wave 
theory,  but  the  model  adopted  to  illustrate  it  reveals  that  the  waves  are 
highly  nonlinear. 

If,  for  example,  one  adopts  as  the  wind  power  spectral  density  WPSD  the  form 

WPSD=  ,  (2) 


favored  by  SFV87,  one  finds  upon  integration  over  m  the  wind  variance 

a\=  (7t/9v/T)  {Nl/m!)  =  0.20  (co/h)*,  (3) 


where  o,  is  the  wind  standard  deviation  as  before  and  (w/h).  is  the  horizontal 
trace  speed  of  a  wave  with  the  characteristic  vertical  wavenumber  m. ,  use 
having  been  made  of  (1).  This  reveals  that,  at  m.,  the  horizontal  trace  speed 
is  little  more  than  twice  the  standard  deviation  of  the  wave-induced  wind 
field  through  which  the  wave  is  propagating.  Waves  having  greater  m  will  have 
proportionately  smaller  horizontal  trace  speeds,  via  (1).  At  a  point  in  space 
where  the  wave-induced  wind  V  has  a  component  (assumed  horizontal,  for  the 
moment)  in  the  direction  of  the  wave's  propagation,  the  total  time  derivative 
of  the  Eulerian  fluid-dynamic  equations  is 

D/Dt  =  d/dt+Y.V  =  il  +  Vj,/  [(^/h])d/8t,  W 

with  the  Vj,/[w/h]  term  representing  a  nonlinear  interaction  between  the  chosen 
wave  and  the  whole  of  the  wave-induced  wind  field  (plus  any  background  wind, 
in  general).  This  interaction  will  clearly  be  of  import  to  all  waves  except, 
perhaps,  to  those  with  w/h  >  2  V^,  which  will  be  roughly  those  with  ra  <  ra. . 
Integration  of  the  (nondiraensionalized)  shear  power  spectral  density 
corresponding  to  (2),  namely 

SPSD  =  /  {1-^  [m/mj^)  , 
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now  shows  that  these  relatively  immune  waves  contribute  only  0.04  to  a^.  If, 
as  has  been  supposed,  the  critical  value  of  is  of  order  unity  (e.g.,  0.5 
as  assumed  by  SFV87) ,  it  is  evident  that  the  requisite  shears  must  come 
primarily  from  the  tail  portion  of  the  wave  spectrum,  the  portion  that  suffers 
strong  nonlinear  interaction.  To  take  an  extreme:  at  the  tip  of  the  tail, 
where  m  “  200  m.  according  to  the  rough  estimate  of  SFV87,  the  wind  standard 
deviation  would  be  about  72  times  the  horizontal  trace  speed.  This  confirms 
for  the  middle  atmosphere  a  conclusion  about  the  relevance  of  nonlinearity 
reached  many  years  ago  for  the  ocean  (e.g.,  Holloway  1980,  1981,  Munk  1981). 
(My  own  estimate  of  the  length  of  the  tail  —  to  about  23  m. ,  as  is  derived 
below  —  leads  to  a  horizontal  trace  speed  at  the  tip  of  the  tail  equal  to 
about  o’,/8.  This  corresponds  closely  to  Holloway's  1980  statement,  that 
oceanic  internal  waves  are  too  energetic  by  two  orders  of  magnitude  to  be 
considered  weak  waves.) 

These  considerations  reveal  that,  even  if  one  wanted  to  pursue  an  instability 
theory  of  saturation,  one  would  in  principle  be  forced  to  pursue  that  theory 
nonlinearly,  specifically  with  the  effects  of  the  advective  nonlinearity  V.V 
being  taken  into  account.  As  I  shall  argue  below,  the  effects  of  this 
nonlinearity  seem  to  be  adequate  in  themselves  to  shape  the  tail  into 
something  like  an  m"^  form,  at  least  if  there  is  a  dissipative  process  acting 
strongly  at  large  m.  This  (secondary)  process  could  be  instability,  if  the 
tail  extends  to  large  enough  m  such  that  attains  the  critical  value, 
whatever  that  may  be,  but  it  could  alternatively  be  molecular  diffusion  (as  I 
shall  argue  it  is,  above  the  turbopause)  or  the  nonlinear,  wave-wave  diffusion 
examined  by  Weinstock  (1990). 

The  analysis  of  H91a  includes  a  derivation  of  the  probabilities  of  insipient 
instability  (i.e.,  the  probabilities  of  finding  Ri  <  1/4  for  dynamic 
instability  and  <  0  for  static  instability)  for  an  azimuthally  isotropic, 
Gaussian  distribution  of  wave-induced  winds.  It  shows  that  each  probability 
increases  continuously  from  0  as  increases  from  0  and  reaches  appreciable 
levels  (of  order  0.1)  for  of  order  unity,  thereby  confirming  the  criteria 
adopted  by  DG86  and  SFV87  for  their  critical  shears,  and  providing  a  firm  base 
for  future  application. 


3.  DEVELOPMENT  OF  DOPPLER- SPREAD  THEORY 

The  intent  of  this  section  is  to  make  an  analytic  estimate,  necessarily  crude, 
of  the  consequences  of  the  advective  nonlinearity  in  a  spectrum  of  waves  such 
as  the  middle  atmosphere  supports.  For  the  purpose,  I  assume  an  atmosphere 
that  is  wind-free  and  nearly  isothermal  in  the  absence  of  the  waves, 
gravitationally  stratified  and  nonrotating.  I  further  assume  a  power  spectral 
density  of  x-component  (u)  and  y-component  (v)  of  wave-induced  wind  given  by 

Gu  =ik!h)^  QHk,l,d  =  cos^a  QHa.,h,ni 

and 

qI  =  il/h)^  QHk,l,d  =  sin^a  QHa,h,d 
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respectively,  where  oc  sarc  cos  k/h  =  arc  sin  1/h  is  the  azimuth  of  wave 
propagation  and  is  the  power  spectral  density  of  the  wave— induced  wind  in 
the  azimuth  of  the  wave's  own  propagation.  The  notation  within  braces  is 
intended  to  indicate  that  may  be  thought  of  as  a  function  of  horizontal- 
component  wavenumbers  k  and  1,  or  azimuth  «  and  horizontal  wavenumber  h,  in 
addition  to  vertical  wavenumber  m. 

The  spectral  components  are  taken  to  be  randomly  phased  relative  to  one 
another,  and  the  spectrum  is  taken  to  be  broad,  in  which  case  the  Central 
Limit  Theorem  establishes  that  the  horizontal  wind  components  will  have  a 
Gaussian  distribution:  the  probability  of  finding  u  between  u  and  u  +  du  is 
given  by 

P.,  (u)  du  =  exp{-u^/2Vj  du,  (8> 

v/2^ 


where  is  the  variance  of  u,  given  by 

=  al  =fff  (k/h)^  oHk,l,d  dk.dl.dm 
”/// ,h,i^  h  da.dh.dm 


(9) 


and  likewise  for  the  y-component.  (The  spectrum  is  taken  to  contain  only 
upgoing  waves  —  that  is,  waves  with  positive  m,  under  present  convention  — 
and  the  integration  over  m  is  correspondingly  restricted.)  For  convenience,  I 
shall  assume  an  azimuthally  isotropic  spectrum,  so  that  is  independent  of 
azimuth  and  the  integration  over  «  may  be  conducted  trivially.  Then  each  of 
the  two  variances  is  equal  to  half  the  total  (horizontal)  wind  variance 

=  2V^  =  Or  =  2nj’J'o^ij2,in}  h  dh.dm 

and 

Pju)  =  Piu)  =  - - —  exp  (11) 

^/W  Oj. 


Similarly  for  P^lv). 

I  now  assume  that  a  spectrum  of  the  type  assumed  is  incident  on  the  middle 
atmosphere  from  below,  where  the  waves  can  be  taken  to  be  non-interacting  — 
i.e.,  linear  wave  theory  applies.  The  of  the  spectrum  there  will  be 
denoted  by  the  "i"  indicating  "initial".  The  task  now  is  to  determine 
how  this  spectrum  will  alter  with  height,  as  wave  amplitude  Increases  and  the 
advective  nonlinearity  comes  into  play. 

For  the  purpose,  I  consider  a  small  packet  of  waves  in  the  middle  atmosphere 
having  wavenumbers  in  the  bin  Ak.Al.Am  at  {k,l,ra).  This  is  not  to  be 
construed  as  a  physical  wave  packet,  engendered  by  some  particular  source,  but 
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rather  just  a  mathematical  construct  deriving  from  the  waves  that  happen  to  be 
at  hand.  I  take  it  to  be  propagating  through  the  irregular  wind  system 
provided  by  the  full  wave  spectrum,  but  I  take  the  effect  of  that  wind  system 
to  be  introduced  only  by  the  horizontal  component  of  wind  and  to  be  treatable, 
in  its  statistical  consequences,  as  if  that  component  were  a  "background" 
wind,  unvarying  in  time  or  horizontal  position.  These  restrictions  will  limit 
the  accuracy  and  to  some  extent  the  validity  of  the  form  of  subsequent 
relations,  to  be  sure,  but  it  is  to  be  hoped  that  they  do  not  invalidate  the 
general  (statistical)  tendencies  that  will  be  revealed. 

Given  these  assumptions,  the  chosen  wave  packet  will  retain  its  oc  and  h 
unchanged;  I  shall  take  a  -  0  for  convenience  at  the  start.  In  the  underlying 
region,  the  packet's  intrinsic  frequency  will  be  and  its  vertical 
wavenumber  will  be 


=  N^k/(x>  j 


(12) 


from  (1).  At  some  height  of  interest,  however,  where  the  wave-induced  wind 
field  has  x-component  u,  the  intrinsic  frequency  will  be  Doppler  shifted  to 

<»)  =  (Dj  -  icu  (13) 

and  the  dispersion  relation  (1)  then  establishes  that 

m'^  =  -  u/N^. 

That  is  to  say,  the  spectral  energy  located  in  the  bin  Ak.Al.Am  at  {k,0,m)  in 
wavenumber  space,  at  a  point  in  physical  space-time  where  the  x-component  of 
the  total  perturbation  wind  is  u,  will  have  arrived  there  as  a  consequence  of 
Doppler  shifting  from  the  vicinity  of  {k,0,mi}  with  mi  defined  by  (14). 

Though  (13)  permits  w  and  Wi  to  differ  in  sign,  such  an  occurrence  would 
indicate  Doppler  shifting  through  the  critical  condition  w  =  0  at  which 
extreme  dissipation  is  anticipated;  it  will  not  be  admitted  in  the  present 
work.  Correspondingly,  with  m^  restricted  to  positive  values,  m  will  be 
likewise  restricted. 

It  is  known  from  previous  work  (e.g.,  Hines  and  Reddy  1967)  that  (u')^  m"^ 
must  be  height-invariant  as  a  single  mode  (with  perturbation  wind  u' ,  vertical 
wavenumber  m)  propagates  through  a  background  wind  system,  if  reflections  are 
ignored  (as  in  a  WKBJ  treatment) .  I  take  the  spectral  analogue  of  that 
conclusion  to  be  that  m'^  dm  must  be  invariant  under  Doppler  shifting  in 
the  present  case.  (The  standard  exponential  growth  with  height  has  not  been 
taken  into  account  here.  It  applies  uniformly  across  the  whole  spectrum  and 
so  plays  no  explicit  part  in  deforming  the  spectrum.  It  will  be  reintroduced 
later.)  Thus,  were  the  u  of  (14)  the  only  u  ever  encountered,  we  would  find 
that 

dm  =  q\  dm^ 

or 

=  qI  m  idm^/dm)  =  q\  m~^  m^, 
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where  Qi^  is  the  of  the  initial  spectrum  and  the  derivative  has  been  taken 
from  (13)  subject  to  u  being  held  constant. 

In  fact,  one  finds  a  whole  range  of  u's  at  a  given  point  of  space  in  the 
course  of  time;  (16)  is  found  only  with  a  certain  probability,  given  by 
Pu{u)  du  for  a  small  range  du  about  u.  This  small  range  corresponds  to  a 
range  dmi  about  the  initial  mi  such  that 

du  =  Idu/dm^l  dm^^  =  dm^, 

in  which  the  derivative  has  been  taken  from  (14)  subject  to  m  being  held 
constant.  In  combination  with  (11)  and  (16),  and  with  integration  over  all 
contributing  dm^,  this  implies  that  the  appropriate  to  {k,0,m)  is  given  by 


In  the  present  case  of  an  azimuthally  isotropic  spectrum  of  waves,  this  may  be 
rewritten  in  terms  of  Q^{h,mi)  and  Qi^{h,mi},  with  the  corresponding 
isotropic  probability,  thus: 

oHhfd  =  fc>i{h,m^} - — —  exp  ~iNo  dm^. 

’’  yiTojinnij 

If  the  vertical  wavenumbers  are  nondimensionalized  via  multiplication  by 
Ot/Nq,  the  transformation  may  be  rewritten  as 

=  fof{h,Mi}  [— - ]  dMi,  <20) 

J 


where 

M  ^  mo  j./N^ 


(21) 


and  similarly  for  Mi. 

The  factor  in  brackets  in  (20)  may  be  thought  of  as  a  transfer  function, 
leading  from  the  initial  to  the  observable  spectrum  in  the  scaled  units.  It 
is  independent  of  h  as  well  as  azimuth,  and  so  applies  equally  to  the  one¬ 
dimensional  (in  m)  spectrum  obtained  by  integration  over  h,  the  spectrum  that 
exhibits  an  approximately  m"^  portion  in  the  middle  atmosphere.  Its 
consequences  are  indicated  here  with  the  aid  of  Figures  1  and  2 . 

Figure  1  exhibits  the  transfer  function  itself,  as  a  function  of  M,  for  a 
number  of  values  of  in  a  range  about  =  1  (for  which  Wj/h  =  a.^)  .  This 
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function  may  be  thought  of  as  the  statistically  observable  spectrum 
derived  from  a  delta-function  input  spectrum  at  this  position  being 

marked  by  the  abscissa  of  the  heavy  dot  on  each  curve  in  turn.  This 
observable  spectrum  is  seen  to  be  broadened  —  or  Doppler  spread  — ,  with  its 
peak  moving  to  an  M  value  somewhat  lower  than  and  a  tail  extending  to 
higher  M.  From  the  form  of  (20),  it  is  apparent  that  this  tail  asymptotes  to 
the  form  and  yet,  for  values  somewhat  smaller  than  1,  it  exhibits  a 
markedly  stronger  variation  before  reaching  the  asymptotic  form.  Indeed,  for 
-  1/2,  it  exhibits  something  close  to  an  M"®  form  over  at  least  a  decade  in 
M,  which  would  be  consistent  with  what  we  know  of  the  actually  observed 
spectra.  (The  percentages  associated  with  the  individual  curves  will  be 
explained  shortly.) 

Figure  2  exhibits  the  convolution  of  the  transfer  function  with  a  step- 
function  input  —  with  an  input  spectrum  that  is  flat  (white  noise)  up  to  some 
cutoff  value  Mj,  (labeled  and  with  abscissa  marked  by  the  heavy  dot  on  each 
curve  in  turn)  and  is  then  cut  off  to  zero.  Again  a  tail  is  found,  with  the 
form  occurring  again  and  extending  over  at  least  a  decade  in  M,  now  for  Mj, 
“  1/2. 


Figure  1  Figure  2  Figure  3 

It  would  seem  from  these  examples  that  the  advective  nonlinearity  has  a 
propensity  for  producing  a  semi-universal  spectrum  of  the  observed  form,  at 
least  if  some  mechanism  exists  that  would  prevent  incident  waves  having  > 
1/2  or  1  playing  any  substantial  role  in  the  observations.  I  suggest  that  the 
required  mechanism  is  to  be  found  in  the  approach  of  such  waves  to  critical- 
layer  interactions  at  and  below  the  height  of  observation.  As  an 
approximation,  I  assume  that  waves  with  vertical  wavenumber  exceeding  some 
maximum  value  m„  (scaled  alternatively  to  M^)  are  simply  obliterated. 
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The  probability  of  a  wave  with  incident  wavenumber  having  a  local 
wavenumber  less  than  iDh,  and  so  escaping  obliteration,  is  given  by 


P^=  0.5  +  0.5  erf 
=  0.5  +  0.5  erf 


(22) 


adapted  from  (2.22)  of  H91b,  erf  being  the  error  function, 

erf{x)  =  2n  ^f^e^^dq, 

J  o 

This  probability  is  depicted  by  the  continuous  curve  in  Figure  3  for  the  case 
Mm  -  11.5,  which  will  be  justified  below,  although  the  critical-level  case 
Mm  -  <»  is  not  much  different.  (The  percentages  marked  on  Figure  1  represent 
the  complementary  probability,  namely  that  waves  of  the  respective  values 
will  indeed  be  obliterated.) 

This  Pg  curve  applies  only  locally,  at  the  height  currently  of  interest.  To 
have  survived  to  this  height,  the  waves  must  have  avoided  obliteration  at  all 
lower  levels.  The  probability  of  this  successful  escape  is  roughly  the 
product  of  the  probabilities  of  escape  through  each  of  the  statistically 
independent  underlying  slabs  of  atmosphere.  I  take  the  depth  of  each  such 
slab  to  be  Ag/2,  where  a  is  the  cutoff  vertical  wavelength  of  the 

incident  v’ave  spectrum  —  the  transition  wavelength  between  the  small-m  body 
and  the  large-m  tail  spectra  —  and  I  number  the  underlying  slabs  with  the 
index  n,  counting  downward  from  the  current  height  of  interest.  I  also  take 
Ot  to  vary  with  height  as  exp  {z/4H)  and  mMOj  to  be  height-independent  (see 
below) .  The  probability  of  successful  escape  through  all  underlying  slabs  is 
then  the  product  of  individual-layer  factors  given  by  (22)  for  each  in  turn; 

a, 

11=  n  (0 . 5+0 . 5  ex’f  exp  {nA,  j,  -  jJ)  ,  ^^3) 

n»l 

where  n.  is  the  number  of  slabs  between  the  height  of  observation  and  the 
source  height.  The  n  curve  of  Figure  3  represents  this  probability  for  Mm  = 
11.5  again,  with  the  use  of  A^  =  1.07  km  and  H  =  7  km,  which  are 
representative  of  the  middle  stratosphere  (ca.  25  km  height),  and  n.  =  30, 
corresponding  to  a  source  16  km  below.  This  curve  clearly  exhibits  a  sharp 
cutoff  that  might  be  approximated  by  a  step  function  sited  at  some  M,,  in  the 
range  0.5-1,  as  was  wanted.  (This  calculation  and  these  curves  are  newly 
presented  here;  they  are  not  contained  in  H91b  but  are  now  submitted  for 
publication  as  Part  IV  of  the  in-press  series.) 

A  finite  Mm,  such  as  I  have  adopted,  can  be  imposed  by  molecular  diffusion 
(viscosity  and  heat  conduction) ,  and  in  the  next  section  I  take  it  to  be  so 
imposed  above  the  turbopause.  Below  the  turbopause,  where  (by  definition) 
turbulence  is  to  be  found,  linear  instability  might  well  provide  the  relevant 
mechanism.  But  it  would  be  the  mechanism,  now,  for  limiting  the  length  of  the 
tail,  not  for  determining  the  tail's  form  or  intensity.  Examination  of  this 
possibility  in  any  detail  analytically  requires  an  analytic  model  spectrum. 
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In  H91b,  following  VanZandt  and  Fritts  (1989),  I  adopt  the  "modified 
Desaubies"  spectral  form 

Q^im)  =  Km/  (l+\jn/mJ^)  ,  <2^) 


where  m^  is  a  characteristic  vertical  wavenumber  corresponding  closely  to  m. 
in  Section  2,  in  that  it  marks  the  onset  of  the  tail  portion  of  the  spectrum. 
The  m^  notation  is  justified  because  this  mj,  is  analogous  also  to  the  cutoff 
of  incident  wavenumbers  in  Figure  2,  where  too  the  tail  may  be  said  to  begin. 
I  take  as  my  choice  m^  -  ^Jla^  (or  -  1/2,  in  Figure  2),  on  the  empirical 
grounds  that  it  seems  to  represent  as  close  to  observed  reality  as  a  step- 
function  approach  to  the  cutoff  is  likely  to  ccme,  but  witn  legitimacy  being 
provided  by  the  11  curve  of  Figure  3.  This  choice  combines  with  (24),  from 
which  can  be  inferred  by  integration,  to  establish  the  value  of  K  as 
NoV’fnic^.  (The  integral  is  only  weakly  dependent  on  the  upper  limit  of 
integration  m„,  provided  that  m^  »  m,,  as  I  take  it  to  be,  and  so  integration 
to  infinity  is  appropriate.)  Then  (24)  becomes 

=  Nlm/nmcil  +  [m/m^]^)  ,  (25) 


which  approximates  to  its  large-m  tail.  The  ii.tcnsity  of  this  tail 

is  fully  consistent  with  observations  (cf.  NoV2ni®  and  cited  in  Section 

2),  and  it  was  derived  with  no  assumption  being  needed  as  the  critical 
value  of  shear  or  even  the  existence  of  instability  (as  the  Linear-instability 
derivations  required).  Those  assumptions  are  replaced  here  by  rhe  assumptio". 
of  No/2a.j  as  an  effective  cutoff  of  incident  wavenumbers  —  an  assumption 
justified  by  the  continuous  curve  of  Figure  3,  at  least  for  the  middle 
stratosphere . 


I  would  argue,  further,  that  in  the  limit  of  small  m  the  id  be 

unaffected  by  dissipation  or  Doppler  spreading  and  hence  the  - >ectral 

density  in  that  limit  should  grow  with  height  as  exp  ss/H.  J’h  nption, 

imposed  upon  (25),  leads  directly  to 

=  m^  exp  -x/4H  (26) 

and  so  also  to 

Oj.=  {Nj2mj  exp  z/4H,  (27) 


with  m^  a  constant  that  would  be  determined  by  the  initial  energy  sources, 
specifically  those  producing  small  m^.  These  height  variations  are  in  accord 
with  observations  as  I  know  them;  specifically,  the  wind  variance  now  grows 
with  height  at  half  the  rate  appropriate  to  a  nonsaturatirg,  nondissipating 
spectrum,  as  it  was  said  to  do  observationally  in  Sectijn  1. 

The  (nondimens ionalized)  shear  spectrum  can  be  obtained  from  (25)  via 
multiplication  by  mVNo^>  and  then  integrated  to  obtain  the  shear  va'iance  cr„^. 
The  integral  is  logarithmically  divergent  and  must  be  terminated  at  some  «?per 
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bound  %,  beyond  which  the  spectrum  is  of  turbulence,  not  of  waves.  Then 


a\  =  (471)'^  In  =  ir'^ln  imjinj 


(28) 


where  ni„  »  m,.  has  been  assumed.  Now,  if  instability  is  to  determine  m„,  as 
being  niHinst  say,  this  shear  variance  must  equal  the  critical  value  cTgctit^ 
for  the  marginal  maintenance  of  instability,  whatever  that  may  be.  Hence, 


(29) 


If  I  take  to  be  1,  as  suggested  in  Section  2,  then  (29)  yields 

•"’Miriit/^c  ”  ’f  "  23:  the  tail  extends  over  a  23-fold  range  in  m.  This  is 

the  value  that  leads  to  the  Pg  curve  in  Figure  3.  The  result  m„ingt/™c  “  23  is 
consistent  with  the  observations  known  to  me,  and  specifically  with  those  of 
Dewan  et  al.  (1984),  though  perhaps  for  the  unfortunate  reason  that  the  data 
do  not  extend  reliably  over  a  greater  range.  It  is  possible  that  (29)  would 
be  used  best  in  the  opposite  direction,  as  a  means  of  determining  Ogcrit^ 
empirically  from  observed  values  of  mMinat/n'c* 

In  H91b,  an  appendix  establishes  that  inclusion  of  the  Coriolis  force 
associated  with  Earth's  rotation  leads  to  a  tail  spectrum  that  asymptotes  to 
m"^  (rather  than  m“^  as  in  (19)).  A  second  appendix  outlines  a  failed  attempt 
to  reach  an  m"^  form  by  the  further  inclusion  of  the  wave-induced  vertical 
wind  field  in  the  advective  nonlinearity,  and  a  third  appendix  deals  briefly 
with  azimuthally  anisotropic  conditions.  I  consider  ray  failure  to  produce  an 
ra~®  asymptotic  form  to  be  serious  only  from  one  point  of  view,  to  be  discussed 
in  Section  5;  specifically,  I  do  not  consider  it  to  be  serious  for  purposes  of 
comparison  with  data.  This  is  because  I  have  obtained  here,  at  least  for  the 
cases  -  1/2  (Figure  1)  and  M^.  =  1/2  (Figure  2) ,  the  wanted  m"®  form  as  a 
transitional  form  bridging  the  gap  between  low  wavenumbers,  which  are 
unaffected  by  Doppler  spreading,  and  high  wavenumbers,  which  will  be  subject 
to  dissipative  processes  and  so  will  (probably)  be  altered  from  whatever 
asymptotic  form  they  might  otherwise  have  achieved.  So  far  as  I  am  aware, 
that  is  all  that  the  observations  demand. 


4.  FORMATION  OF  THE  TURBOPAUSE 


Molecular  diffusion  increases  with  height  through  the  atmosphere  and  imposes 
an  ultimate  cutoff  of  the  wave  spectrum.  I  suggest  that  turbulence  terminates 
—  the  turbopause  is  formed  —  when  the  cutoff  imposed  in  this  manner,  which 
occ...rs  at  some  m„  given  roughly  by 


_l 

^Mmoi  =  iN^h/2Ttr\)  3  , 


(30) 


limits  the  length  of  the  tail  to  a  value  just  less  than  that  required  for  the 
occurrence  of  instability.  (See  H91c;  rj  is  the  molecular  kinematic 
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viscosity.)  Equality  of  nVtooi  %inst  the  turbopause  then  requires  there 
that 

Oscrit  =  In 

Aj,  ■  2jr  h"^  being  a  (representative)  horizontal  wavelength.  One  would  like  to 
solve  this  equation  for  the  height  at  which  it  is  satisfied,  thereby 
determining  the  height  of  the  turbopause,  but  is  as  yet  unknown  to  the 

accuracy  required  for  a  meaningful  conclusion.  Instead,  I  use  it  the  other 
way  around,  as  a  means  of  estimating  i^scrit^- 

The  turbopause  is  typically  taken  to  lie  at  a  height  of  100  -  110  km,  where 
Tf  “  100  mVs  and  “  0.02  s“^.  If  I  adopt  a  representative  A^  “  50  km  and  a 
representative  -  30  m/s,  then  (28)  yields  -  0.497,  almost  exactly 

the  value  chosen  by  SFV87.  This  seems  to  be  a  perfectly  reasonable  value  of 
a,  to  accept  as  a  condition  for  the  termination  of  instability,  particularly 
since  the  wave  spectrum  might  well  have  been  narrowed  to  a  nearly 
monochromatic  wave  by  the  time  turbopausal  heights  are  reached.  The  same 
estimates  combine  with  the  modified  Desaubies  spectrum  (25)  to  imply  a 
spectral  peak  (which  occurs  at  nip  -  me  ■>  0.76  m^)  at  a  vertical 
wavelength  of  Ap  -  25  km.  Such  a  value  is  frequently  reported  as  dominating 
the  spectrum  at  turbopausal  heights,  often  with  the  (possibly  false) 
identification  of  the  observed  wave  as  the  diurnal  1,1  tidal  mode.  The 
maximum  m,  m„,  corresponds  to  a  vertical  wavelength  of  about  4  km,  which  is 
consistent  with  observations. 

With  the  model  spectrum  taken  to  be  applicable  down  to  the  tropopause,  it  can 
now  be  employed  to  estimate  the  wave  spectrum  in  the  middle  stratosphere, 
where  it  can  be  compared  with  other  data.  There,  both  Ap  and  will  be 
decreased  by  the  fourth  root  of  the  atmospheric  density  ratio,  as  given  by 
(26)  and  (27),  which  root  is  approximately  18,  yielding  Ap  1.4  km  and  ^ 
1.7  m/s.  If  m^inst"^  is  similarly  scaled,  it  yields  a  transition  from  waves  to 
turbulence  at  a  vertical  wavelength  of  about  220  m,  whereas  if  is  raised 

to  1  before  the  scaling  is  done  it  yields  a  vertical  wavelength  of  46  m  for 
the  transition.  The  observations  of  Dewan  et  al.  (1984),  for  example,  are 
said  to  exhibit  a  tail  with  log-log  slope  of  -3.0  extending  from  about  1  km 
down  to  about  200  m  in  vertical  wavelength,  with  some  curvature  (consistent 
with  that  in  Figure  1  above)  at  smaller  wavelengths,  down  to  about  40  m.  The 
observations  are  said  to  be  unreliable  outside  this  range,  but  the  theory  is 
clearlv  compatible  with  the  reliable  observations.  Moreover,  the  mean  wind 
power  spectral  density  at  a  vertical  wavelength  of  1  km  was  found  to  be  3.42 
(m/s)V(c/m),  which  converts  to  present  units  as  giving  a  tail  spectrum  of 
0.306  NpVm^.  This  is  to  be  compared  with  =  0.318  in  the  present 

theoretical  model. 

It  should  be  specially  noted  that,  above  the  turbopause,  molecular  diffusion 
simply  replaces  instability  as  the  mechanism  of  dissipation,  but  the  Doppler- 
spread  theory  continues  on,  otherwise  unaffected  in  principle  (until  the 
spectrum  becomes  so  narrow  that  a  statistical  treatment  is  inappropriate). 
There  is,  however,  one  side-effect  that  cornei  into  play.  At  these  great 
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heights,  the  statistically  independent  slabs  of  atmosphere  are  much  thicker, 
so  there  will  be  fewer  of  them  in  the  height  range  4H  over  which  a,,  decreases 
substantially  (on  moving  downward  from  slab  to  slab).  Consequently,  the 
product  probability  II  in  (23)  is  unlikely  to  be  decreased  from  Pg  in  (22)  by 
anything  like  the  degree  illustrated  by  the  transition  from  the  one  curve  to 
the  other  in  Figure  3.  The  cutoff  of  incident  waves  will  then  not  be  as 
sharp:  a  step-function  approximation  may  be  inappropriate  and  the  spectral 
form  of  the  tail  might  be  more  like  one  of  the  forms  depicted  for  values  of 
equal  to  or  greater  than  1  in  Figure  2. 


5.  DISCUSSION 

The  present  analysis  has  adopted  a  necessarily  approximate  approach  to  the 
estimation  of  the  effects  of  Doppler  spreading  in  the  middle-atmosphere 
spectrum  of  gravity  waves.  Despite  its  failings,  however,  it  seems  to  have 
shown  that  these  effects  are  important  —  are  even  necessary  to  include  in  any 
alternative  theory  of  che  spectral  tail  —  and  on  their  own  are  of  a  nature 
that  accords  with  observation,  without  the  necessity  for  an  alternative 
theory. 

The  importance  of  the  advective  nonlinearity  that  gives  this  Doppler  spreading 
has  been  recognized  in  oceanographic  studies  for  more  than  a  decade  now  (e.g., 
reviews  by  Holloway  1980,  1981  and  Munk  1981),  and  some  progress  has  been  made 
in  numerical  studies  that  incorporate  its  effects  (e.g.,  Flatte  et  al.  1985). 
■’'e  present  analysis  might  well  be  carried  over  to  oceanographic  studies,  and 
./erhaps  improved,  to  account  for  the  approximately  m“^  spectral  form  in 
velocity  (or  m“^  spectral  form  in  shear)  that  is  found  there  over  a  middle 
range  of  vertical  wavenumbers . 

In  making  the  transition,  one  would  have  to  include  both  upgoing  and  downgoing 
waves,  but  that  change  will  be  of  minimal  operational  consequence.  One  would 
also  have  to  drop  the  exponential  growth  of  wave  amplitude  with  height,  a 
change  that  would  have  at  least  two  important  consequences,  one  operational 
and  one  conceptual . 

Operationally,  the  step  that  led  from  the  continuous  to  the  broken  curve  of 
Figure  3  will  not  have  the  exponential  change  with  height  that  is  allowed  for 
in  (23).  Instead,  the  full  ocean  depth  D  will  act  uniformly  to  limit  the 
probability  of  esca. e  from  obliteration,  and  that  depth  will  be  measured  in 
some  height-independent  charai-teristic  wavelength  (~  10  m)  to  give  a  very 
large  number  of  st  tistically  independent  slabs.  The  relevant  probabilitj.  for 
escape  from  obliteration  will  be  given  by  a  modified  form  of  (23)  in  which  all 
factors  are  identical  and  the  required  probability  becomes  simply  the 
prob  'ility  of  escape  from  obliteration  in  one  slab  raised  to  the  power  4D/A(,, 
a  vei  /  large  number  and  one  that  will  produce  an  even  closer  approach  to  a 
step-function  form  than  that  given  by  the  II  curve  in  Figure  3.  (The  relevant 
power  will  be  even  greater  than  4D/A<,,  if  it  is  held  that  the  borderline  waves 
can  propagate  up  and  down  more  than  once  before  being  obliterated.  The 
relevant  power  may,  moreover,  change  somewhat  with  D  from  case  to  case  and  so 
perhaps  produce  cutoffs  and  spectral  slopes  that  similarly  change  somewhat, 
observationally .  The^e  questions  open  the  way  to  further  investigation.) 
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Conceptually,  the  physical  growth  of  wave  amplitude  with  height  that  occurs  in 
the  atmosphere  must  be  replaced,  in  oceanographic  work,  by  the  imagined  growth 
that  would  have  occurred,  had  the  spectrum  of  waves  been  "turned  on"  with  a 
gradually  increasing  intensity,  a  gradually  increasing  nonlinearity.  Or, 
alternatively,  it  might  be  replaced  simply  by  a  straightforward  calculation  of 
the  steady-state  nonlinear  result,  if  such  a  calculation  can  be  said  to  be 
straightforward. 

Happily  enough,  such  a  basis  for  calculation  has  in  fact  been  laid  already  by 
Allen  and  Joseph  (1989),  but  it  was  developed  in  different  terms.  That  work 
adopts  (in  its  Case  III)  a  canonical  spectrum  of  waves  as  described  in  a 
Lagrangian  formulation  and  evaluates  the  appearance  of  the  spectrum  as  it 
would  be  seen  in  Eulerian  coordinates.  The  waves  are  fully  linear  in  the 
Lagrangian  description  —  their  frequencies  and  wavenumbers  lie  on  the 
dispersion-equation  surface  in  4-space  —  but  are  allowed  to  appear  nonlinear 
in  the  Eulerian  description,  with  the  nonlinearity  arising  from  the  advective 
nonlinearity  of  the  Eulerian  equations  only.  That  is  precisely  the  transition 
that  I  have  attempted  to  model  here,  beginning  with  the  initial  spectrum  from 
which  nonlinearities  were  excluded  and  ending  with  an  observable  spectrum  in 
which  the  effects  of  the  advective  nonlinearity  are  included  (albeit  for 
reasons  of  amplitude  growth  with  height,  rather  than  a  transition  from  a 
Lagrangian  to  an  Eulerian  description) . 

The  Allen  and  Joseph  work  reaches  (amongst  other  things)  an  m"®  form  for  the 
ultimate  tail  spectrum,  a  thing  I  have  been  unable  to  do.  As  noted  above, 
inclusion  of  the  Coriolis  force  (which  Allen  and  Joseph  included)  would  have 
led  me  to  an  ra~^  form,  but  that  is  not  enough.  Allen  and  Joseph  automatically 
included  also  the  part  of  the  advective  nonlinearity  that  comes  from  vertical 
advection,  a  thing  I  have  been  unable  to  achieve  successfully,  and  I  suppose 
my  failure  is  a  consequence  of  my  oversimplification  of  the  means  of  handling 
the  Doppler  shifts.  This  leaves  a  missing  link  in  the  chain  connecting  my 
work  to  theirs,  but  conceptually  the  two  approaches  seem  ide*-tical  in  the 
intended  transition  they  incorporate. 

The  Allen  and  Joseph  work  as  developed  to  date  does  not  give  the  form  of 
transition  from  the  sraall-m  body  to  the  large-ra  tail  of  the  wave  spectrum, 
which  is  what  my  own  analysis  does  succeed  in  doing,  however  approximately. 

It  is  this  transition,  rather  than  an  asymptotic  tail  (which  would  in  any 
event  be  deformed  by  dissipative  processes),  that  is  seen  in  the  middle 
atmosphere,  I  believe.  Perhaps  it  is  this  same  transition  in  the  oceans,  as 
well. 
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ABSTRACT 

The  diapycnal  mixing  associated  with  a  small  scale  mixing  event  is  discussed.  A  direct  numeri¬ 
cal  simulation  of  a  wave  packet  propagating  through  a  density  stratified  shear  flow  and  breaking 
at  a  critical  level  is  used  to  illustrate  the  issues  involved  in  diagnosing  mixing.  An  indirect 
approach,  based  on  the  density  variance  equation,  is  shown  to  be  an  ambiguous  indicator  of  mix¬ 
ing.  A  direct  approach,  based  on  the  simple  idea  that  net  mixing  implies  a  change  in  the  volume 
of  fluid  enclosed  by  a  given  pair  of  isopycnals  is  presented,  along  with  a  potential  energy  analysis 
and  an  estimate  of  the  mixing  efficiency  of  the  event. 


INTRODUCTION 

The  role  of  diapycnal  mixing  in  maintaining  the  large  scale  heat  balance  is  an  imponan 
unresolved  issue  in  small  scale  oceanography.  Although  the  relative  contributions  to  the  overall 
mixing  from  the  interior  and  at  boundaries  is  in  question,  much  of  the  diapycnal  mixing  in  the 
ocean  interior  is  thought  to  result  from  isolated,  intermittent  turt  .lent  "events".  Quantifying  the 
mixing  associated  with  a  given  event  is  not  an  easy  task.  Observational  efforts  have  attempted  to 
determine  the  diapycnal  diffusivity  of  mass  Generally,  measurements  of  the  dissipation  rates 

of  kinetic  energy  or  temperature  variance  are  used  to  infer  net  vertical  fluxes  or  diffusivity,  based 
on  assumed  dynamical  balances.  A  review  of  these  techniques  can  be  found  in  Gregg  (1987)  or 
in  Mourn  (1989).  The  validity  of  the  assumed  balances,  however,  has  not  yet  been  well  esta¬ 
blished  for  the  variety  of  dynamical  mechanisms  capable  of  producing  turbulent  mixing  events. 
From  a  theoretical  viewpoint,  it  is  not  clear  what  type  of  sampling  and  averaging  is  necessary  to 
separate  the  reversible  small-scale  internal  wave  fluxes  from  the  turbulent  fluxes. 

Large  scale  ocean  circulation  models  depend  critically  on  details  of  the  parameterization  of  small 
scale  mixing.  Understanding  the  diapycnal  mixing  of  individual  events  is  an  important  early  step 
toward  the  eventual  parameterization  of  small-scale  processes  and  predicting  their  effects  on  the 
large-scale  ocean  circulation.  In  this  paper,  we  will  focus  on  the  issue  of  diagnosing  the  diapyc¬ 
nal  mixing  of  an  isolated  turbulent  mixing  event.  A  high  resolution,  three-dimensional  primitive 
equation  model  will  be  used  to  generate  a  mixing  event,  similar  to  what  may  be  seen  in  the  ocean 


Winters  and  D’Asaro 


interior.  The  simulation  is  similar  in  spirit  to  the  two-dimensional  calculation  of  Winters  and 
D’Asaro  (1989).  In  the  simulated  flow,  a  spatially  isolated  internal  wave  packet  propagates  verti¬ 
cally  into  a  horizontal  shear  flow.  The  wave  packet  is  refracted  by  the  background  shear,  ulti¬ 
mately  reaching  a  critical  level  where  the  horizontal  phase  speed  matches  the  ambient  flow  speed. 
Near  the  critical  level,  the  wave  becomes  highly  nonlinear,  developing  localized  overturns  and 
high  shears.  The  wave  breaks  through  a  three-dimensional  instability  and  energy  is  driven  to 
small  scales,  where  it  is  rapidly  lost  to  dissipation  and  diffusion.  The  instability  mechanism  is 
discussed  in  Winters  and  Riley  (1991).  Our  interest  here  is  in  the  diffusive  mixing  associated 
with  the  event. 

We  will  first  attempt  to  diagnose  the  mixing  indirectly,  by  appealing  to  the  density  (or  tempera¬ 
ture)  variance  equation.  This  approach  is  shown  to  be  problematic,  as  the  production  of  density 
variance  can  be  accomplished  toth  by  adiabatic  (nonmixing)  as  well  as  diabatic  (mixing)  effects. 
We  then  illustrate  a  direct  method  in  which  the  two  effects  are  isolated.  The  method  is  conceptu¬ 
ally  simple,  based  on  the  idea  that  mixing  implies  changing  the  volume  of  fluid  between  given 
isopycnals.  This  idea  leads  naturally  to  the  concepts  of  available  and  background  potential 
energy  which  are  also  useflil  for  diagnosing  diffusive  mixing. 


FLOW  SIMULATION 

A  mixing  event  is  simulated  by  numerically  solving  an  initial  value  problem  in  which  a  wave 
packet  propagates  toward  a  critical  level,  where  it  breaks  down  into  much  smaller  scale  motions. 
The  equations  of  motion  for  the  (dimensionless)  velocity  vector  J?(?,r)  =  (« ,v  ,w)  and  the  pcr- 
tufjation  density  p,  with  respect  to  an  ambient  linear  profile  0(z) ,  are  listed  below. 

^  +H-VU  =  -Vp  -  Ripz  +  Rer^  (la) 

■^  +  Z?  •  Vp  -  w  =  Pr*~^Re*~^  V^p  (lb) 


V-t  =  0  (Ic) 

The  parameter/?/  is  the  bulk  Richardson  number  defined  as  Ri  =  [NL/U  f'  with  constant 
N  ^  =  -g  /po  </  Q/dz.  The  equations  are  solved  in  the  unit  cube  0  <  x  ,y  ,z  <  1  with  periodic  boun¬ 
dary  conditions  in  all  space  dimensions.  The  grid  is  uniform,  with  32  points  in  each  horizontal 
direction  and  200  points  in  the  vertical.  A  pseudo-spectral  numerical  ^gorithm,  with  second 
order  Adams  Bashforth  time  stepping  is  used  to  evolve  the  flow  field  in  time. 

Sub-grid  scale  model: 

A  sub-grid  scale  model  is  incorporated  through  the  inclusion  of  "hyper"  viscous  and  diffusive 
operators.  Mathematically,  the  physical  Laplacian  operators  and  their  coeffecients  have  been 
replaced  with  nonphysical  operators  and  new  coefficients.  The  magnitude  of  the  coefficients 
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depends  on  the  grid  resolution.  For  high  resolution  grids,  these  parameters  can  be  extremely  small 
since  the  sixth  order  derivative  introduces  a  factor  of  wavenumber  to  the  sixth  power.  By  choos¬ 
ing  these  coefficients  to  be  small,  O  (10~*^),  the  viscous/difftisive  effects  can  be  confined  to  the 
narrow  region  of  wavenumber  space  near  the  resolution  limit  This  leaves  the  remainder  of 
wavenumber  space  to  be  treated  essentially  inviscidly  and  nondiffusively.  To  contrast,  a  second 
approach  would  be  to  leave  the  physical  terms  in  the  equations  and  choose  an  unphysically  small 
Reynolds  number.  The  form  of  sub-grid  scale  model  chosen  preserves  the  diffusive  character  of 
the  small  scale  processes  and  is  convenient  to  implement  in  a  spectral  scheme.  It  does,  however, 
have  important  physical  implications  and  needs  some  justification  for  the  present  study.  We  note 
that  any  diffusive  mixing  that  occurs  in  the  simulation  will  be  done  by  "hyperdiffusion" 
and  hence  must  be  regarded  as  occurring  at  subgrid  scale.  In  employing  this  form  of  sub-grid 
model,  two  important  assumptions  are  made.  First,  we  assume  that  the  overall  rate  of  dissipation 
and  diffusion  is  controlled  fiindamentally  by  the  rate  of  downscale  energy  transfer  and  not  by  the 
specific  form  of  the  viscous/diffusive  operators.  Second,  we  assume  that  the  transfer  of  energy 
back  upscale  from  the  sub-grid  scales  is  unimportant 

Initial  conditions: 

An  ambient  horizontal  shear  flow  U(z)  and  a  downward  propagating  internal  wave  packet  are 
specified  as  initial  conditions.  The  wave  packet  is  specified  to  be  two-dimensional,  with  varia¬ 
tions  in  the  X  and  z  directions  only,  with  nondimensional  wavelengths  of  1  and  1/8  respec¬ 
tively.  The  packet  is  localized  in  the  vertical  by  a  slowly  varying  Gaussian  envelope.  The  form 
of  the  ambient  flow  U  is  chosen  so  that  a  critical  level  is  present  at  =  0.S4  .  A  broad  band 
spectrum  of  small  amplitude,  three-dimensional  "noise"  is  also  initialized,  allowing  the  flow  to 
evolve  into  three  dimensions. 

Flow  evolution: 

The  equations  are  integrated  forward  in  time  for  50  buoyancy  periods.  The  wave  packet  pro¬ 
pagates  downward  from  a  region  of  no  shear  into  the  ambient  flow.  Refraction  of  the  wave  by  the 
mean  shear  impedes  its  progress  and  reduces  the  intrinsic  scale  of  the  wave  motion.  The  wave 
steepens  near  the  critical  level  and  creates  regions  of  overturned  isopycnals  and  strong  shear 
before  "breaking"  into  small  scales  which  then  dissipate  and  diffuse. 

Figure  1  shows  profiles  of  displacement  taken  at  a  fixed  horizontal  location  at  several  points  in 
time.  The  initial  Eulerian  phase  speed  of  the  wave  packet  is  zero.  The  intrinsic  right  going  phase 
propagation  is  balanced  near  the  top  of  the  figure  by  a  left  flowing  mean  current.  The  current 
spe.ed  is  zero  at  Zg ,  where  the  wave  becomes  critically  refracted.  The  prescribed  wave  envelope 
is  nearly  zero  in  the  region  shown  in  the  figure,  thus  the  displacements  are  initially  small.  Later, 
the  wave  has  propagated  into  the  region  from  above,  resulting  in  finite  displacements.  Figure  2 
shows  contours  of  the  density  field  sampled  at  the  same  horizontal  location.  Note  the  overturns 
in  the  isopycnals  near  the  critical  level  at  about  r=20 .  Clearly,  the  most  interesting  flow  dynam¬ 
ics  occur  in  this  "wave  breaking"  region.  The  remainder  of  the  paper  will  concentrate  on  the 
diagnosis  of  the  diffusive  mixing  associated  with  the  flow  in  this  region. 
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Figure  1.  Vertical  profiles  of  (dimensionless)  isopycnal  displacement  are  shown  at  several 
times  t  (in  buoyancy  periods).  The  wave  packet  propagates  downward  toward  a  critical  level, 
depicted  by  the  broken  line. 


DENSITY  VARIANCE  AS  AN  INDICATOR  OF  MIXING 

We  begin  our  discussion  of  mixing  by  looking  at  the  dynamical  balance  of  the  density  variance 
equation.  The  equation  for  the  density  perturbation  from  an  ambient  linear  gradient  is 

^ +t-Vp  -  w  =  Dip)  (2) 

at 

where  D  (p)  is  simply  the  "hyperdiffusion"  term  appearing  in  Eq.  (lb).  The  perturbation  density 
p  can  ue  further  decomposed  into  horizontal  mean  and  fluctuating  components;  p=p+p' .  Multi¬ 
plying  Eq.  (2)  by  the  fluctuating  component  p'  and  horizontally  averaging,  denoted  by  an  overbar. 
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DENSITY  CONTOURS: 
contour  range:  0.25  to  0.50 , 75  contour  levels 


Figure  2.  The  density  profiles  obtained  at  a  fixed  horizontal  location  are  contoured  in  the 
depth-time  plane.  Overturned  isopycnals  are  apparent  near  r  =  20  when  the  wave  breaks. 


gives  an  equation  governing  the  production  of  density  variance. 

=  (3) 

The  horizontally  periodic  boundary  conditions  have  been  taken  into  account  in  the  derivation  of 
Eq.  (3).  The  quantity  p,ot  is  the  horizontally  averaged  total  density.  The  terms  on  the  right  hand 
side  of  this  equation  can  be  thought  of  as  forcing  terms,  producing  density  variance.  Eq.  (3) 
states  that  density  variance  can  be  generated  by  advection  across  the  vertical  boundaries,  buoy¬ 
ancy  flux,  or  diffiision.  Similar  equatioas  can  be  derived  for  temperature  variance  or  "turbulent" 
kinetic  energy.  Indirect  microstructure  measurement  techniques  are  based  on  approximate  bal¬ 
ances  within  these  equations,  which  are  assumed  to  be  valid  in  the  ocean  interior  when  "ensem¬ 
ble  averaged"  over  many  profiles.  Here  we  focus  on  the  behavior  of  Eq.  (3),  integrated  over  the 
depth  interval  of  interest,  enclosing  the  critical  level  and  the  wave  breaking  region. 

Figure  3  shows  the  volume  integrated  p'^  as  a  function  of  time.  Note  that  its  production  is 
strongly  time  dependent:  there  is  no  interval  of  time  when  Eq.  (3)  tan  be  reasonably  approxi- 
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Figure  3.  The  upper  solid  curve  is  the  volume  integral  of  p'^ .  The  dotted  curve  was  obtained 
by  integrating  the  production  ternis  on  the  right-hand  side  of  Eq.  (3)  in  time.  The  small  resi¬ 
dual  between  the  two  calculations  is  also  shown. 


mated  as  steady  state.  Note  also  that  changes  in  density  variance  are  not  irreversible,  density 
variance  increases  rapidly  and  then  decreases  just  as  efficiently,  with  a  relatively  small  residual 
left  behind  when  the  calculation  was  terminated.  Normally,  when  we  think  of  mixing  by  an  iso¬ 
lated  turbulent  event,  we  think  of  a  nearly  irreversible  process,  with  a  localized  mixed  layer 
perhaps  eventually  difftising  away,  but  only  on  very  long  time  scales  after  the  turbulence  dies  out. 
It  seems  reasonable  to  conclude  that  the  production  of  density  variance  is  influenced,  or  even 
dominated  by,  nonmixing  processes.  It  is  not  clear  how  to  use  Eq.  (3)  to  diagnose  the  mixing 
associated  with  this  event. 

The  role  of  the  buoyancy  flux 

Further  insight  can  be  obtaine^garding  the  temporal  behavior  of  Eq.  (3)  by  looking  at  the  role 
played  by  the  buoyancy  flux  pw  .  Figure  4a  shows  the  vertically  integrated  buoyancy  flux  as  a 
function  of  time.  The  buoyancy  flux  shows  strongly  oscillatory  behavior  on  a  short  time  scale 
approximately  corresponding  to  the  initial  wave  period.  The  magnitude  of  these  oscillations  can 
be  quite  large,  even  causing  the  signal  to  oscillate  sign.  It  appears  obvious  that  there  is  a  strong 
wave  component  to  the  buoyancy  flux.  This  is  not  too  surprising,  it  would  be  reasonable  to  look 
at  this  signal  temporally  averaged  to  remove  the  intrinsic  wave  oscillations.  The  broken  curve  is 
a  crude  approxim,.tion  of  the  time  averaged  signal.  The  averaged  buoyancy  flux  is  positive  until 
about  r  =  20 ,  when  the  wave  breaks.  It  then  changes  sign  and  remains  negative  throughout  the 
rest  of  the  calculation. 
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Figure  4.  The  volume  integrated  buoyancy  flux  is  given  by  the  solid  curve  in  (a).  The  broken 
curve  is  an  estimate  of  the  time  averaged  signal  removing  the  wave  oscillations.  The  integral 
in  time  of  the  solid  curve  is  given  in  (b). 


Even  the  time  averaged  buoyancy  flux  is  dominated  by  wave  effects.  As  the  wave  approaches  the 
critical  level,  the  initially  undisplaced  density  field  is  disturbed.  Fluid  parcels  are  displaced  away 
from  their  equilibrium  locations,  resulting  in  a  positive  buoyancy  flux.  This  process  continues 
until  about  r=20 ,  the  time  of  wave  "breaking".  Two  processes  occur  after  the  wave  breaks.  On 
the  average,  the  displaced  fluid  parcels  return  towards  their  equilibrium  positions,  and  some  dif¬ 
fusion  occurs  at  small  scales  as  they  do  so.  Parcels  returning  towards  equilibrium  give  rise  to  a 
negative  or  counter-gradient  buoyancy  flux  while  diffusion  results  in  mixing. 

To  illustrate  the  dominance  of  the  wave  effects  on  the  density  variance  dynamics,  we  have 
integrated  the  net  buoyancy  flux  of  Figure  4a  with  respect  to  time  and  shown  the  result  in  Figure 
4b.  The  similarity  between  Figures  3  and  4b  implies  ^at  wave  dynamics,  through  the  buoyancy 
flux  term,  plays  the  dominant  role  in  the  density  variance  equation.  For  this  event  at  least,  using 
the  density  variance  equation  is  not  a  paiticulaily  clean  way  to  diagnose  the  mixing  of  the  event. 
In  essence,  we  conclude  that  spatial  averaging  does  not  adequately  separate  mixing  from  nonmix¬ 
ing  processes.  Loosely,  we  have  not  been  able  to  separate  "waves"  from  "turbulence". 


DIRECT  VIEW  OF  MIXING 

We  will  now  attempt  to  look  at  the  mixing  of  the  wave  breaking  event  in  a  more  direct  manner. 
We  will  exploit  a  simple  and  intuitive  concept,  namely  that  diapycnal  mixing  results  in  changes 
in  the  volume  of  fluid  found  between  a  given  pair  of  isopycnal  surfaces.  We  can  think  of  a 
stratified  fluid  at  some  time  to  as  a  continuous  distribution  of  isopycnal  surfaces,  along  with  an 
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associated  velocity  field.  By  disctetizing  the  density  range,  we  can  think  in  terms  of  a  finite 
number  of  these  surfaces,  each  pair  enclosing  a  finite  volume  of  fluid.  Suppose  the  fluid  now 
evolves,  undergoing  both  diabatic  and  adiabatic  processes.  At  some  later  time  r  i ,  the  topology 
of  these  surfaces  may  be  extremely  complicated.  To  diagnose  the  amount  of  mixing,  however, 
we  are  interested  only  in  a  single  variable,  the  total  volume  of  fluid  between  each  pair.  Figure  5a 
shows  a  schematic  of  the  density  field  of  a  fluid  that  evolves  from  a  state  of  uniform  density  gra¬ 
dient  to  a  nonuniform,  mixed  state.  Initially  there  is  an  equal  volume  in  each  of  the  density 
"bins".  Later  the  volume  in  the  middle  bin  has  increased  at  the  expense  of  the  neighboring  bins. 

Obviously,  the  volume  between  the  isopycnal  surfaces  has  a  functional  dependence  on  the  density 
field  p(?,0 .  This  dependence,  however,  is  very  different  than  the  usual  horizontal  or  temporal 
averages  we  normally  employ.  Thinking  of  the  total  volume  of  fluid  as  a  collection  of  fluid  par- 


(a) 


Figure  5.  A  schematic  of  a  density  stratified  fluid  is  given  in  (a).  The  density  range  has  been 
discretized  into  three  "bins".  Initially,  the  volume  of  fluid  within  each  density  bin  is  equal. 
After  a  mixing  event,  the  volume  of  fluid  in  tlie  central  bin  has  increased  while  the  volumes  of 
the  neighboring  bins  have  decreased.  Regarding  the  fluid  as  an  ensemble  of  parcels,  (b)  shows 
the  probability  F  of  a  randomly  selected  parcel  having  a  density  value  within  a  given  bin.  Ini¬ 
tially,  the  probabilities  are  equal.  Later,  the  probability  of  finding  a  value  within  the  central 
bin  is  greater.  The  function  F  depends  on  density  but  not  on  position. 
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cels,  each  with  a  density  and  velocity  value,  we  can  denote  the  probability  of  a  randomly  selected 
parcel  having  a  density  value  of  p  as  F(p).  Figure  5b  shows  the  probability  distribution  F  of 
the  hypothetical  density  field  of  Figure  5a.  Initially,  there  is  an  equal  probability  of  occurrence 
for  all  values  while  later  it  is  much  more  probable  that  a  given  parcel  will  have  a  value  near  p2 . 
The  main  difference  between  this  type  of  functional  dependence  on  density  and,  say,  the  horizon¬ 
tal  average,  is  the  lack  of  dependence  on  the  vertical  position  of  each  parcel. 

This  simple  idea  can  be  incorporated  into  a  straightforward  algorithm  for  diagnosing  mixing;  at 
least  in  numerical  simulations.  For  a  given  discretization  of  the  density  range,  the  volume  of 
fluid  can  be  computed  directly  for  each  pair  of  neighboring  isopycnals.  Each  differential  volume 
can  be  "spread  out"  over  a  constant  area  A ,  yielding  a  differential  thickness  for  each  "bin".  The 
bins  are  then  "stacked",  with  the  densest  fluid  on  the  bottom  at  some  fixed  reference  height,  in 
order  of  decreasing  density.  By  keeping  track  of  the  thickness  of  each  bin,  the  locations  of  the 
edges  of  each  bin  are  also  determined.  One  can  think  of  this  algorithm  as  producing  the 
"pseudo-positions"  z.  of  the  given  set  of  isopycnal  values,  i.e.  a  one-dimensional  "sorted"  den¬ 
sity  field  which  happens  to  be  specified  on  an  unevenly  spaced  grid. 

Figure  6  shows  contours  of  density  in  the  (r ,  z.)  plane.  In  the  absence  of  mixing,  these  contours 
would  remain  flat  with  a  unifonn  vertical  spacing.  Deviations  from  flat  isopycnals  imply  diapyc¬ 
nal  mixing.  The  net  spreading  of  isopycnals  near  r=20  and  z*  =0.54  indicates  the  formation 
of  a  mixed  layer.  This  mixed  layer  is  bordered,  both  above  and  below,  by  regions  of  net  isopyc¬ 
nal  convergence  where  the  background  density  gradient  is  enhanced.  The  lowest  several  isopyc¬ 
nals  remain  approximately  flat,  implying  a  lower  level  across  which  there  is  no  mixing. 


AVAILABLE  AND  BACKGROUND  POTENTIAL  ENERGY 

These  same  ideas  can  be  formulated  in  terms  of  energetics  using  the  concepts  of  available  and 
background  potential  energy.  The  concept  of  available  potential  energy  has  been  discussed  and 
applied  by  many  authors  including  Lombard  (1989),  Dillon  (1984)  and  Holliday  and  McIntyre 
(1981).  The  object  is  to  define  a  one-dimensional  "background"  state  for  density  that  is  insensi¬ 
tive  to  adiabatic  dynamics  and  compute  the  potential  energy  associated  with  it.  Changes  in  the 
background  potential  energy  can  then  only  occur  through  diffusive  mixing.  At  some  time  t ,  the 
potential  energy  of  a  flow,  in  dimensionless  form,  is  given  by 


Epit)  =  Ri  -zo)dV 

V 


(4a) 


where  zq  is  an  aibitrary  reference  location. 

Let  z*  be  the  "pseudo-position"  variable,  defined  by  computing  differential  volumes,  "sorting" 
and  "stacking",  in  the  limit  as  the  isopycnal  spacing  goes  to  zero.  The  background  potential 
energy  Eb  is  simply  the  potential  energy  of  the  flow  in  pseudo-position  space. 

Ebit)  =  Ri  JJJ p(?.0( z*-zo)dV 

V 


(4b) 


pseudo-position  z* 
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DENSITY  CONTOURS: 

contour  range:  0.25  to  0.50 ,  contour  interval:  0.001 


0.0  10.0  20.0  30.0  40.0  50.0 


time  in  buoyancy  periods 

Figure  6.  Contours  of  density  in  the  (r,  z*)  plane.  Deviation  from  flat,  regularly  spaced  con¬ 
tours  indicates  diapycnal  mixing  of  the  fluid.  The  main  feature  is  the  region  of  strong  isopyc- 
nal  spreading  corresponding  to  the  time  and  (true)  position  of  the  wave  packet  breaking  near 
the  critical  level.  Regions  of  net  isopycnal  convergence  are  also  evident. 


It  is  clear  f rom  this  deflnition  that  the  background  potential  energy  is  independent  of  true  position 
z  ,  depending  only  upon  the  ordered  position  z* .  For  a  given  density  value,  z.  remains  con¬ 
stant  in  time  in  the  absence  of  mixing  and  can  only  change  if  mixing  occurs. 

The  available  potential  energy  Ea  is  defined  as  the  total  energy  released  by  the  flow  in  attaining 
the  sorted  state  adiabatically. 

Ea{t)=  Ri  JIJ p(?,r ){z-z.)dV  (4c) 

V 


Eqs.  (4)  define  a  unique  decomposition  of  potential  energy  into  available  and  background  pans, 
i.e.  Ep=Ea+Ei,. 
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We  denote  the  cumulative  change  in  time  of  the  background  potential  energy  by 
Emix=Eb(t)-Ei,(.0).  would  seem  to  be  a  good  indicator  of  diffusive  mixing  in  a 
stratified  fluid. 

There  arc  some  subtleties,  however.  A  volume  must  be  specified  over  which  the  analysis  will  be 
^plied.  For  the  present  discussion,  we  will  woric  in  an  Eulerian  rcfercnce  frame  and  specify  a 
fixed  volume  in  space.  It  is  instructive  to  take  the  time  derivative  of  Eq.  (4)  to  see  how  the  poten¬ 
tial  energy  in  such  a  volume  can  change. 

•jEp  =(2-zo)^l/'  +  /?iJJJpwdV  ^\\\U-zo)D{p)dV  (5) 

a*  V  V 

We  immediately  encounter  a  difficulty.  The  first  term  on  the  right  hand  side  of  Eq.  (5)  indicates 
that  the  total  potential  energy  changes  as  a  rcsult  of  net  mass  flux  across  the  upper  and  lower 
boundaries.  Although  the  volume  remains  constant  in  an  Eulerian  framework,  the  mass  is  not 
necessarily  conserved  within  the  volume.  Care  must  be  taken  in  interpreting  a  potential  energy 
budget  of  an  open  system  in  which  the  mass  is  changing. 

Note  that  this  difficulty  arises  in  this  problem  because  we  choose  to  apply  our  energetics  analysis 
to  only  a  small  domain  in  which  the  wave  breaking  occurs.  Had  we  us^  the  entire  computational 
domain,  we  would  have  had  boundary  conditions  on  the  top  and  bottom  to  impose.  For  some 
boundary  conditions,  ie.  no  slip  wall  conditions,  the  vertical  velocity  is  zero,  the  mass  flux  terms 
are  zero,  and  there  is  no  problem.  Spectral  methods,  however,  arc  commonly  used  for  simulating 
stratified  turbulence  and  can  create  difficulties  in  analyzing  potential  energy  even  when  the  entire 
domain  is  used.  Often,  periodic  boundary  conditions  arc  specified  for  velocity  and  perturbation 
density  (from,  say,  a  linear  ambient  proftle)  in  all  space  directions.  Such  conations  are  often 
interpreted  loosely  as  "waves  that  propagate  out  through  one  boundary  propagate  back  in  through 
the  paired  boundary".  Note,  however,  that  this  implies  that  parcels  from  near  the  bottom  of  the 
domain  can  be  interchanged  with  parcels  from  near  the  top  by  wavelike  oscillations.  In  other 
words,  the  total  mass  is  not  conserved  and  care  must  be  used  in  quantifying  the  potential  energy 
of  the  flow. 

In  general,  the  analysis  could  be  performed  in  isopycnal  coordinates.  For  a  volume  bounded  by 
two  isopycnals,  across  which  no  mixing  occurs,  both  the  volume  and  the  mass  remain  constant. 

If  two  such  bounding  isopycnals  can  be  found,  the  analysis  can,  in  principle,  be  performed 
cleanly. 

For  our  particular  problem,  however,  we  can  compensate  for  the  nonconservation  of  mass  in  one 
of  two  ways.  The  cumulative  changes  in  potential  energy  due  to  net  mass  flux  can  be  computed 
explicitly  and  the  potential  energy  budget  "corrected"  for  this  effect.  A  second  approach  t^es 
into  account  the  fact  that  the  mass  flux  occurs  primarily  at  the  top  boundary.  The  lower  boundary 
is  located  below  the  critical  level,  which  prevents  most  of  the  wave  energy  from  reaching  it.  The 
difficulty,  then,  is  the  net  interchange  of  parcels  near  the  top  boundary  but  inside  V ,  with  parcels 
of  slightly  different  density  outside  V.  From  Eq.  (5)  we  see  that  the  problem  can  be  minimized 
by  selecting  the  rcfercnce  location  zq  to  coincide  with  the  top  boundary  Z2.  Exchanging  par¬ 
cels  with  different  densities  at  exactly  this  level  then  results  in  no  change  in  potential  energy 
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while  exchanges  of  parcels  near  this  value  have  only  small  effects.  Either  of  these  corrections  are 
adequate  for  our  purposes  here.  We  have  chosen  the  second  technique  for  the  energetics  balance 
below. 

Figure  7  shows  the  available  and  background  potential  energies  as  a  function  of  time.  The  avail¬ 
able  potential  energy  behaves  much  like  the  net  integrated  buoyancy  flux  of  Figure  4b.  Eg 
increases  prior  to  wave  breaking  as  parcels  are  displaced  on  the  average,  and  decreases  after  the 
wave  bre^s,  as  parcels  return  towards  their  equilibrium  values.  The  background  potential 
energy,  however,  behaves  quite  differently.  Prior  to  wave  breaking,  it  remains  approximately 
constant  as  the  flow  contains  no  appreciable  energy  at  the  diffusive  scales.  After  wave  breaking, 
the  fluid  mixes  as  small  scale  features  diffuse  while  returning  towards  equilibrium. 
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Figure  7.  The  available  potential  energy  Eg  and  the  cumulative  change  to  the  background  po¬ 
tential  energy  E^  are  shown  as  functions  of  time.  Eg  increases  initially  as  the  packet  pro¬ 
pagates  into  the  volume  and  displaces  the  stratification  and  decreases  after  wave  breaking  as 
parcels  return  towards  their  equilibrium  positions.  The  increase  in  E^  at  later  times  indicates 
that  diffusive  mixing  takes  place  as  the  fluid  reshatifies. 
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VERTICAL  DIFFUSIVITY 

The  function  p(/,z*)  is  an  interesting  and  useful  quantity.  We  can  think  of  it  as  "mean"  density 
field  where  the  averaging  operator  filters  out  small-scale  details  of  the  flow,  like  the  displace¬ 
ments  of  fluid  parcels  due  to  internal  wave  motion,  but  retains  the  overall  effects  of  small-scale 
mixing.  It  is  this  sort  of  averaging  that  is  implicit  in  the  formulation  of  meso  to  large-scale  circu¬ 
lation  models.  In  such  models,  internal  waves  and  turbulence  occur  at  scales  much  too  small  to 
resolve,  but  the  overall  mixing  accomplished  by  these  motions  must  be  incorporated  in  some 
manner. 

Earlier,  we  inteipreted  the  spreading  and  convergence  of  the  isopycnals  in  Figure  6  as  a  qualita¬ 
tive  indicator  of  diffusive  mixing.  We  can  also  use  p(r,z*)  in  a  more  quantitative  maimer  by 
computing  the  rate  of  spreading.  Suppose  we  introduce  a  model  evolution  equation  for  the 
"mean"  density  field. 


(6) 


Although  the  mean  state  changes  as  a  result  of  complicated  three-dimensional  motions  at  small 
scales,  Eq.  (6)  collapses  the  net  effect  onto  a  single  vertical  diffusivity  function  can  be 

computed  directly  from  the  mean  density  field  and  the  overall  character  of  the  mixing  event  can 
be  examined  with  respect  to  pseudo-position  z*  and  time. 


(7) 


figure  8  shows  contours  of  the  (dimensionless)  diffusivity  function  Kd.  The  main  feature  in  the 
figure  is  located  near  z*  =  0.54  and  /  =  20 ,  which  corresponds  to  the  time  and  place  that  the 
strongest  wave  breaking  occurred.  The  diffusivity  is  positive  in  this  region,  corresponding  to 
local  spreading  of  isopycnals.  This  feature  is  responsible  for  most  of  the  mixing  of  the  event.  It  is 
relatively  brief  in  duration,  lasting  only  about  5  buoyancy  periods.  After  the  main  mixing  event, 
the  diffusivity  field  becomes  much  more  complicated,  with  both  positive  and  negative  features 
appearing,  llie  negative  values  correspond  with  the  regions  of  converging  isopycnals  in  Figure 
6.  Figure  9  shows  the  result  of  time  averaging  the  diffusivity  field. 


MIXING  EFFICIENCY 

We  define  the  mixing  efficiency  of  the  event  as  follows. 


rate  of  increase  of  background  potential  energy 
rate  of  dissipation  of  kinetic  energy 


(8) 


pseudo-position  z* 
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Kd  CONTOURS: 

contour  range:  -9  x  10“^  to  9  x  10“^  contour  interval:  2  x  10“^ 


0.0  10.0  20.0  30.0  40.0  50.0 


time  in  buoyancy  periods 

Figure  8.  Contours  of  the  vertical  diffusivity  of  mass  defined  in  Eq.  (7).  A  strong  positive 
feature  is  seen  to  correspond  with  the  initial  region  of  wave  breaking.  At  later  times,  the  field 
becomes  more  complicated  with  both  positive  and  negative  diffusivities  appearing. 


The  rate  of  increase  of  background  potential  energy  can  be  obtained  by  estimating  the  nearly  con¬ 
stant  slope  from  Figure  7.  The  dissipation  rate  of  kinetic  energy,  e  is  shown  in  Figure  10  along 
with  the  rate  of  dissipaf'm  of  density  variance  x-  Taking  a  representative  value  of  e  over  the 
time  period  between  r  =  20  and  r  =  50 ,  allows  the  ratio  in  Eq.  (8)  to  be  computed,  yielding 


7«a  =  0.38 . 


(9) 
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Figure  9.  The  time  averaged 
profile  of  the  diffusivity  Kd. 


Peitiaps  not  surprisingly,  approximately  the  same  value  is  obtained  if  the  mixing  efficiency  is 
defin^  as  the  ratio  of  representative  v^ues  of  %  to  e .  We  are  encouraged  that  direct  simula¬ 
tions  can  produce  mixing  efficiencies  near  the  expected  value,  but  more  study  is  required  to  deter¬ 
mine  the  sensitivity  of  this  result  to  changes  in  the  sub-grid  scale  model. 


Figure  10.  The  dissipation  rates  of  kinetic  energy  e  and  density  variance 
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SUMMARY 

We  have  examined  the  diapycnal  mixing  associated  with  a  numerically  simulated  mixing  event 
similar  to  what  may  be  seen  in  the  ocean  interior.  A  high  resolution,  three-dimensional  primitive 
equation  model  was  used  to  simulate  a  wave  packet  breaking  at  a  critical  level.  The  temporal 
behavior  of  the  density  variance  equation  was  discussed  in  relation  to  the  diagnosis  of  the  mixing 
of  the  event  The  wave  component  of  the  buoyancy  flux  was  shown  to  dominate  the  dynamics, 
obscuring  the  diagnosis.  A  direct  approach,  based  on  the  computation  of  fluid  volume  between 
discrete  isopycnal  surfaces,  was  shown  to  be  a  less  ambiguous  indicator  of  the  mixing  dynamics. 
The  results  of  this  calculation  were  used  to  estimate  the  vertical  diffiisivity  of  mass  K^.  Cou¬ 
pling  this  analysis  with  an  energetics  budget  based  available  and  background  components  of 
potential  energy,  a  reasonably  complete  picture  of  the  mixing  dynamics  emerges. 
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ABSTRACT 

Nonlinear  interactions  among  internal  gravity  waves  are  investigated  by  direct  numerical 
experiments.  In  the  first  part  of  this  paper,  cases  which  solve  the  full  (3D)  Navier-Stokes 
equations  are  compared  to  cases  in  which  variability  is  .'uppressed  in  one  horizontal  direction. 
It  is  found  that  the  3D  and  2D  simulations  exhibit  certain  similarities.  We  find  both  in  3D  and 
in  2D  that  the  transfer  of  kinetic  energy  (KE)  from  large  to  small  scales  is  less  efficient  than  the 
transfer  of  potential  energy  (PE).  The  imbalance  between  these  transfers  leads  to  a  characteristic 
buoyancy  flux  spectrum  which  is  negative  (KE  to  PE)  at  large  scales  and  positive  (PE  to  KE) 
at  small  scales.  Integrated  over  all  scales,  the  buoyancy  flux  is  very  small  for  a  wide  range  of 
flow  regimes.  However,  results  concerning  buoyancy  flux  arc  sensitive  to  assumptions  about 
the  manner  of  energetic  forcing. 

These  sensitivities  are  taken  up  in  the  second  part  of  the  paper  where  energy  is  introduced 
in  a  ‘surface’  layer  and  removed  via  a  bottom  absorption  layer.  It  is  found  that  it  is  kinetic 
energy  which  is  radiated  down  the  fluid  column  and  the  mechanism  for  the  radiation  is  the 
divergence  of  the  pressure-velocity  correlation.  For  these  cases,  buoyancy  flux  in  the  radiated 
region  is  on  average  negative.  The  buoyancy  flux  spectra,  however,  retain  the  same  tendency 
to  become  positive  at  the  smallest  scales. 

Energy  balances  in  the  radiation  region  for  both  kinetic  and  potential  energy  are  shown  to  be 
qualitatively  achieved  between  transport,  buoyancy  flux  and  dissipation  terms  without  the  need 
to  posit  a  ‘mean  shear’  extraction  term.  Buoyancy  flux  is  shown  to  be  of  the  same  order  as 
dissipation  rate  of  kinetic  or  potential  energy.  Kinetic  and  potential  energy  dissipation  rates 
are  about  equal. 

INTRODUCTION 

The  objectives  of  this  study  are  to  attempt  to  determine  the  role  of  nonlinear  transfers  in  the 
evolution  of  internal  waves  near  dissipation  scales.  The  first  part  of  this  work  follows  a  paper 
recently  submitted:  Ramsden  and  Holloway  [1990]  (hereafter  RH)  on  statistically  homogeneous 
forced  cases,  so  we  will  be  mainly  emphasizing  the  highlights  of  those  investigations.  The 
second  part  of  this  study  is  on  surface  layer  forcing.  This  work  is  new  and  still  under  active 
investigation.  In  the  spirit  of  ’Aha,  we  present  the  preliminary  results. 
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Part  1:  STATISTICALLY  HOMOGENEOUS  FORCED  CASES 

The  starting  point  for  RH  was  to  attempt  to  isolate  the  effects  of  nonlinearities  in  the  evolution 
of  internal  waves.  In  addition,  they  also  wanted  to  consider  the  role  of  the  zero  frequency, 
potential  vorticity  containing  component  of  the  motion  field  [Holloway,  1983],  the  so  called 
vortical  mode  [Muller  et  al,  1988].  Interaction  of  the  vortical  mode  with  the  internal  wave  field 
is  not  well  understood.  In  particular,  the  role  of  nonlinear  interactions  in  rearranging  wave  and 
vortical  energies  at  order  1-50  m  scales  is  unknown.  RH  were  also  interested  in  determining 
the  effects  of  nonlinear  interactions  on  other  flow  parameters  such  as  buoyancy  flux  and  what 
effect  restriction  of  the  3D  motion  field  to  vertical  planar  2D  would  have. 

There  are  two  reasons  to  compare  2D  results  to  3D.  The  first  is  that  it  may  be  useful  to  run  2D 
simulations  because  the  range  of  accessible  scales  is  greater  for  given  computer  capacity.  If  the 
results  are  qualitatively  similar  to  3D,  a  great  deal  of  time  and  effort  can  be  saved  by  performing 
2D  simulations.  The  second  reason  is  to  ask  what  part(s)  of  the  results  from  2D  theoretical 
treatments  of  internal  waves  may  be  applicable  to  the  full  3D  problem. 

RH  summarizes  and  follows  up  on  numerical  experiments  reported  in  Shen  and  Holloway  [1986] 
(non-rotating  statistically  stationary  2D  internal  waves),  Ramsden  and  Holloway  [1987]  (2D  with 
rotation),  and  Holloway  and  Ramsden  [1988]  (initial  presentation  of  3D  results). 

METHOD 

The  governing  equations  are  the  3D  nondimensionalized  Navier-Stokes  equations  under  the 
Bousinesq  approximation; 


dtu  +  u-Vu  =  -Vp  -  pe-i  +  i/V^\x  -  212  x  u  +  Fu  (1) 

dtp  -  W  u  •  V p  =  kV^/3  +  Fp  (2) 

V  •  u  =  0  (3) 

In  (1)  to  (3),  u  is  velocity  (U,V,W)  on  basis  vectors  (ex,ey,e2),  V  is  the  gradient  operator,  p 
is  pressure,  p  is  the  departure  from  a  mean  background  gradient  of  density,  p,  u  is  kinematic 
viscosity,  is  the  earth’s  angular  velocity,  set  to  (0,0,f/2),  Fu  and  Fp  are  external  forcing, 

and  K  is  mass  diffusivity.  Time  has  been  scaled  such  that  the  bv  frequency  N  = 

(g  gravity,  po  reference  density)  is  unity.  Vorticity  is  defined  to  be  A=V  x  u.  (1)  to  (3)  are 
the  equations  employed  by  Riley  et  al  [1981]  in  the  pioneering  study  of  3D  stratified  turbulence, 
with  the  addition  of  rotation  and  forcing  terms.  Full  details  of  the  nondimensionalization  may 
be  found  in  Riley  et  al. 

Spatial  derivatives  are  calculated  by  the  spectral  transform  method  after  Orszag  [1971]  in  which 
each  variable  u,  p,  etc.  is  expressed  as  a  truncated  Fourier  series,  a  procedure  which  implies 
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periodic  boundary  conditions.  On  wavevectors  k  =  {kx,ky,k2)  denote  the  Fourier  transform 
of  any  field  a(x)  to  be  ar  : 


u(x)  = 

k 

(4) 

p(x)  = 

(5) 

k 


A  centered  leapfrog  method  with  a  Robert  [1966]  filter  to  suppress  the  leapfrog  mode  was 
used  to  timestep  the  equations. 

The  2D  Analog 

If  the  prognostic  variables  are  subjected  to  the  constraint  that  dx  -  0,  the  equations  of  motion 
can  be  written: 


dt^  +  -  fdxV  +  dyp  =  Ff  +  (6) 

dtp  + J{^.p)-dyi>  =  Fp  + kV'^P  (7) 

dtU  +  J{i>,V)  +  fdx^P  =  Fu  +  i''^^U  (8) 

With  the  planar  velocities  u=  (V,W)  given  by  streamfunction  i>,V  =  -dz^p,  W  =  dyip.  Also, 
(  =  A  •  Cx  =  and  J  is  the  nonlinear  operator  J{A,  B)  =  dzA  •  dyB  -  dyA  •  dzB.  Forcing 
takes  the  same  form  as  the  3D  simulations. 


Notes  on  the  Simulations:  The  Problem  of  Forcing 

The  3D  runs  were  performed  at  grid  resolution  32^  and  the  2D  simulations  were  performed  at 
128^.  These  modest  resolutions  were  chosen  in  order  to  be  able  to  obtain  statistically  stationarity 
states  and  subsequent  adequate  averaging  periods  for  a  number  of  flow  regimes.  In  both  cases, 
suites  of  experiments  were  performed  at  Kolmogorov  dissipation  scales  chosen  to  be  the  smallest 
resolvable  scale  1/n  where  n  is  the  number  of  grid  points  and  the  Kolmogorov  scale  is  defined 
as  where  €  is  the  kinetic  energy  dissipation  rate  per  unit  volume  or  area  e  =  -t^u-V^u. 

The  Prandtl  number  vIk  was  unity  for  all  cases. 

So  far,  the  form  of  the  forcing  has  not  been  specified.  The  major  problem  is  that  due  to  limited 
computer  storage,  the  forced  scales  are  not  well  separated  from  the  (Kolmogorov)  dissipation 
scale.  This  will  necessarily  mean  that  results  will  be  influenced  by  the  form  of  the  forcing.  It 
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would  be  desirable  to  introduce  energy  at  GM  levels,  but  the  requisite  scales  are  much  larger 
than  those  available  to  the  model.  At  scales  close  to  dissipation,  there  is  some  evidence  for 
velocity  isotropy  [Gargett  et  al  1981].  Also,  Muller  et  al  [1988]  infer  significant  vortical  mode 
energy  near  dissipation  (order  10m- Im)  scales.  For  the  purposes  of  this  study,  it  was  decided  to 
take  as  a  constraint  a  maximum  entropy  principle  where  kinetic  and  potential  energies  are  forced 
in  a  2:1  ratio  (inviscid  equipartition  ratio)  with  all  fields  forced  isotropically. 


The  forcing  functions,  F(k)  were  chosen  to  have  energy  spectra  of 

A-3 


£im) 


(F  + 


for  both  3D  and  2D  kinetic  and  potential  energies;  ko  was  given  the  value  7. 

F(/c)  =  A\/kl{k'^  -h  {for  3D) 


(9) 


(10) 


F{k)  -  Akl{k^  7^)^  {for  2D)  (11) 

with  A’s  amplitude  factors.  At  each  timestep  in  the  running  of  the  models,  (10)  and  (11)  were 
multiplied  by  a  random  phase  factor,  e'®,  0  <  0  <  27r.  Kinetic  and  potential  energy  were 
forced  in  a  2:1  energy  ratio  and  a  separate  random  phase  was  chosen  at  each  timestep  with  the 
proviso  that  the  forcing  of  the  3D  velocity  field  be  nondivergent.  The  forcing  function  above 
has  a  maximum  at  wavenumber  4.  It  provides  the  criteria  of  being  large  scale,  isotropic  and 
forces  KE:PE  at  energy  equipartition  rates.  It  also  excites  wave  and  vortical  modes  (see  the 
section  on  waves  and  vortices). 


The  basic  range  of  the  experiments  covered  ratios  of  nonlinear  to  linear  timescales  as  characterized 
by  an  r.m.s.  turbulence  Froude  number  (bv  frequency,  N,  was  unity)  In  3D  this  is  defined 
^  \/ (1^)^  +  simulations,  Froude  number  is  defined  as  \j the 

achievement  of  a  particular  Froude  number  meant  adjusting  A  and  u  until  statistically  stationary 
states  at  the  desired  Froude  numbers  and  Kolmogorov  scales  were  reached  whereupon  time 
integrations  of  many  Brunt- Vaisala  periods  were  performed  in  order  to  calculate  average  statistics. 

Figure  la  shows  instantaneous  density  slices  from  3D  simulations  at  r.m.s.  turbulence  Froude 
numbers  of  0.1,  0.3,  1  and  3.  Figure  lb  shows  the  same  Froude  numbers  for  2D.  These  4  cases 
are  chosen  to  span  the  flow  regimes  likely  to  be  encountered  in  the  ocean,  from  weakly  wavelike 
to  strongly  overturning.  The  cases  presented  in  Figure  1  are  without  rotation.  It  may  be  seen  from 
Figure  1  that  overturning  has  begun  by  an  r.m.s  Froude  number  of  about  1  for  both  2D  and  3D. 

Table  1  gives  some  of  the  relevant  parameters  for  the  runs  shown  in  Figure  1 .  The  weaknesses 
of  the  direct  simulations  are  seen  in  that  for  the  3D  cases,  the  Reynold’s  numbers  \u\llu  based 
on  the  Taylor  microscale 
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3D 


' — ►y 

Figure  la:  Instantaneous  density  slices  for  (left  to  right,  top  to  bottom),  r.m.s.  turbulence  Froude 
numbers  (Fr)  of  0.1,  0.3,  1  and  3  for  the  3D  cases,  all  with  f=0 


/  = 


(12) 


are  around  15-25.  Any  otltcr  measure  of  turbulent  ‘activity’  indicates  a  highly  viscous  regime. 
Box  sizes  are  small  with  all  simulations  near  dissipation  scales.  On  the  other  hand,  the  small  flow 
domain  justifies  the  use  ol  a  constant  background  gradient  of  density.  Highly  turbulent  patches 
in  a  stratified  environment  are  liequently  of  vertical  size  10  m  or  less  (e.g.  Mourn  [1989]).  Also, 
the  measure  of  kinetic  energy  residence  time  KEji  for  the  3D  Froude  number  1  case  is  around 
0.33  bv,  which  compares  favorably  v/itn  oceanic  turbulence  measurements  [Crawford,  1987]  . 
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Table  1.  Reynold’s  numbers  and  box  sizes  for  the  basic  simulations 


Froude 

number 

3D  Reynold’s 
number 

3D  box  size  (m) 

2D  box  size  (m) 

0.1 

27.6 

4.0 

16.0 

0.3 

23.0 

2.4 

11.2 

1 

16.6 

1.3 

5.3 

3 

16.8 

0.75 

3.0 
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Nonlinear  Energy  Transfers 

For  the  3D  dynamics,  the  nonlinear  transfer  of  kinetic  and  potential  energies  can  be  expressed 
in  the  Fourier  domain  as: 


dtKE>%,k,)  =  u*i,-iAxu\ 


(13) 


and 

diPE{kh,k,)=-pUn-^p\  (14) 

where  *  denotes  complex  conjugation  and  the  transfers  arc  collected  as  functions  of  horizontal 
and  vertical  wavenumbers  kh  and  k,.  This  formulation  is  helpful  in  revealing  details  of  the 
nonlinear  processes. 

In  2D,  the  nonlinear  transfer  rates  can  be  written  in  the  Fourier  domain  as: 

dtKE(k„k,)  =  (15) 


and 


diPEiky,k,)  =  -pl{J{i>,p)}),  (16) 

where  the  horizontal  wavenumber  is  now  ky. 

By  averaging  over  many  buoyancy  periods,  the  energy  transfer  rates  have  been  calculated. 
Figure  2  shows  contours  of  these  energy  transfer  rates  for  the  case  of  Froude  number  1.  The 
3D  nonlinear  transfer  rates  are  contoured  as  a  function  of  horizontal  and  vertical  wavenumber, 
kh  and  kz  and  the  2D  as  a  function  of  ky  and  kz.  Areas  which  are  losing  energy  due  to  nonlinear 
interactions  have  dashed  contours  and  areas  which  are  receiving  energy  have  solid  contours. 
The  contour  increments  are  logarithmic  with  a  minimum  energy  cutoff  of  1.0x10“^  times  the 
maximum  value.  In  order  to  emphasize  those  wavenumbers  which  are  contributing  significantly 
to  the  overall  energy  transfer,  areas  which  receive/losc  mors  than  10%  of  the  maximum  energy 
transfer  rate  are  shaded. 

For  the  2D  case,  the  kinetic  energy  may  be  divided  into  two  parts,  one  which  will  be  called 

‘planar’  (‘KcP’=  |  ^  and  the  ‘cross’  energy  (‘KeC’=  5  Y,  PE  is  simply  i  Y,  |Pp- 

k  k  k 

In  Figure  2,  both  planar  and  U  energy  transfer  rates  are  combined,  hence  it  does  not  resemble 

a  classical  2D  energy  transfer  shape .  For  3D,  the  distribution  of  KE  and  PE  transfers  are 
of  similar  shape  and  magnitude.  For  2D,  KE  and  PE  distributions  have  somewhat  dissimilar 
shapes,  but  the  rates  are  again  of  comparable  magnitude  even  though  there  is  about  twice  as 
much  kinetic  energy  as  potential  for  all  cases.  The  transfer  of  kinetic  energy  to  small  scales 
relative  to  potential  energy  appears  suppressed  in  both  3D  and  2D.  A  tentative  exploration  into 
the  reasons  for  the  similarity  in  net  nonlinear  transfer  rates  between  3D  and  2D  is  presented 
in  the  section  on  Waves  and  Vortices. 
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Figure  2:  The  net  sums  of  p^tcntial  (top)  and  kinetic  (bottom)  nonlinear  transfers  of  energy  for 
3D  (left)  and  2D  (right)  both  at  a  Froude  number  of  1  plotted  versus  horizontal  and  vertical 
wavenumbers.  The  logarithmic  contour  increments  for  Figures  2  and  4  are  0.71x10^  for  the 
3D  and  0.11xl0~^  for  the  2D  with  energy  loss  denoted  by  dashed  contours  and  energy  gain 
denoted  by  solid  contours.  The  maximum  transfer  rates  are  0.22 xlO~^  and  0.33x10“^  for  3D 
and  2D  respectively.  Areas  which  receive  or  lose  more  than  10%  of  the  maximum  are  shaded. 


Figure  3  shows  the  resultant  energy  spectra.  The  3  cases  presented  are  (Fi=0.3,f=0),  (Fn=l,  f=0) 
and  (Fr=l,f=0.1).  The  3D  spectra  arc  kinetic  energy  and  twice  potential  energy.  The  2D  spectra 
are  planar  and  cross  kinetic  energy  and  potential  energy.  For  the  2D  nonrotating  cases,  PE 
and  planar  KE  would  overlay  exactly  for  a  linear  internal  wave  regime  in  energy  equipartition. 
The  departure  from  equipartition  due  to  the  nonlinear  transfers  is  seen  for  the  Froude  number 
1  case.  The  effect  of  rotation  is  to  bring  the  2D  planar  and  U  energy  together  with  PE  still 
greater  than  planar  KE  at  the  smallest  scales. 
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Figure  3:  The  3D  (top)  and  2D  (bottom)  energy  spectra  for  (left  to  right)  Fr=0.3  f=0,  Fr=l, 
f=0  and  Frs:l,  f=0,l  plotted  versus  total  wavenumber.  The  3D  cases  show  kinetic  (solid)  and 
twice  potential  (dashed)  energies.  The  2D  show  planar  (solid)  and  U  (dashed)  kinetic  and 
potential  (“Pe":  dotted)  energies. 


For  all  the  3D  cases,  the  tendency  to  produce  an  excess  of  potential  energy  relative  to  kinetic 
energy  at  the  smallest  scales  (>1:2)  is  clearly  seen  with  rotation  having  no  discernible  effect. 
For  both  3D  and  2D,  the  tendency  is  therefore  to  produce  an  excess  of  potential  energy  relative 
to  kinetic  energy  at  the  smallest  scales.  For  all  cases  shown  in  Figure  3,  the  low  wavenumber 
regions  have  excesses  of  kinetic  energy  relative  to  potential  energy.  Herring  et  al  [1982]  have 
seen  similar  implications  for  eddy  Prandtl  numbers  in  closure  models  of  passive  scalar  advection. 

Figure  4  shows  the  buoyancy  flux  cross  spectrum  -(PklTk)  for  the  same  case  shown  in  Figure 
2.  Time-averaged  contours  of  this  quantity  arc  presented  in  the  same  manner  as  Figure  2.  In 
both  3D  and  2D,  the  shape  of  the  time  averaged  buoyancy  flux  contours  are  negative  (KE  to 
PE  conversion)  at  large  scales  and  positive  (PE  to  KE  conversion)  at  small  scales  near  the 
kz  =  0  axis.  This  shape  can  be  interpreted  as  a  direct  result  of  the  non-equipartition  spectra 
seen  in  Figure  3. 
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Figure  4:  The  buoyancj  flux  cross  spectra  from  the  same  cases  as  Figure  2.  The  logarithmic 
contour  increment  for  3D  (left)  is  0.14x10“^  with  a  maximum  of  0.44x  10~^  and  for  2D  the 
increment  is  0.32xl0~^  with  a  maximum  of  0.10x10"^. 


Figure  5  shows  that  all  3D  cases  have  buoyancy  spectra  with  this  shape  except  for  the  weakest 
flow  regime.  Shen  and  Holloway  [1986]  show  similar  results  for  2D  which  can  also  be  inferred 
from  Figure  4.  Holloway  [1988]  has  shown  2D  spectral  closure  theory  and  simulations  which 
take  as  the  force  term  for  buoyancy  flux  the  difference  between  kinetic  and  potential  energy. 
These  yield  buoyancy  flux  spectra  not  unlike  those  of  Figure  5. 

On  Figure  5,  the  Thorpe  [1977]  overturning  and  buoyancy  scales  have  been  marked 

where  possible.  Where  a  buoyancy  scale  has  not  been  marked,  it  is  at  a  scale  less  than 
the  smallest  available  to  the  model.  Since  we  have  not  defined  ‘patches’  of  overturning  as 
observationalists  would  do,  we  have  estimated  the  largest  (Thorpe)  scales  of  overturning  as  three 
times  the  calculated  Thorpe  scales.  It  is  seen  from  Figure  5  that  scales  of  mixing  (negative 
buoyancy  flux)  are  larger  than  ciilier  the  Thorpe  or  buoyancy  (where  turbulence  begins  to 
dominate  buoyancy)  scales.  The  implication  of  this  is  that  ‘mixing’  does  not  occur  where 
overturning  occurs,  rather  it  occurs  at  the  larger  scales  .  Restratification  appears  to  be  happening 
at  overturning  scales.  Kraig  Winters  critically  addressed  issues  about  the  interpretation  of  mixing 
showing  that  a  reordering  of  the  p  profile  may  be  necessary  to  diagnose  mixing.  The  reader 
should  consider  results  described  in  the  present  paper  from  the  view  of  Winters  [1991]. 

Table  2  shows  the  time  averaged  net  buoyancy  fluxes,  standard  deviation  of  same  and  kinetic 
energy  dissipation  rate  for  the  full  range  of  3D  and  2D  cases  shown  in  Figure  1.  As  Table  2 
shows,  net  buoyancy  fluxes  are  on  average  not  significantly  different  from  zero  for  most  3D  and 
2D  cases  with  or  without  rotation  for  these  forcing  ratios. 

Only  at  a  Froude  number  significantly  greater  than  unity  is  there  net  negative  buoyancy  flux 
(destratification).  Small  amounts  of  overturning  at  a  Froude  number  of  1  are  not  sufficient  to 
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Table  2.  Average  net  buoyancy  fluxes  and  KE  dissipation  rates.  All  have  f=0  unless  noted. 


Froude 

number 

3D 

buoyancy 

flux 

Standard 

deviation 

e 

2D 

buoyancy 

flux 

Standard 

deviation 

e 

0.1 

0.19  e-5 

0.14  e-4 

0.19  e-4 

-0.25  e-6 

0.14  e-4 

0.13  3-5 

0.3 

0.15  e-4 

-0.11  e-3 

0.56  e-3 

0.62  e-5 

0.12  e-3 

0.24  e-4 

1 

-0.47  e-4 

0.11  e-2 

0.25  e-1 

0.15  e-3 

0.16  e-2 

0.16  e-2 

1,  f=0.1 

-0.64  e-4 

0.11  e-2 

0.26  e-1 

0.29  e-4 

0.16  e-2 

0.17  e-2 

3 

-0.20  e-1 

0.13  e-1 

0.73 

-0.33  e-1 

0.37  e-1 

0.11 

Figure  5:  The  3D  buoyancy  flux  cross  spectra  plotted  versus  total  (solid),  horizontal  (dashed) 
and  vertical  (dot-dash)  wavenumber  for  the  4  Froude  number  cases.  The  Thorpe  and  buoyancy 
scales  are  marked  where  possible. 
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cause  net  destratification  in  either  3D  or  2D.  A  scaling  of  buoyancy  flux  from  dissipation  rate 
{piwi  =  0.2£,  see  Osborne  and  Cox  [1972])  is  only  possible  for  one  of  the  cases  shown  in 
Table  2  (2D,  Froude  number  3.),  Obviously,  the  results  are  dependent  on  the  ratio  of  forcing 
of  KE:PE.  Mourn  [1989]  has  reported  directly  measured  values  from  overturning  patches  of 
p'oj'  =  50  W  m'^;  0.2£  =  420  W  m"^.  Mourn  cautions  against  taking  these  values  too  literally, 
but  they  are  like  the  average  values  seen  in  the  simulations  using  the  energy  equipartition 
rates  of  forcing. 

The  tendency  to  produce  positive  buoyancy  fluxes  at  the  high  wavenumber  end  of  an  inertial 
subrange  is  very  robust  to  the  fomi  of  forcing.  Holloway  and  Ramsden  [1988]  show  a  case 
without  rotation  which  was  run  with  forcing  of  kinetic  energy  only  with  correspondingly  large 
negative  net  buoyancy  fluxes.  Even  though  the  forced  scales  are  very  close  to  the  Kolmogorov 
scale,  a  positive  buoyancy  flux  ‘tail’  was  observed.  Other  examples  of  this  robustness  are 
given  in  the  same  paper. 

WAVES  AND  VORTICES 

An  attempt  has  been  made  to  understand  why  3D  kinetic  energy  transfer  is  suppressed  relative 
to  potential  energy  by  separating  nonlinear  transfers  into  component  parts,  viz:  if  all  nonlinear, 
dissipative,  and  forcing  terms  are  omitted  from  the  3D  equations  of  motion  then  the  ideal 
linearized  model  equations  become 

^<Uk  =  -  /(^'xVk  -  kyUy,)]  -  pye^  +  f{Vye^  -  UyGy)  (17) 

\k\ 

dtPk  =  -Wy  (18) 

The  resultant  system  of  equations  (details  may  be  found  in  RH)  has  eigenvalues  zero  and 
±^^kl  +  pkj  with  corresponding  eigenvectors 

’  «o  1  r  1/c  0  1]  r  Vc  * 

«+  =  -c  (/  1  Va  (19) 

a_J  [-C  -d  ij  [pk. 

with  c  =  d  =  t\/l  +  c''  and  Vc,  Va  are  velocity  components  orthogonal  to  k.  The 
ao  is  the  nonpropagating  vortical  mode  and  a±  arc  wave  modes  propagating  at  frequencies 
+  pk"l.  The  2D  system  possesses  a  similar  set  of  solutions. 

Note  that  the  right  hand  sides  of  equations  (13)  and  (14)  are  the  product  of  three  quantities,  each 
of  which  is  the  sum  of  waves  and  vortices.  Eight  contributions  to  the  net  nonlinear  transfers  are 
thus  possible.  These  are  denoted  by,  e.g.,  W-W-V  where  the  interaction  of  waves  and  vortices  is 
projected  onto  the  wave  component  of  the  flow  field.  V-W-W  would  be  wave-wave  interactions 
projected  onto  the  vortical  part  of  the  flow  field.  The  2D  has  a  similar  decomposition. 
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Examination  of  these  transfer  components  have  shown  that  for  the  3D  case  the  forward  transfer 
of  potential  energy  to  small  scales  is  matched  by  a  corresponding  kinetic  energy  transfer  mode 
with  the  following  notable  exception.  Figure  6  shows  the  kinetic  and  potential  energy  W-W-W 
interactions  for  both  3D  and  2D  to  the  same  scale  as  Figure  2.  This  transfer  mode  appears  to 
be  the  key  player  in  the  suppression  of  3D  KE  transfers  (at  least  for  wave  energy).  The  rate 
of  energy  transfer  is  much  greater  for  potential  energy  than  kinetic  energy  for  both  3D  and 
2D  and  the  shapes  are  the  same,  too.  The  point  of  this  section  is  to  isolate  in  some  degree 
where  the  suppression  of  KE  transfer  relative  to  PE  transfer  is  occurring  and  to  reemphasize 
the  similarity  of  3D  and  2D  results. 


3D  2D 


Figure  6:  The  W-W-W  transfer  component  potential  (top)  and  kinetic  (bottom)  energy  transfers 
for  3D  Geft)  and  2D  (right)  plotted  versus  vertical  and  horizontal  wavenumbers.  The  scaling 
is  as  Figure  2. 
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CONCLUSIONS  TO  Part  1 

The  nonlinear  transfer  of  kinetic  and  potential  energy  in  an  internal  wave  regime  near  dissipation 
scales  has  been  investigated  by  direct  numerical  simulations.  Two  cases  were  considered,  one 
which  solves  the  full  3D  Navier-Stokes  equations  and  another  which  restricts  the  motion  field 
to  a  vertical  2D  plane.  It  was  found  that  the  rate  of  transfer  of  kinetic  energy  is  less  than  that 
of  potential  energy  for  both  3D  and  2D  and  the  net  transfer  rates  have  similar  spectral  shapes. 
Although  suppression  of  the  2D  kinetic  energy  transfer  is  explained  by  the  energy/enstrophy 
conservation  restraint,  the  reason  for  KE  suppression  in  3D  is  not  well  understood. 

The  difference  of  transfer  rate  of  KE  and  PE  creates  an  imbalance  in  the  relative  amounts 
of  kinetic  and  potential  energies  at  different  scales,  more  PE  at  small  scales  and  more  KE 
at  the  larger  scales.  The  relative  excesses  of  energy  in  turn  drive  a  characteristic  buoyancy 
flux  spectrum,  negative  at  large  scales  and  positive  at  small  scales,  with  the  results  from  2D 
resembling  those  of  3D.  The  tendency  to  produce  a  relative  excess  of  potential  energy  at  the 
high  wavenumber  end  of  an  inertial  range,  resulting  in  positive  (restratifying)  buoyancy  fluxes, 
is  robust  to  the  form  of  the  forcing. 

Rotation  up  to  f=0.1  slightly  alters  the  form  of  the  2D  energy  spectra  but  docs  not  significantly 
affect  the  differeniial  transfer  rates  leading  to  the  buoyancy  flux  measurements.  Rotation  to  f=0.1 
has  little  effect  on  the  3D  results  due  to  the  short  energy  residence  times. 

Net  buoyancy  fluxes  arc  on  average  zero  except  at  Froude  numbers  much  larger  than  1.  There  is 
little  net  mixing  in  a  marginally  overturning  environment,  either  in  3D  or  2D.  An  Osbome-Cox 
scaling  to  derive  buoyancy  flux  from  kinetic  energy  dissipation  rates  appears  to  be  only  possible 
in  the  most  active  of  turbulent  patches  for  the  forcing  ratios  used  here. 

It  may  seem  surprising  that  2D  dynamics  resemble  so  nearly  the  full  3D  regime  with  respect  to 
the  nonlinear  behavior  of  internal  waves  near  dissipation  scales.  It  is  encouraging  to  think  that 
cost-effective  numerical  experiments  in  2D  may  be  relevant  to  real-world  applications. 

Part  2:  SURFACE  LAYER  FORCING 

One  may  criticize  Part  1  apart  from  the  extremely  limited  flow  domain.  Energy  ‘appears’  by 
application  of  fictitious  body  forces  which  are  intended  to  represent  interactions  with  scales 
larger  than  the  resolvable  domain.  Energy  introduced  at  internal  wave  equipartition  levels  is 

moved  to  different  scales  by  nonlinear  processes,  but  no  energy  is  created  or  destroyed  by  this 
process.  Hence,  it  is  perhaps  not  unexpected  that  the  observed  net  buoyancy  fluxes  were  small. 

Holloway,  [1988],  [1989]  has  raised  the  issue  that  presumptions  about  gradient  production  and 
dissipation  rates  such  as  that  of  Osborne  and  Cox  [1972]  may  be  on  shaky  theoretical  grounds. 

In  order  to  gain  insight  into  the  relative  strengths  of  terms  in  the  Navier-Stokes  equations,  we 
have  attempted  to  measure  them  in  a  simulation  domain  with  a  vertical  flow  of  energy. 
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METHOD 

The  2D  simulation  code  used  in  Part  1  has  been  modified  to  have  a  free  slip,  rigid  lid  condition 
on  Ip  and  p  at  grid  resolution  128*256  (:ind  preliminary  128*512).  The  forcing  function  has 
been  masked  by 


M{z)  =  e  -  TT  <  2  <  0 


(20) 


where  the  simulation  domain  is  -tt  <  ^  <  0.  At  each  timestep,  Tp  and  p  have  been  multiplied 
by  a  bottom  absorption  taper  function 


r(.-)  =  i-c;i- 


2^  1  \  2 

-  )  } ;  -TT  <  2r  <  -O.Ott 


with  C  a  constant. 


(21) 


In  this  way,  it  was  attempted  to  define  an  ‘energy  radiation’  region  between  the  forced  region 
and  the  sponge  region  which  mimics  the  passage  of  energy  down  the  fluid  column.  To  simplify 
the  energetics,  the  ‘cross’  velocity  field  has  been  eliminated  (no  rotation).  Figures  7a  and  7b 
show  instantaneous  snapshots  of  stream  function,  density  and  kinetic+potential  energy  density 
for  one  of  the  cases.  It  is  seen  that  energy  is  concentrated  in  the  ‘surface’  layer. 


Figure  7a;  Instantaneous  snapshots  of  (left)  stream  function  and  (right)  total  density  for  a 
surface  layer  forced  run. 


Figure  8  shows  vertical  profiles  of  kinetic  and  potential  energy  and  energy  dissipation  rates.  It 
is  seen  that  the  presence  of  the  sponge  region  creates  gradients  near  the  bottom  which  tend  to 
enhance  the  dissipation  rates,  and  there  is  probably  some  reflection  of  energy  from  the  bottom. 


Ramsden  and  Holloway 


KE  and  PE 


Figure  8:  Time  and  horizontally  averaged  vertical  profiles  of  (left)  kinetic  (solid)  and  potential 
(dotted)  energy  and  (right)  dissipation  rates  of  kinetic  (solid)  and  potential  (dotted)  energy. 


Figure  9  shows  energy  spectra  tor  the  area  away  from  the  forced  and  sponged  region  only  and  a 
vertical  profile  of  Froude  number.  The  reduced  area  spectra  indicate  that  there  is  more  KE  than 
PE  away  from  the  surface  layer.  This  conclusion  is  supported  by  Figure  10,  a  vertical  profile 
of  buoyancy  flux  and  a  spectrum  of  buoyancy  flux  away  from  the  mixed  layer.  For  this  case 
the  net  buoyancy  flux  is  clearly  negative  in  the  radiation  region  but  the  spectrum  is  showing  the 
tendency  to  develop  a  positive  ‘tail’  as  was  seen  in  the  homogeneously  forced  cases. 

Nonlinear  Energy  Radiation  Terms 

In  the  radiation  region,  what  are  the  sources  and  sinks  of  energy?  We  have  attempted  to  answer 
this  question  by  determining  an  energy  balance  in  the  non- forced  region.  From  equation  (1) 

9<(uV2)  =  V  •  (up  +  uuV2)  -pW-€ 


(22) 
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Radiation  region  Froude  Number 


Figure  9:  (left)  Time  averaged  kinetic  (solid)  and  potential  (dashed)  energy  spectra  plotted  versus 
total  wavenumber  for  radiation  region  only:  (right)  vertical  profile  of  Froude  number. 


-pW{z)  -pW  (Radiation  region) 


Figure  10:  (left)  Time  and  horizontally  averaged  profile  of  buoyancy  flux;  (right)  time  averaged 
buoyancy  flux  spectra  from  the  radiation  region  plotted  versus  total  wavenumber. 


The  nonlinear  terms  are  composed  of  a  divergence  of  a  pressure-u  correlation  which  we  denote 
as  ‘up’  and  a  turbulent  flux  term  which  we  denote  as  ‘tf’.  The  pW  is  minus  buoyancy  flux  and 
€  is  kinetic  energy  dissipation  rate.  From  equation  (2) 

r9t(pV2)=V-{u/iV2)+/9lT-x  (23) 

where  x  is  potential  energy  dissipation  rate  and  we  will  denote  the  nonlinear  term  as  ‘nl’. 
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Assuming  that  stationarity  has  been  rcached  and  the  dt  terms  can  be  dropped,  which  of  the 
remaining  terms  in  equations  (22)  and  (23)  are  dominant?  Figure  1 1  left  shows  vertical  profiles 
of  time  and  horizontally  averaged  ‘nl’,  ‘up’  and  ‘tf  and  Figure  11  right  shows  sums  of  terms 
for  KE  and  PE.  Clearly,  it  is  the  divergence  of  the  pressure-u  correlation  which  carries  (kinetic) 
energy  down  the  water  column.  Figure  1 1  right  indicates  a  qualitative  balance  between  nonlinear 
production,  buoyancy  flux  and  dissipation  in  the  radiation  region  for  both  kinetic  and  potential 
energy  (forcing  and  sponge  region  effects  were  not  factored  into  the  balances). 

At  level  z=-7r/2  in  the  radiation  region,  the  average  values  of  balance  terms  for  two  r.m.s  Froude 
numbers  are  presented  in  Tables  3a  and  3b.  Table  3b  indicates  that  the  major  source  of  potential 
energy  in  the  radiation  region  is  the  buoyancy  flux  and  the  nonlinear  term  tends  to  remove 
potential  energy.  Table  3a  and  3b  indicate  that  buoyancy  flux  is  of  comparable  magnitude  to 
c  or  X  (which  are  about  equal). 


t/  =  V  •  (uuV2) 
up  =  V  ‘(up^ 
nl  =  V  ’  {up^f2) 


nl  4-  pW  — X  =  0? 


tf  -{■  up  -  pW  — e  =  0? 


Figure  1 1 :  (left)  Time  averaged  profiles  of  divergence  of  pressure-u  correlation  (solid),  uu^/2 
(dotted,  not  visible)  and  up^P.  (dashed).  (Right)  Time  and  horizontally  averaged  profiles  of  kinetic 
(solid)  and  potential  (dotted)  energy  balance  sums  along  with  the  terms  which  go  into  the  sums. 


CONCLUSIONS  TO  Part  2 

For  the  cases  studied  here,  energy  from  the  surface  forced  layer  moves  down  the  fluid  column 
by  the  pressure-u  correlation.  The  u  rbulent  flux  term  in  the  equations  of  motion  is  negligible 
compared  to  the  divergence  of  the  pressure-u  correlation.  The  kinetic  energy  supplied  to  the 
fluid  interior  is  balanced  by  dissipation  and  conversion  to  potential  energy  via  buoyancy  flux. 
The  buoyancy  flux  is  hence  on  average  negative  in  the  radiation  region,  but  the  spectrum 
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Table  3a.  Kinetic  energy  balance  terms. 


Froude  number 

up 

tf 

b*w 

e 

sum 

0.05 

0.17  e-4 

-0.46  e-10 

-0.74  e-5 

-0.11  e-4 

-0.165  e-5 

0.15 

0.44  e-4 

-0.93  e-8 

-0.22  e-4 

-0.13  e-4 

0.85  e-5 

Table  3b.  Potential  energy  balance  terms 


Froude  number 

nl 

-b*w 

X 

sum 

-0.24  e-7 

0.74  e-5 

-0.84  e-5 

-0.11  e-5 

0.15 

-0.18  e-5 

0.22  e-4 

-0.15  e-4 

0.51  e-5 

shows  the  same  qualitative  behavior  (negative  at  large  scales,  positive  at  small  scales)  as  the 
statistically  homogeneous  forced  cases. 

The  major  source  of  potential  energy  in  the  fluid  interior  is  the  buoyancy  flux  and  it  is  roughly 
balanced  by  dissipation  and  (relatively  small)  vertical  nonlinear  transfer.  Taken  together,  Parts  1 
and  2  indicate  the  hazard  of  scaling  buoyancy  flux  rates  from  Dissipation  rates.  Indication  is  that 
net  buoyancy  flux  occurs  during  times  in  which  energy  is  ‘filling’  a  region.  When  energy  levels 
reach  sufficient  magnitude  to  cause  a  dissipation  ‘event’,  there  may  be  very  little  net  gradient 
flux  associated  with  it,  but  this  may  have  little  to  do  with  ‘mixing’  (again  Winters  [1991]). 
Future  v,oiic  will  concern  attempting  to  extend  the  parameter  range  to  higher  Froude  number 
radiation  regions  and  completing  runs  at  the  higher  resolution  (larger  radiation  region). 
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ABSTRACT 

Large-eddy  simulation  (LES)  techniques  are  used  to  numerically  investigate  the  motions  and  mixing 
processes  of  the  oceanic  internal  wave  field.  LES's  solve  the  three-dimensional,  nonlinear,  time 
dependent  Navier-Stokes  equations  for  the  resolved  scales  of  motion  while  parameterizing  the  effects 
of  the  unresolved  subgrid  scales.  This  allows  oceanographically  relevant  length  and  time  scales  to  be 
numerically  simulated  using  present-day  supercomputers. 

Here,  the  results  (some  preliminary)  of  two  recent  LES  experiments  of  stably-stratified  ocean 
turbulence  are  presented.  The  first  experiment  is  the  study  of  the  decay  of  stably-stratified  luibulence 
at  oceanographically  relevant  length  and  time  scales.  The  initial  wavenumber  distribution  is  consistent 
with  the  Garrett-Munk  (GM)  internal  wave  spectmm  extrapolated  to  scales  smaller  than  10  m.  This 
experiment  clearly  shows  many  features  of  the  so-called  "turbulent  collapse"  (i.e.,  the  transition  from  a 
fully  turbulent  flow  to  an  internal  wave  dominated  field).  However,  the  present  results  illustrate 
several  important  differences  from  previous  laboratory  and  direct  numerical  results.  In  particular, 
highly  anisotropic,  "pancake"  structures  are  not  formed  coincident  with  the  onset  of  the  turbulent 
collapse.  We  hypothesize  that  the  lack  of  two-dimensionalization  of  the  kinetic  energy  structures  is 
due  to  the  relatively  large  Reynolds  numbers  of  the  LES  experiments  and  suggest  that  the  results  of 
laboratory  and  direct  numerical  experiments  be  cautiously  applied  to  the  internal  wave  field. 

The  second  experiment  is  a  preliminary  attempt  to  use  LES  techniques  to  directly  determine  values  cf 
vertical  eddy  diffusivities  for  steady  thermocline  motions.  The  Navier-Stokes  equations  are  forced  to 
maintain  constant  energy,  consistent  with  GM  amplitudes,  for  tlie  lowest  resolved  wave  modes  (50 
m).  The  phases  of  the  forced  wave  mode  are  detennined  dynamically  by  solving  the  equations  of 
motion.  The  long  time  integration  (>30  Nt)  and  steady  forcing  enables  the  domain  average  J  buoyancy 
flux  and  hence,  the  vertical  eddy  diffusivity  (Kbf)  to  be  determined  directly.  Values  of  Kbf  are 
consistent  with  oceanographic  inferences  (6xl0‘^  to  6x10'^  m^  s'*)  although  their  dependency  upon 
the  buoyancy  frequency  is  quite  anomalous  (going  as  N+^m).  This  anomalous  dependency  is  thought 
to  be  caused  by  the  nature  of  the  numerical  forcing.  The  direct  determinations  of  Kbf  are  compared 
with  several  indirect  turbulent  variance  dissipation  rate  estimates.  The  forced  LES  experimental  results 
are  preliminary  as  many  detailed  analyses  still  need  to  be  performed. 

MODELING  THE  OCEANIC  INTERNAL  WAVE  FIELD 

A  variety  of  scientific  questions  may  be  addressed  using  "data"  obtained  from  the  numerical 
simulation  of  the  ocean’s  internal  wave  field.  For  instance,  important  parameters  that  are  very  difficult 
to  directly  measure  in  situ,  such  as  diapycnal  and  isopycnal  eddy  diffusivities,  may  be  directly 
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detemiined  numerically.  This  would  enable  parametric  dependencies  to  be  directly  investigated. 
Diapycnal  eddy  diffiisivities  for  active  (temperature  and  salinit)')  and  passive  (tracer)  scalars  may  be 
compared  to  examine  the  importance  of  buoyancy  on  the  mixing  of  scalars.  Similarly,  the  parametric 
dependence  of  turbulent  variance  dissipation  rates  can  be  evaluated.  In  addition,  the  consistency  of  the 
linear  internal  gravity  wave  dispersion  relation  with  the  simulated  "data"  may  be  evaluated.  Knowing 
the  spatial  structure  and  temporal  evolution  of  the  internal  wave  field,  the  potential  of  many 
oceanographic  applications  may  be  evaluated.  For  example,  the  effects  of  internal  wave  motions  upon 
the  transmission  of  acoustic  signals  can  be  determined  using  simulated  "data"  (e.g.,  T.  Ewart,  this 
volume).  The  sampling  characteristics  of  oceanographic  instrumentation  may  also  be  evaluated  (e.g., 
Ledwell  and  Watson,  1991;  Siegel  and  Plueddemann,  1991). 

The  point  is  that  all  of  the  above  scientific  questions  and  technical  needs  require  "data"  from  the 
internal  wave  field  that  are  difficult  to  obtain  from  current  observational  techniques.  Here,  we 
illustrate  the  application  of  large-eddy  simulation  (LES)  techniques  to  the  oceanic  internal  wave  field  as 
a  method  for  supplementing  our  present  observational  tool  set.  The  idea  is  to  use  in  situ  observations 
of  the  internal  wave  field  to  drive  a  LES  model  in  order  to  calculate  those  properties  which  are  difficult 
to  obtain  observationally  (such  as,  eddy  diffusivities  or  dissipation  rates).  This  approach  has  proven 
to  be  quite  successful  in  studies  of  the  atmospheric  boundary  layer  (e.g.,  Deardorff,  1973;  Wyngaard, 
1984;  Ebert  era/.,  1989). 

In  order  to  realistically  simulate  the  internal  wave  field,  several  rather  stringent  requiremerts  must  be 
satisfied.  First,  it  is  anticipated  that  tlie  motions  of  the  internal  wave  field  are  fully  three-dimensional 
and  must  be  modeled  that  way.  Second,  characteristic  nondimensional  numbers  (cf.,  Reynolds, 
Froude  and  Rossby)  are  important  and  must  be  correctly  considered  in  any  investigation.  Third, 
relevant  spatial  scales  range  from  lO's  of  cm’s  to  many  100  m's,  while  temporal  scales  range  from 
minutes  to  days  (e.g.,  Garrett  and  Munk,  1972;  1975;  Munk,  1981;  Gargett  et  al,  1981;  1984). 
Fourth,  the  internal  wave  field  is  comprised  not  only  of  linear  internal  waves,  but  also  many  turbulent 
and  vortical  motions  (e.g.,  Holloway,  1983;  MUller  et  al.,  1986;  Muller,  1988).  Thus,  the  full  suite  of 
allowable  motions  must  be  included.  The  most  straightforward  way  to  insure  that  these  requirements 
are  met  is  to  directly  solve  the  Navier-Stokes  equations  for  the  proper  time  and  space  scales. 

Unfortunately,  computational  resources  are  finite.  Only  a  limited  number  of  spatial  modes  can  be 
numerically  simulated  using  present-day  supercomputers  (0(100)  in  each  direction).  This  puts  rather 
severe  restrictions  on  the  spatial  domain  that  one  can  investigate  by  directly  solving  the  Navier-Stokes 
equations.  When  directly  solving  the  Navier-Stokes  equations,  all  scales  relevant  to  the  transport  and 
dissipation  of  energy  must  be  explicitly  resolved.  The  bandwidth  of  required  spatial  scales  is 
described  by  the  Reynolds  number  (e.g.,  Tennekes  and  Lumley,  1972).  For  the  oceanic  internal  wave 
field,  Reynolds  numbers  (u'/iA’:  where  v  is  the  kinematic  viscosity  =  10’^  m^  s'^)  based  upon  aim 
overturning  length  scale  (/i)  and  a  velocity  scale  (u’)  of  0.1  m  s’^  are  O(105).  This  indicates  that 
molecular  processes  are  not  directly  relevant  to  the  internal  wave  field's  evolution.  Values  of  the 
Reynolds  number  (ReO  based  upon  the  Tay*jr  length  scale  (X=u’/(3u/3x)'  for  an  isotropic  field)  are 
often  used  for  comparing  dissimilar  approaches  of  studying  turbulence  (e.g.,  Lesieur,  1987).  For  the 
oceanic  internal  wave  field,  values  of  Rex  are  0(10^)  (using  u'=0.1  m  s'l  and  eKE=10'^  s"^). 

However  for  laboratory  and  direct  numerical  simulations  of  stably-stratified  turbulence,  reported 
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values  of  Rex  are  always  less  than  100  (e.g.,  Riley  et  ai,  1981;  Stillinger  et  ai,  1983;  Itsweire  et  ai, 
1986;  Holloway  and  Ramsden,  1988;  Mdtais  and  Herring,  1989;  Lienhard  and  Van  Atta,  1990; 
Rarasden  and  Holloway,  1991).  Thus,  it  is  clear  that  both  laboratory  and  direct  numerical 
investigations  can  not  adequately  simulate  the  oceanic  internal  wave  field.  This  is  not  to  say  that  these 
experiments  have  not  given  v«jlaable  insights  into  the  innerworkings  of  stably-stratified  turbulence, 
just  that  they  cannot  realistically  simulate  the  ocean's  internal  gravity  wave  field. 

Simulating  the  Large  Eddies 

To  get  around  the  finite  resolution  afforded  by  present  computational  resources,  we  apply  the  large- 
eddy  approximation  (e.g.,  Deardorff,  1970;  1973;  Schumann,  1975;  Ferziger,  1983;  Wyngaard, 

1984;  Rogallo  and  Moin,  1984;  Lcsieur,  1987).  In  a  large-eddy  simulation  (LES),  the  large,  or  grid 
scale  (GS),  motions  are  directly  simulated  while  the  effects  of  the  subgrid  scales  (SGS)  are 
parameterized  in  terms  of  the  GS.  Most  importantly,  the  modeling  of  the  SGS  processes  allows 
oceanographically  relevant  Reynolds  numbers  to  be  simulated  in  a  numerically  achievable  wavespace. 
The  application  of  the  large-eddy  approximation  means  that  the  GS  motions  contain  the  energy  of  the 
flow  and  perform  the  mixing  (that  is,  support  a  buoyancy  flux),  while  the  SGS  eddies  act  to  dissipate 
energy  as  part  of  the  turbulent  cascade.  This  separation  of  the  dynamical  roles  of  the  GS  and  SGS 
motions  provides  a  useful  means  of  examining  the  consistency  of  a  LES.  That  is,  GS  energy  levels 
should  be  much  greater  than  the  SGS,  while  the  GS  dissipation  rates  must  be  much  smaller  than  the 
SGS  rates  of  dissipation.  These  simple  concepts  are  helpful  for  evaluating  LES  model  performance. 

In  a  LES,  the  cutoff  scale  between  GS  and  SGS  motions  is  generally  made  within  the  inertial 
subrange  of  turbulence.  This  is  done  for  two  reasons.  First,  motions  at  these  spatial  scales  should  be 
locally  isotropic.  Second,  the  rate  at  which  kinetic  (KE)  and  potential  (PE)  energies  are  transferred 
across  the  SGS  cutoff  must  be  equal  to  the  rate  at  which  they  are  dissipated  by  molecular  processes 
(the  KE  and  PE  dissipation  rates,  Cke  and  epe).  These  facts  make  the  parameterization  of  SGS 
processes  simpler  than  second  moment  turbulence  closures  which  must  hold  over  all  scales  of  motion. 

It  is  important  to  recognize  that  the  essential  difference  between  a  large-eddy  simulation  and  a  direct 
simulation  of  any  turbulent  flow  is  the  development  of  a  parameterization  for  the  effects  of  the  SGS 
processes  in  terms  of  the  resolved  scale  dynamics.  In  some  sense,  the  degree  that  the  large-eddy 
simulation  conforms  to  its  intended  reality  is  a  function  of  how  well  the  SGS  parameterization 
performs  its  task.  This  suggests  that  one  must  carefully  choose  a  SGS  parameterization  method. 
Unfortunately,  there  have  been  very  few  comparison  studies  of  SGS  model  performance  (e.g.,  Clark 
etal,  1979;  Schumann,  1991).  However,  these  results,  as  well  as  some  reported  here,  indicate  that 
the  choice  of  SGS  models  makes  little  difference  to  the  resolved  scale  energetics.  This  result  is  not 
really  unexpected  as  the  GS  cutoff  is  made  within  the  inertial  subrange  of  turbulence  and  the  SGS 
motions  have  "forgotten"  the  orientation  of  the  GS  motions  that  are  driving  them.  This  means  that  a 
simple  statistical  accounting  of  the  GS  energy  sink  due  to  SGS  energy  cascade,  such  as  by  a  uniform 
eddy  viscosity,  may  be  enough  to  successfully  simulate  the  large  scale  motions  (e.g.,  Lesieur,  1987). 

LES  techniques  have  long  been  applied  to  atmospheric  science  and  engineering  problems  (e.g., 
Deardorff,  1970;  1973;  1980;  Schumaim,  1975;  1991;  Ferziger,  1983;  Wyngaard,  1984;  Rogallo  and 
Moin,  1984;  Moeng,  1984;  Eidson,  1985;  Lesieur,  1987;  Moeng  and  Wyngaard,  1988;  Schmidt  and 
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Schumann,  1989;  Mason  and  Derbyshire,  1990).  However,  they  have  only  been  recently  applied  to 
oceanographic  flows  (e.g.,  Siegel,  1988;  1991;  Gallacher,  1990;  McWilliams  etal.,  1990;  Siegel  and 
Domaradzki,  1991a;  1991b).  One  should  note  that  the  modeling  of  SGS  processes  is  similar  in  spirit 
to  the  parameterization  of  SGS  processes  in  eddy-resolving  oceanic  general  circulation  models  (e.g., 
Holland  and  Lin,  1975).  The  major  difference  is  that  more  is  known  about  the  dynamics  of  3-D, 
locally  isotropic  turbulence  than  about  submesoscale  (0(1-10  km))  ocean  motions. 

Here,  we  will  illustrate  the  development  of  a  LES  model  and  its  application  for  investigating  the 
interactions  among  internal  gravity  waves  and  turbulence  within  the  thermocline.  One  of  our  goals  is 
to  use  LES  techniques  as  a  predictive  tool  for  evaluatmg  the  magnitude  and  parametric  dependence  of 
diapycnal  and  isopycnal  eddy  diffusivities  for  use  in  regional  and  global  scale  ocean  circulation 
models.  Here,  we  will  describe  the  results  of  two  LES  experiments.  The  first  experiment  describes 
the  decay  of  stably-stratified  turbulence  at  oceanic  space  and  time  scales,  while  the  second  applies  a 
LES  model  to  directly  determine  values  of  the  diapycnal  eddy  diffiisivity.  This  work  is  preliminary, 
but  clearly  illustrates  a  "proof  of  concept". 


DEVELOPMENT  OF  A  LES  MODEL  FOR  THE  INTERNAL  WAVE  FIELD 

The  motions  of  the  resolved  scale  eddies  are  determined  by  solving  the  3-D  Navier-Stokes  equations 
for  an  incompressible  fluid,  satisfying  the  Boussinesq  approximation,  where  temperature  is  the  active 
scalar.  Using  these  assumptions,  the  equations  of  motion  are 
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where  t  is  time,  Xi  is  the  spatial  vector  (x;  xi,X2,X3;  x,y,z),  u;  is  the  velocity  vector  (u;  ui,U2,U3; 
u,v,w),  p  is  the  pressure  perturbation  from  the  hydrostatic  balance  (normalized  by  the  mean  density), 
T  is  the  perturbation  temperature  from  the  horizontal  mean  temperature  (Ts(x3)),  which  describes  the 
stable  background  profile),  g  is  the  magnitude  of  the  vertical  gravitational  acceleration  (9.8  m  s'2),  a  is 
the  coefficient  of  thermal  expansion  (0.025  K  '),  n  is  the  kinematic  viscosity  (10'^  m^  s  '),  and  k  is 
the  thermal  conductivity  (lO'^  m^  s  '),  di3  is  the  Kronecker-delta  function  and  F,  and  Ft  represent 
external  forcing  fimctions.  The  degree  of  stable  stratification  is  characterized  by  the  buoyancy 
frequency,  N,  which  is  equal  to 

(2, 

The  domain  is  a  triply-periodic  cube  with  sides  of  length,  L.  The  boundary  conditions  are 


Ui(xj)  =  Ui(xj+nL)  (3a) 

T(xj)  =  T(xj+nL)  (3b) 
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where  n  is  any  integer.  This  allows  spectral  numerical  techniques  to  be  applied,  enabling  the  spatial 
terms  to  be  expanded  using  Fourier  series  (Orszag,  1971).  Periodic  boundary  conditions  are 
appropriate  for  the  numerical  simulation  of  statistically  homogeneous  flows  (Lesieur,  1987). 

The  equations  of  motion  are  nondimensionalized  using  the  box  size,  L/2ji,  as  the  length  scale,  tlie 
buoyancy  period,  as  the  time  scale,  and  a*^  d&  the  temperature  scale.  The  factor  of  2n  in  the 
definition  of  the  length  scale  enables  spatial  wavenumbers  to  be  defined  as  integer  values.  Hereafter, 
the  nondimensionalized  forais  of  the  equations  of  motion  will  be  utilized. 

In  developing  a  LES  model,  the  equations  of  motion  are  volume  averaged  to  define  the  grid  scale 
motions  distinct  from  the  SGS.  This  filtering  operation  partitions  a  fluid  variable  (f(x:t))  into  GS 
(f(x:t))  and  SGS  (f  (x;t))  components  (Leonard,  1974), 


f(x;t)  =  f(x;t)  +  f(x:t)  (4) 

The  GS  value  of  f(x;t)  is  evaluated  as  its  convolution  with  a  spatial  filtering  function  (G(x)),  or 

f(x:t)=  jG(x-x’)f(x’;t)dx’  (5) 
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where  the  integration  is  taken  over  the  entire  domain,  D.  A  boxcar  average  in  physical  space  is  often 
used  for  G(x),  or 
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where  A  is  the  physical  space  grid-scale  (A=L/Nx;  where  Nx  is  the  numerical  resolution  in  the  x- 
direction).  This  boxcar  averaging  procedure  is  implicit  in  tlie  pioneering  large-eddy  simulations  of 
Deardorff  (1970)  and  Schumann  (1975)  and  is  appropriate  when  the  SGS  fluxes  and  stresses  are 
parameterized  in  physical  space.  There  are  many  other  filtering  operators  that  may  be  applied  in 
physical  space  (e.g.,  Leonard,  1974;  Ferziger,  1983).  Alternatively,  the  filtering  may  be  preformed  in 
spectral  space,  following 

f(k;t)=  JG(k-k')f(k’;t)dk’  (7) 

D 

where  k  is  the  vector  wavenumber  (ki;  ki,k2Jc3)  and  G(k)  is  the  spectral  filtering  function  which  is 
often  a  sharp-cut  filter  (G(k)=l  if  Ikl  <k<;;  G(k)=0,  elsewhere:  where  kc  is  the  GS  cutoff 
wavenumbep:Jt/A).  Spectral  filtering  is  appropriate  when  the  SGS  parameterization  is  made  in 
spectral  space.  Gaussian  filtering  ftmctions  (which  are  the  same  in  spectral  and  physical  space)  may 
also  be  used  for  G(x)  (e.g.,  Mansour  et  al,  1979;  Ferziger,  1983;  Piomelli  et  ai,  1989).  For  the 
present  application,  the  advantages  of  these  procedures  do  not  appear  to  outweigh  the  cost,  complexity 
and  possible  ambiguities  in  the  interpretation  of  the  resulting  simulations  (Qark  et  ai,  1979;  Ferziger, 
1983;  Eidson,  1985).  However,  this  may  not  be  true  for  inhomogeneous  flows,  such  as  wall- 
bounded  flows  (Ferziger,  1983;  Piomelli  etai,  1989). 

Application  of  either  of  the  averaging  procedures  (eqns.  5  or  7)  to  the  nondimensionalized  equations 
of  motion  gives 
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where  the  summation  convention  is  used.  The  nonlinear  flux  terms  also  need  to  be  partitioned  into  GS 
and  SGS  components. 


UiUj  =  UiUj  +  u'iUj  +  Uiu'j  +  u’iu'j  =  UiUj  +  Aij  -  Tij  (9a) 

UiT  =  Uif  +  u'if  +  UiT’  +  u'iT'  =  Uif  +  Aei  -  tsi  (9b) 

where  Aij  is  the  Leonard  momentum  flux  ( u^  -  UiUj),  Ae,  is  the  Leonard  heat  flux  ( Ujf  -  ujf),  th  is 
the  SGS  momentum  flux  (ii'iu'j  +  u'iUj  +  uju'j ),  and  xw  is  the  SGS  heat  flux  (u'jT'  +  u'jf  +  UiT'). 
The  LeonarJ  fluxes  are  a  consequence  of  the  nested  averaging  procedure  (Leonard,  1974)  and  will  be 
negjected  presently.  Leonard  fluxes  are  identically  zero  when  a  sharp-cut  spectral  filter  is  used  and  are 
very  small  when  boxcar  averaging  in  physical  space  is  applied  (e.g.,  Leonard,  1974;  Clark  et  ai, 
1979;  Yoshizawa,  1982;  Ferziger,  1983;  Eidson,  1985).  However,  the  Leonard  fluxes  must  be 
considered  when  a  Gaussian  filter  is  used. 

Applying  the  above  definitions  of  the  SGS  fluxes  and  writing  the  GS  nonlinear  terms  in  the 
momentum  equation  in  vorticity  form  (to  insure  numerical  stability),  the  GS  equations  of  motion  may 
be  expressed  as 
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where  fii  is  the  GS  vorticity  vector  (f^  =  eyk  3uis/3xj)  and  eijk  is  the  alternating  tensor.  These 
equations  are  then  solved,  for  specific  forcing  conditions,  to  give  the  evolution  of  the  GS  velocity  and 
temperature  fields.  First  the  SGS  momentum  and  heat  fluxes  (xy  and  Xej)  need  to  be  parameterized  in 
terms  of  the  GS  velocity  and  temperature  fields. 


Subgrid  Scale  parameterization  methodologies 

Many  different  methodologies  have  been  employed  for  parameterizing  SGS  fluxes  in  LES  models. 
SGS  parameteiizations  that  are  applied  in  physical  space  range  from  very  simple  "production  equals 
dissipation"  SGS  energy  budget  approaches  (e.g.,  Smagorinsky,  1963;  1990;  Clark  etal,  1979; 
Eidson,  1985;  Mason  and  Derbyshire,  1990;  Siegel  and  Domaradzki,  1991a)  to  detailed  evaluations  of 
the  entile  SGS  energy  budget  (e.g.,  Deardorff,  1980;  Moeng,  1984;  Schmidt  and  Schumann,  1989; 
Gallacher,  1990).  On  the  other  hand,  spectral  SGS  parameteiizations  have  been  developed  based 
upon  turbulence  closure  theory  calculations  of  the  rate  of  energy  transfer  across  the  GS  cutoff  and  are 
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usually  applied  in  wavenumber  space  (e.g.,  Kraichnan,  1976;  Chollet  and  Lesieur,  1981;  Lesieur, 
1987;  Domaradzld  etal,  1987;  Yakhot  etal,  1989).  Unfortunately,  detailed  intercomparison  studies 
of  these  SGS  parameterization  methods  are  lacking  for  stably-stratified  turbulent  flows  (see 
Schumann,  1991  for  a  recent  exception). 

Here,  we  discuss  and  apply  two  different  SGS  parameterization  methods,  the  physically-based 
Smagoiinsky  SGS  eddy  viscosity  and  the  spectral  Chollet  and  Lesieur  (1981;  hereafter  CL81)  eddy 
viscosity.  Preliminary  comparisons  that  we  have  made  indicate  that  the  evolution  of  the  GS  energetics 
is  essentially  the  same  for  the  two  different  SGS  eddy  viscosities.  However,  the  GS  energy  spectra 
produced  using  the  CL81  spectral  eddy  viscosity  reflect  spectral  levels  and  slopes  closer  to  theoretical 
Kolmogorov  "5/3"  spectra  than  do  those  produced  using  the  Smagoiinsky  eddy  viscosity  (fig.  1). 
Before  our  LES  results  are  discussed,  it  is  important  to  address  how  SGS  parameterizations  are  made. 

The  SGS  fluxes  and  stresses  are  most  often  represented  in  flux-gradient  form,  or 

tij  =  -  Ksos  Sij  +  (11 3) 

_  Ksos  9T  /iikn 

where  Ksos  is  the  SGS  eddy  viscosity  (a  function  of  x  and  t),  Sij  is  the  GS  rate  of  strain  tensor 
(3ui/3xj  +  3uj/3xi),  and  Pri  is  the  SGS  turbulent  Prandtl  number  (the  ratio  of  tlie  SGS  eddy  viscority  to 
the  SGS  eddy  diffusivity).  The  final  equations  of  motion  are 
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I  =  0  (120 

where  n  is  the  pressure  head  which  includes  the  GS  (ukUk/2)  and  SGS  (WS)  normal  stresses. 

Once  the  SGS  eddy  viscosity  and  forcing  functions  are  specified,  this  system  of  equations  can  be 
solved  directly  for  the  evolution  of  the  GS  flow.  We  employ  pseudo-spectral  numerical  techniques, 
based  upon  Fourier  series  expansions,  to  solve  for  the  spatial  terms  of  the  equation  of  motion  and 
advance  time  using  the  leap-frog  method  (e.g.,  Orszag,  1971;  Siegel,  1988;  Canuto  et  al,  1988). 
These  methods  are  highly  accurate  and  are  standard  in  numerical  turbulence  investigations.  A 
complete  description  of  the  numerical  methods  used  may  be  found  in  Siegel  (1988). 


THE  SMAGORINSKY  SGS  EDDY  VISCOSITY 

The  Smagoiinsky  SGS  eddy  viscosity  is  derived  assuming  that  Ksgs  depends  only  upon  the  smallest 
resolvable  scale  (A)  and  the  rate  at  which  KE  is  transferred  across  the  GS  cutoff  (A).  For  the  inertial 
subrange  of  turbulence,  the  spectral  ftansfer  of  KE  is  equal  to  the  KE  dissipation  rate,  eke-  Applying 
only  dimensional  arguments,  Ksos  is  given  by 
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Figure  1:  Comparison  of  radial  wavenumber  kinetic  energy  and  temperature  variance  spectra 
calculated  using  tht  Smagorinsky  SGS  eddy  viscosity  (upper)  and  the  CL81  eddy  viscosity  (lower). 
The  dotted  lines  are  theoretical  inertial  subrange  Kolmogorov  spectra  for  KE  (E(k)  =  ^  and 

for  temperature  variance  (EiOt)  =  Pk  X  where  x  is  the  temperature  variance  dissipation 

rate).  The  two  lines  express  the  magnitude  of  experiment^  uncertainty  in  the  values  of  the 
Kolmogorov  constants,  and  p^. 


Ksgs  =  (CsA)'’/^  (13) 

where  the  constant  of  proportionality  (cs)  is  referred  to  as  the  Smagorinsky  constant.  To  evaluate  the 
value  of  Ksgs  at  any  point  in  space,  the  energy  transfer  rate  (Ere)  must  be  known  at  that  location.  In 
general,  ere  depends  on  all  scales  of  motion.  However,  the  SGS  fluxes  must  be  parameterized  in 
terms  of  the  GS  motions  alone.  For  a  statistically  homogeneous  flow,  such  within  the  turbulent 
inertial  subrange,  the  dissipation  of  KE  is  equal  to  its  production,  or 

Eke  = -jSjjTij  +  gSisTei  (14) 

Here,  the  dissipation  of  KE  is  balanced  by  the  turbulent  production  by  the  GS  shear  (Sy)  and  by  the 
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SGS  buoyancy  flux  (g  5i3Xei).  Applying  the  flux-gradient  forms  of  the  SGS  fluxes  (eq.  1 1)  results  in 

Eke=  i^sosS^-  ^Ksgs^  (15) 

where  is  the  mean  square  rate  of  strain  (=SijSij).  Finally,  Ksgs  solved  for  by  substituting  the 
scaling  relation  for  Eke  (eq.  14)  into  the  SGS  kinetic  energy  balance  (eq.  15),  or 


Ksos  = 


(CsA)2hr. 


21/2 


S^ 


Prt5x3> 


^  ^Prt5xl 


(16) 


The  SGS  eddy  viscosity  is  set  to  zero  if  S^  is  less  than  2g/Prtaf/ax3.  However,  this  SGS  "critical 
Richardson  number"  condition  did  not  occur  during  our  simulations.  Further,  the  inclusion  of  SGS 
buoyancy  production  did  not  significantly  affect  the  resulting  values  of  Ksgs  (Siegel,  1988)  consistent 
with  the  assumption  that  A  lies  within  the  inertial  subrange  of  turbulence. 


The  choices  of  values  for  Cs  and  Prt  were  made  primarily  by  comparing  simulated  GS  spectral 
energy  distributions  with  theoretical  Kolmogorov  spectra  for  high  Reynolds  number  turbulence, 
although  a  thorough  literature  survey  was  also  made.  The  best  results  from  this  comparison  are 
shown  in  figure  1.  Six  numerical  experiments  were  performed  to  examine  the  degree  of 
correspondence  between  the  LES  determined  and  theoretical  radial  wavenumber  spectra  and  its 
relationship  with  variations  in  the  values  of  Cs  and  Prt  (Siegel,  1988).  The  final  values  of  c*  =  0.15 
and  Prt  =  1.0  best  represented  the  theoretical  spectra,  especially  for  the  temperamre  variance  spectra 
(fig.  1).  However,  the  LES  KE  spectra  underestimate  the  Kolmogorov  spectra  by  a  factor  of  roughly 
five  and  exhibit  a  sharp  "roll-up"  as  the  GS  cutoff  wavenumber  is  approached  (kc=31).  This  "roll-up" 
indicates  that  the  Smagorinsky  SGS  eddy  viscosity  is  not  adequately  transferring  KE  across  the  GS 
cutoff  and  that  there  KE  is  "piling-up". 

Spectral  distributions  of  the  magnitude  of  Ksgs.  as  well  as  the  energy  transfers  due  to  the 
parameterized  SGS  fluxes,  were  also  examined  (Siegel  and  Domaradzki,  1991b).  A  "cartooned" 
representation  of  the  spectral  distribution  of  Ksgs  (normalized  by  (E(kc)/kc)’^,  where  E(kc)  is  the  value 
of  the  KE  spectrum  at  the  cutoff  wavenumber,  kc)  is  shown  in  figure  2.  The  normalized  Ksgs  is  to 
first  order  spectrally  uniform,  isotropically  distributed  and  invariant  in  time.  Similarly,  SGS  spectral 
energy  transfers  are  white,  indicating  a  uniform  loss  of  energy  at  all  scales.  These  results  suggest  that 
the  Smagorinsky  SGS  eddy  viscosity  may  be  replaced  by  an  isotropic,  spectral  SGS  parameterization 
that  scales  as  (E(kc)/kc)^^.  A  detailed  analysis  of  the  Smagorinsky  SGS  eddy  viscosity  and  its  energy 
transfers  is  presented  in  Siegel  and  Domaradzki  (1991b). 


THE  CHOLLET  and  LESIEUR  (1981)  SPECTRAL  EDDY  VISCOSITY 

The  Qiollet  and  Lesieur  (1981;  CL81)  spectral  eddy  viscosity  has  been  derived  using  the  Eddy 
Damped  Quasi-Normal  Markovian  (EDQNM)  turbulence  closure  theory  calculation  of  the  energy 
transfers  across  the  GS  cutoff  (Chollet  and  Lesieur,  1981;  ChoUet,  1984;  Lesieur,  1987).  SGS  eddy 
viscosities  derived  from  alternative  spectral  closure  formulations  (Kraichnan,  1976),  as  well  as  from 
the  results  of  direct  isotropic  turbulence  simulations  (Domaradzki  et  al,  1987),  are  similar.  The  CL81 
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Figure  2;  Spectral  distribution  of  the  CL81  eddy  viscosity  (Chollet  and  Lesieur,  1981)  and  the  spectral 
distributiai  of  the  Smagoiinsky  SGS  eddy  viscosity  calculated  from  the  decaying  simulations  of 
stratified  turbulence  (based  upon  data  from  Siegel  and  Domaradzki,  1991b). 


eddy  viscosity  has  been  used  by  Lesieur  and  his  collaborators  for  examining  stably-stratified 
turbulence  (Mdtais,  1985;  Lesieur,  1987;  Lesieur  era/.,  1988). 

The  0-81  eddy  viscosity,  Ve(k),  is  formulated  by  the  EDQNM  evaluation  of  the  spectral  energy 
transfer  across  the  GS  cutoff  (A)  due  to  triad  interactions  which  are  both  local  (due  to  wavenumbers 
near  the  cutoff  wavenumber,  kc)  and  nonlocal  (from  spectrally  distant  wavenumbers).  The  form  of  the 
0-81  spectral  eddy  viscosity  (normalized  by  (EOO/kc)’^  is  shown  in  figure  2.  For  low  radial 
wavenumbers  (k<10),  the  normalized  Q-81  eddy  viscosity  is  equal  to  ~0.28  while  it  increases  rapidly 
as  the  GS  cutoff  wavenumber  is  approached.  This  high  wavenumber  spectral  cusp  indicates  the 
importance  of  local  interactions  to  the  spectral  transfer  of  energy  across  the  GS  cutoff. 

The  CL81  SGS  eddy  viscosity  is  applied  in  spectral  space  where  the  term  in  (12)  containing  Ksgs  is 
replaced  with  the  CL81  spectral  eddy  viscosity  (Ve(k)), 

^(KsosSij)  =>  -Ve(k)k2ui  (17) 

where  Ve(k)  is  equal  to  the  normalized  SGS  eddy  viscosity  shown  in  figure  2  multiplied  by  the  scaling 
factor,  ((E(kc)/k<;)‘'^).  A  similar  transformation  is  made  for  the  heat  equation.  The  CL81  spectral  eddy 
viscosity  (Ve(k))  and  diffiisivity  (K^(k))  are  related  by  a  constant  SGS  Prandtl  number  (Pri=0.6; 
Chollet,  1984).  Note  that  the  normalized  value  of  the  Smagorinsky  SGS  eddy  viscosity  spectra, 
although  uniform,  is  greater  than  the  normalized  CL8 1  viscosity  at  low  wavenumbers  and  less  at 
higher  wavenumbers  (fig.  2).  In  a  sense,  the  Smagorinsky  SGS  eddy  viscosity  accounts  only  for  the 
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nonlocal  turbulent  interactions  represented  by  the  low  wavenumber  plateau  region  of  the  CL81  SGS 
viscosity,  but  at  a  level  higher  than  the  (X81  plateau  to  account  for  its  inefficiency  of  local  energy 
transfers  (Lesieur,  1987;  Siegel  and  Domaradzki,  1991b). 

The  GS  KE  spectra  calculated  using  the  CL81  eddy  viscosity  are  quantitatively  similar  to  the 
theoretical  Kolmogorov  energy  spectra  (fig.  1)  for  the  higher  simulated  wavenumbers  (k>10).  This 
subjective  measure  of  SGS  parameterization  performance  indicates  that  the  CL81  eddy  viscosity 
clearly  outperforms  the  Smagorinsky  SGS  eddy  viscosity.  Another  indication  is  the  lack  of  a  "roll-up" 
in  the  CL81  energy  spectra  near  the  cutoff  wavenumber,  indicating  that  the  CL81  cusp  is  effective  at 
removing  energy  near  kc.  In  addition  to  an  increase  in  performance,  the  use  of  the  CL8 1  eddy 
viscosity  represents  a  substantial  improvement  in  computational  efficiency  (about  a  factor  of  2).  This 
speedup  comes  from  the  fact  that  CL81  SGS  parameterization  does  not  require  that  d(Ksos  Sij)/dxj  be 
evaluated  at  each  time  step,  which  eliminates  more  than  half  of  the  3-D  fast  Fourier  transforms 
required  to  implement  the  Smagorinsky  SGS  parameterization. 

LES  Experiments 

We  present  the  results  of  two  LES  experiments  to  investigate  the  dynamics  and  kinematics  of  oceanic 
internal  gravity  wave  fields.  The  first  experiment  is  the  study  of  the  decay  of  stably-stratified 
turbulence  at  oceanographically  relevant  length  and  time  scales  (Siegel,  1988;  Siegel  and  Domaradzki, 
1991a:  1991b).  The  initial  wavenumber  distribution  is  consistent  with  an  extrapolation  of  the  Garrett- 
Munk  (GM)  internal  wave  spectrum  to  scales  smaller  than  10  m.  This  experiment  clearly  shows  many 
features  of  the  so-called  "Untulent  collapse"  (the  transition  from  a  fully  turbulent  flow  to  an  internal 
wave  dominated  field).  However,  the  present  results  illustrate  several  important  differences  from 
previous  laboratory  and  direct  numerical  results.  In  particular,  highly  anisotropic,  "pancake" 
structures  are  not  formed  coincident  with  the  onset  of  the  turbulent  collapse.  We  speculate  that  these 
differences  may  be  attributed  to  the  extreme  differences  in  Reynolds  numbers  for  the  two  cases. 

Tfie  second  experiments  are  the  preliminary  investigations  of  the  use  of  LES  techniques  to  directly 
determine  eddy  diffusivities  for  a  steady  GM  ocean  (Siegel,  1991).  Here,  the  lowest  resolved  wave 
modes  are  forced  to  maintain  constant  energy,  consistent  with  GM  amplitudes  while  the  phases  of  the 
forced  waves  are  determined  dynamically.  The  long  time  integration  (>30  Nt)  and  steady  forcing 
enables  time/space  mean  values  of  the  buoyancy  flux  and  hence,  the  vertical  eddy  diffusivity  (Kbf)  to 
be  directly  determined.  Values  of  vertical  eddy  diffusivity  averaged  over  long  time  (^0  Nt)  and  large 
space  (125,0(X)  m^)  scales  are  appropriate  for  use  in  oceanic  circulation  models.  The  direct  Kbf 
determinations  are  compared  with  the  results  of  several  indirect  turbulent  energy  dissipation  rate 
methods  (Osborn  and  Cox,  1972;  Osborn,  1980).  In  addition,  the  dependency  of  Kbf  upon  N,  the 
buoyancy  frequency,  is  also  investigated.  These  LES  results  are  still  preliminary  as  further 
experiments  and  detailed  analyses  are  required.  However,  this  successful  "proof  of  concept" 
experiment  suggests  that  LES  techniques,  when  explicitly  forced  to  in  situ  observations,  may  be  a 
useful  tool  for  examining  mixing  processes  within  the  thennocline. 
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LES  OF  Decaying  Ocean  turbulence 

The  first  LES  experiment  to  be  discussed  is  the  study  of  the  decay  of  stratified  turbulence  at 
oceanographically  relevant  space  and  time  scales.  The  temporal  evolution  and  spatial  structure  of  the 
decaying  stratified  turbulent  flow  are  investigated  where  the  initial  conditions  are  represented  by  an 
extrapolation  of  the  GM  spectrum.  These  results  will  be  addressed  briefly  here  as  they  are  discussed 
in  detail  in  Siegel  and  Domaradzki  (1991a)  and  (1991b). 

The  modeling  domain  (L)  is  chosen  to  be  10  m  and  the  numerical  resolution  is  643.  This  results  in  a 
GS  cutoff  (A)  equal  to  15.6  cm.  The  choice  of  L  (=10  m)  was  made  to  insure  that  the  GS  cutoff  lies 
within  the  inertial  subrange  of  turbulence.  The  separation  between  GS  and  SGS  motions  is  done  with 
an  implicit  boxcar  filter  and  the  Smagorinsky  SGS  eddy  viscosity  is  used.  Three  simulations  were 
made  with  buoyancy  frequencies  of  1, 3  and  10  eph  and  the  equations  of  motion  were  integrated 
forward  in  time  for  10  units  of  buoyancy  time  (Nt).  Each  experiment  required  6.8  CPU  hours  of  Cray 
XMP/48  time.  For  brevity,  only  the  1  eph  case  will  be  shown. 

The  initial  conditions  are  based  upon  an  extrapolation  of  the  GM  internal  wave  spectnim  to  scales 
less  than  10  m.  Of  course  the  GM  spectrum  was  not  developed  to  correctly  predict  the  variance  at 
these  scales.  However,  there  does  not  exist  a  unified  3-D  velocity  and  temperature  finestructure 
spectrum  that  one  could  use  to  initialize  the  LES  model,  although  several  advances  towards  this  goal 
have  been  made  recently  (e.g.,  Kunze  et  al,  1990;  M.C.  Gregg,  this  volume).  As  it  is  recognized  that 
the  GM  spectrum  should  not  hold  for  scales  less  than  10  m,  there  is  little  reason  to  believe  that  the 
phases  of  the  individual  internal  wave  modes  will  follow  linear  theory  either  (e.g.,  Holloway,  1983; 
Miiller  et  al,  1986;  Shen  and  Holloway,  1986).  Hence,  we  randomized  not  only  the  internal  wave 
mode  phases,  but  the  phase  of  each  con^onent  of  each  wave  mode.  This  will  obviously  result  in  an 
initial  flow  field  that  is  highly  unstable  and  its  initial  decay  will  be  rapid  and  turbulent.  The  use  of  a 
fully  random  initial  field  is  consistent  with  numerical  turbulence  procedures  (e.g.,  Orszag  and 
Patterson,  1972;  Rogallo  and  Moin,  1984;  Mtitais  and  Herring,  1989).  Further  details  concerning  the 
initialization  procedure  and  its  catsequences  may  be  found  in  Siegel  and  Domaradzki  (1991a). 

Tlie  temporal  evolution  of  the  domain  averaged  energetics  and  length  scales  is  shown  in  figure  3. 

All  of  the  component  energy  levels  decay  rapidly  as  expected.  Rapid  exchanges  of  vertical  kinetic 
energy  (VKE)  and  potential  energy  (PE)  are  observed  during  the  decay’s  latter  stages.  These 
component  energy  exchanges  are  driven  by  internal  gravity  wave  motions  which  give  rise  to  a 
reversible  buoyancy  flux  (BF).  However,  the  internal  waves  cannot  be  linear  as  the  domain-averaged 
BF  is  ncmzero  (Stewart.  1969).  Evaluation  of  SGS  energetics,  fluxes  and  dissipation  indicates  that 
SGS  processes  regulated  energy  dissipation,  but  made  negligibly  small  contributions  to  the  total 
energetics  and  fluxes,  consistent  with  the  LES  assumptions. 

The  evolution  of  the  the  Ozmidov  (Lq)  and  the  vertical  integral  (/i)  length  scales  provide  additional 
insights  into  the  state  of  decaying  stratified  turbulence.  The  Ozmidov  scale  is  equal  to 


which  represents  the  vertical  scale  where  buoyancy  and  inertial  forces  equally  influence  the  evolution 
of  vertical  momentum.  That  is,  vertical  scales  larger  than  Lq  will  be  affected  by  the  stable 
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Buoyancy  Time  (Nt) 

Figure  3:  Temporal  evolution  of  the  domain  averaged  HKE,  VKE  and  PE  (upper  panel),  the  vertical 
energy  containing  length  scale,  h,  and  the  Ozmidov  scale,  Lo,  (middle  panel),  and  the  buoyancy  flux, 
BF,  and  cumulative  buoyancy  flux,  CBF  Gower  panel).  The  mean  stratification  is  1  eph  and  the 
experiment  is  conducted  for  10  buoyancy  periods,  Nt.  ((from  Siegel  and  Domaradzki,  1991a). 
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stratification.  Whereas  for  scales  smaller  than  Lo,  these  eddies  will  remain  unaffected.  Integral  length 

scales  are  calculated  by  evaluating  the  most  probable  length  scale  from  the  kinetic  energy  spectra,  or 

m  m  .j 

h  =  5 (Sui(k3)ui(-k3)/|  k3l )  (2ui(k3)ui(-k3) )  (18b) 

O  k3=l  k3=l 

where  Ui(kj)  here  represents  Fourier  amplitudes  of  the  i*^  component  of  the  velocity  field  in  the  j'*' 
wavenumber  direction  and  index  summation  is  assumed.  This  definition  for  h  is  somewhat  arbitrary 
as  many  other  choices  could  have  been  made  (Mdtais  and  Herring,  1989).  It  should  be  noted  that  h  is 
related  to  the  vertical  extent  of  the  kinetic  energy  stmcturcs  and  makes  no  distinction  whether  these 
structures  are  turbulent  eddies  or  internal  waves. 

The  vertical  eneigy-ccntaining  scale  (h)  remains  nearly  constant  while  the  Ozmidov  scale  (Lo) 
decreases  rapidly  with  time  (fig.  3).  Initially,  Lo  is  much  larger  than  h  indicating  that  the  vertical 
motions  of  the  energy-containing  eddies  are  regulated  primarily  by  inertial,  or  nonlinear,  processes. 
However  as  Lo  decreases,  buoyancy  forces  become  more  important.  Tliis  transition  occurs  at  Nt  =  2, 
indicating  that  the  Froude  number  (JFm(LJh)'^^)  is  equal  to  one.  Note  that  this  dynamical  transition 
does  not  manifest  itself  in  the  evolution  of  h  while  synchronous  oscillations  in  VKE  and  PE  are  most 
apparent  after  the  transition.  This  behavior  is  also  observed  with  different  stratification  intensities 
(Siegel  and  Domaradzki,  1991a). 

Evidence  of  the  turbulent  collapse  is  most  apparent  in  the  temporal  evolution  of  the  buoyancy  flux 
(BF;  fig.  3).  When  BF  is  negative,  VKE  is  converted  to  PE,  effectively  raising  tlic  fioid's  center  of 
mass.  If  this  conversion  happens  irreversibly,  the  fluid's  center  of  mass  is  permanently  raised 
indicating  that  diapycnal  mixing  has  occurred.  A  reversible  BF  shows  up  as  internal  wave  motions. 
Irreversible  aspects  of  BF  are  best  illustrated  by  examining  the  cumulative  buoyancy  flux  (CBF),  or 

t 

CBF(t)  =  I  BF(x)  dx  (19) 

0 

which  is  shown  in  the  bottom  panel  of  figure  3.  Early  in  its  evolution  (Nt<2),  values  of  CBF  decrease 
monotonically.  After  this  period,  CBF  stops  accumulating  negative  values  and  begins  to  oscillates  in 
time.  The  transition  from  an  irreversible  accumulation  of  PE  to  reversible  BF  oscillations  indicates  that 
the  initially  turbulent  flow  evolves  rapidly  into  a  field  of  nonlinear  internal  waves. 

The  transition  from  a  fully  turbulent  to  a  buoyancy  dominated  flow  may  be  visualized  by  examining 
the  temporal  evolution  of  vertical  slices  of  the  absolute  temperature  (T(x;t)  +  Ts(z)).  An  example  of 
the  temporal  evolution  in  the  absolute  temperature  is  shown  in  figure  4  for  Nt  of  1,2, 3  and  4.  These 
spatial  distributions  give  the  appearance  of  a  turbulent  flow  graaually  evolving  into  an  internal  wave- 
dominated  flow,  with  the  general  features  described  above.  However,  this  transition  does  not  appear 
to  occur  suddenly  and  these  data  cannot  be  used  to  visually  determine  the  transition  time.  We  have 
also  analyzed  3-D  topological  structure  of  isotherm  distributions  which  also  provide  useful  visual 
evidence  of  the  collapse  (color  plates  may  be  found  in  Vasilopculos,  1991). 

The  term  "turbulent  collapse"  refers  to  the  process  of  decay  of  stably-stratifie  d,  fuUy  developed 
turbulence  to  a  state  where  the  vertical  turbulent  scales  are  suppressed  by  the  background  stratification 
(e.g.,  Dickey  andMellor,  1980;  Stillinger  cr  a/.,  1982;  Itsweire  etai,  1986;  Lesieur,  1987; 

Hopfinger,  1987).  This  vertical  scale  suppression  is  thought  to  cause  the  initially  3-D  eddies  to 
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Figure  4;  Temporal  evolution  of  the  vertical-horizontal  sections  of  the  absolute  temperature  (Ts(z)  -i- 
T(x,t))  for  buoyancy  periods  of  1, 2, 3,  and  4.  The  mean  stratification  is  1  cph.  (from  Siegel  and 
Domaradzki,  1991a). 


"collapse"  into  nearly  horizontal  "pancake-like"  vortices  where  their  vertical  scale  is  limited  by  Lq. 
Observations  of  these  "pancake-like"  eddies  have  been  made  primarily  from  laboratory  flow 
visualizations  (e.g.,  Lin  and  Pa-:,  1979;  Hopfinger,  1987;  Browand  etal.,  1987),  while  reductions  in 
energy  decay  rates  and/or  a  vanishing  buoyancy  flux  are  often  used  as  proxies  of  the  collapse's 
01  ;urrence  (Dickey  andMeUor,  1980;  Stillingerera/.,  1982;  Itsweire  etal.,  1986;  Hopfinger,  1987). 

The  LES  results  appear  to  give  conflicting  information  about  the  occurrence  of  the  turbulent  collapse. 
For  example,  energy  decay  rates  do  not  decrease  significantly  coincident  with  the  onset  of  the  turbulent 
collapse.  Further,  the  size  of  the  vertical  integtul  scale  (/i)  remains  unaffected  by  the  collapse,  roughly 
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the  same  size  as  the  horizontal  energy-containing  scale  (/;  not  shown;  Siegel  and  Domaradzki,  1991a). 
These  results  arc  unexpected  as  classical  length  scale  phenomenology  predicts  that  the  vertical  length 
scale  of  the  turbulent  eddies,  and  their  KE,  should  decrease  in  a  mannet  similar  to  the  Ozmidov  scale. 
Thus,  we  are  not  seeing  a  "pancaking"  of  the  energy-containing  eddies  coincident  with  the  collapse. 
However,  the  change  in  the  nature  of  the  BF  indicates  that  the  collapse  has  occurred  (fig.  3). 

Tlie  invariance  of  integral  length  scales  implies  that  the  dynamics  of  these  energy-containing  motions 
must  have  evolved  from  a  turbulent  state  to  one  where  buoyancy  forces  are  important  while  retaining 
their  size  and  isotropy.  This  lack  of  "pancaking"  may  be  examined  by  addressing  the  evolution  of  the 
total  vertical  energy  (TVE),  the  sum  of  VKE  and  PE.  As  the  buoyancy  flux  acts  only  to  exchange 
VKE  and  PE,  BF  wiU  have  absolutely  no  influence  upon  TVE.  This  means  that  vertical  length  scales 
characteristic  of  TVE  will  remain  constant  during  the  collapse.  Similarly,  the  nonlinear  energy 
cascades  of  TVE  and  hence,  its  energy  decay  rate  will  remain  unaffected  by  the  collapse.  Thus,  the 
onset  of  the  collapse  only  indicates  that  the  evolution  of  PE  and  VKE  will  be  intertwined  by  a 
reversible  BF  and  energy  decay  rates,  as  well  as  integral  length  scales,  should  remain  unaffected  by 
this  dynamic  transition  This  will  remain  true  as  long  as  molecular  dissipation  processes  are  not 
important  for  the  evolution  of  the  energy-containing  motions  (Rex»l). 

Here,  we  suggest  that  this  apparent  lack  of  correspondence  between  the  LES  results  and  previous 
laboratory  and  direct  numerical  experiments  is  caused  by  extreme  differences  in  the  Reynolds  numbers 
for  the  two  cases.  As  described  earlier,  Reynolds  numbers  based  upon  Taylor  length  scales  (Rex) 
corresponding  to  the  oceanic  internal  wave  field  are  O(IO^)  consistent  with  the  LES  results.  However, 
laboratory  or  direct  numerical  experiments  rarely  give  initial  Rex  values  as  great  as  1(X).  It  should  not 
be  expected  that  these  low  Rex  experiments  can  realistically  simulate  the  interactions  found  within  the 
oceanic  internal  wave  field  as  molecular  processes  will  have  far  too  important  roles  in  the  evolution  of 
the  energy-containing  eddies. 

This  Reynolds  number  dependency  of  the  turbulent  collapse  is  consistent  with  the  results  of  a  recent 
scaling  analysis  by  Gargett  (1988).  Gargett's  scaling  indicates  that  for  a  high  Reynolds  number  flow 
characteristic  length  scales  will  be  isotropically  distributed,  whereas  for  a  low  Rex  flow  the  vertical 
scales  would  be  restricted.  Her  scaling  holds  only  when  the  Froude  number  is  0(1)  and  hence,  only  at 
the  onset  of  the  collapse.  However,  it  is  not  clear  whether  the  assumptions  used  in  Gargett's  scaling 
are  valid  (e.g..  Van  Atta,  1990;  Yamazaki,  1990). 

Unfortunately,  we  cannot  state  with  certainty  that  this  observed  lack  of  "pancaking"  is  caused  by  the 
large  LES-simulated  Reynolds  numbers.  This  is  because  there  are  many  questions  concerning  the 
roles  of  the  SGS  method  and  the  initial  conditions  upon  the  LES  simulated  flow  field.  One  should 
note  that  the  evolution  of  the  buoyancy  flux  (a  second  order  moment)  is  predicted  consistent  with  the 
collapse  onset  while  the  spatial  energy  distributions  (i.e.,  first  order  statistics)  are  clearly  inconsistent 
with  previous  low-Re  observations.  It  seems  odd  that  the  choice  of  the  SGS  parameterization,  even  an 
isotropic  one  like  the  Smagorinsky  SGS  eddy  viscosity,  would  "correctly"  predict  the  BF  evolution, 
but  not  the  flow  energetics.  Other  SGS  methods  (CL81)  which  we  have  tried  give  nearly  identical 
results.  We  believe  that  the  reason  for  this  is  that  the  simulated  high  wavenumber  motions  are  within 
the  inertial  subrange  of  turbulence  and  are  locally  isotropic  (Siegel  and  Domaradzki,  1991b).  This  is 
consistent  with  the  basic  tenets  of  the  large-eddy  approximation  described  above.  Therefore,  the 
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application  of  an  isotropic  SGS  eddy  viscosity  to  parameterize  the  SGS  energy  fluxes  in  stratified 
turbulence  may  be  appropriate. 

Similarly,  it  seems  unlikely  that  the  initial  conditions  have  much  influence  upon  the  final  evolution  of 
the  flow  field.  We  have  initialized  the  LES  experiments  with  a  highly  anisotropic  energy  distribution 
that  rapidly  becomes  isoUX)pic.  As  discussed  above,  this  rapid  reorganization  of  spectral  energy  is 
caused  by  the  choice  of  random  phases  among  wave  components.  Thus,  it  is  unlikely  that  the  initial 
anisotropic  flow  is  controlling  much  of  the  flow's  evolution.  Further  arguments  supporting  our 
conjecture  of  the  importance  of  Reynolds  numbers  in  the  evolution  of  stratified  tuibulence  is  beyond 
the  scope  of  this  contribution.  However,  detailed  experiments  and  analyses  are  required  before  the 
turbulent  collapse  can  be  considered  to  be  an  "understood"  phenomena,  particularly  for  high  Reynolds 
number  flows. 

We  suggest  that  the  absence  of  "pancaking"  in  our  LES  results  is  due  to  the  large  simulated 
Reynolds  numbers  compared  with  previous  laboratory  and  direct  numerical  experiments.  If  our  LES 
results  are  truly  representing  the  turbulent  collapse,  this  suggests  that  the  fundamental  nature  of 
decaying  stably-stratified  turbulence  may  be  different  at  oceanographically  relevant  space  and  time 
scales  compared  vwth  previous  laboratory  observations.  This  indicates  that  one  should  be  cautious 
when  appljdng  low  Reynolds  number  results  to  the  oceanic  internal  wave  field. 

LES  OF  Steady  Thermocline  motions 

Here,  we  illustrate  preliminary  results  of  a  LES  model  of  a  steady  GM  ocean  for  directly  determining 
values  of  the  vertical  eddy  diffusivity.  The  quasi-steady  forcing  and  Icng  time  integration  enables 
values  of  the  buoyancy  flux  (<BF>,  where  <•>  represents  a  tinic-spacc  average)  and  hence,  values  of 
the  vertical  eddy  diffusivity  (Kbf)  to  be  calculated  over  long  time  scales  (>  20  Nt).  The  LES 
calculated  Kbf  values  are  determined  over  many  hours  and  spatial  scales  of  50  m  and  are 
representative  of  vertical  eddy  diffusivities  appropriate  for  use  in  oceanic  general  circulation  models. 
Please  note  that  these  results  arc  preliminary.  - 

The  GS  equations  of  motion  are  numerically  forced  to  mrintain  constant  energy,  consistent  with  GM 
spectral  amplitudes,  for  the  8  wave  modes  where  Ik!  =(1,1,1)  (that  is,  for  k=(l,],l),  k=(l,l,-l), 
k=(l,-l,l),  etc.).  The  forcing  amplitude  is  based  upon  the  GM  internal  wave  spectrum  while  the 
phases  are  determined  by  solving  the  equations  of  motion.  This  forcing  method  has  been  used  in  the 
numerical  simulation  of  steady  isotropic  turbulence  (Siggia  and  Patterson,  1978;  Kerr,  1985).  It  has 
been  shown  that  the  nature  of  the  forcing  method  (i.e.,  VKE  to  PE  ratio,  spectral  weighting  of  the 
forcing  function,  etc.)  can  have  significant  impact  on  the  simulated  flow  fields  (e.g.,  Shen  and 
Holloway,  1986;  Holloway,  1988;  Holloway  and  Ramsden,  1988).  By  selecting  a  priori  the  forcing 
wavenumber  (Ik!  =  (1,1,1)),  the  ratio  of  VKE  to  PE  (2/3)  (and  PE  to  HKE;  1/2)  for  the  forced  waves 
is  fixed  by  the  GM  .spectrum  and  is  independent  of  the  buoyancy  frequency.  Whether  this  choice  of 
forcing  is  representative  of  the  oceanic  internal  wave  field,  as  well  as  its  role  in  determining  Kbf.  is 
unknown  at  this  time. 

The  domain  is  a  triply  periodic  cube  with  dimensions  of  50  m  on  a  side.  The  numerical  resolution  is 
96^  resulting  in  a  GS  cutoff  (A)  of  52  cm.  The  Chollet  and  Lesieur  (1981;  CL81)  spectral  eddy 
viscosity  is  used  to  parameterize  the  SGS  processes.  Near-perfect  correspondence  is  observed 
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between  the  theoretical  Kolmogorov  spectra  and  the  LES  calculated  energy  spectra  suggesting  that  the 
CL81 SGS  eddy  viscosity  is  performing  adequately  (fig.  1).  The  flow  field  is  initialized  as  in  the 
decaying  experiments  and  is  numerically  forced  as  described  above.  Three  mean  stratifications  (1,3 
and  10  eph)  are  used  and  the  GS  equations  of  motion  are  integrated  for  30  buoyancy  periods  (Nt). 
Statistical  quantities  (time/space  means;  <  •  >)  are  calculated  for  the  last  20  Nt  of  the  simulations  when 
the  flow  is  nearly  stationary.  Statistical  quantities  are  re-cast  into  dimensional  units  for  ease  in 
comparison  with  field  observations.  Each  experiment  requires  about  12  CPU  hours  of  Cray  YMP 
8/864  time  (~20  CPU  minutes  per  Nt). 

Temporal  evolution  of  the  energetics  and  buoyancy  flux  are  shown  in  figure  5  for  the  N  =  3  eph 
experiment  (the  other  experiments  are  qualitatively  similar).  A  high  degree  of  temporal  reorganization 
is  occurring  while  the  energy  levels  are  generally  decreasing  in  time.  This  is  due  primarily  to  the 
energy  variations  of  the  zero  wavenumber  components,  although  there  is  some  evidence  of  small 
changes  in  spectral  energy  levels  after  Nt  =  10.  As  before  with  tire  decaying  simulations,  significant 
oscillations  in  VKE  and  PE  are  observed  driven  by  a  reversible  buoyancy  flux.  However,  the  BE 
oscillations  are  not  strictly  periodic,  indicating  the  existence  of  several  internal  wave  modes. 

Here,  our  goal  is  to  use  the  results  from  the  quasi-steady  LES  experiments  to  directly  determine 
relevant  mixing  parameters.  Space/time  averages  for  kinetic  and  potential  energy  dissipation  rates 
(<eKE>  and  <epE>)  are  given  in  Table  1.  Values  of  <eKE>  range  from  1.0  xl0‘*  to  5.1x10*^  m^  s’^ 
consistent  (although  a  bit  high)  with  observed  mean  values  (e.g.,  Gregg,  1987;  1989;  Gregg  and 
Smford,  1988).  The  variation  of  the  time/spacc  mean  values  of  <eKE>  and  <epE>  with  buoyancy 
frequency,  N,  is  shown  in  figure  6.  Both  <eKE>  and  <Epe>  show  a  dependency  similar  to  the 
scaling  results  of  Gargett  and  Holloway  (1984)  and  the  eke  parameterization  of  Gregg  (1989).  A 
diicct  comparison  of  the  LES  results  with  the  Gregg's  (1989)  parameterization  is  presently  underway. 
The  ratio  of  <Epe>  to  <Eke>  defines  the  mixing  efficiency,  t|.  Values  of  q  are  equal  to  0.3 
independent  of  N  (Table  1),  fairly  consistent  with  in  situ  observations  (e.g.,  Oakey,  1982). 

Sim.ilarly,  the  vertical  eddy  diffusivity,  Kbf.  can  be  directly  determined  knowing  the  space/time 
averaged  buoyancy  flux,  <BF>,  or 

^  <BF>  , 

Kbf  =  -  (20a) 

The  LES-calculated  Kbf  values  all  are  positive  indicating  that  on  the  average  there  is  a  down  gradient 
flux  of  heat.  Specifically,  values  of  Kbf  from  6.0xl0’®  to  6.7xl0'‘i  m2  s'^  (Table  1)  for  the 
stratifications  investigated  and  are  generally  consistent  with  the  "abyssal  recipes"  value  of  10*^  m2  s’^ 

Tafle  1:  Sface/Time  Mean  Quantities  for  the  GM  Forced  LES  Experiments 


N  (eph) 

BF  (m2/s3) 

eKE(m2/s3)  epE(m2/s3) 

Kbf  (m2/s) 

Ks  (m2/s) 

Ky  (m2/s) 

1 

1.83x10-11 

1.01x10-8 

3.02x10-9 

0.30 

6.01x10-6 

6.65x10-4 

9.93x10-4 

3 

2.33x10-9 

5.77x10-8 

1.74x10-8 

0.30 

8.48x10-5 

4.20x10-4 

6.35x10-4 

10 

2.05x10-2 

5.11x10-2 

1.65x10-2 

0.32 

6.73x10-'! 

3.36x10-4 

5.43x10-4 
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Figure  5:  Temporal  evolution  of  energetic  quantities  (HKE.VKE  and  PE),  as  well  as  tlie  buoyancy 
flux  (BF),  for  the  forced  GM  LES  experiment  (N=3  cph).  Averaging  for  the  statistical  calculations  is 
made  only  for  the  last  20  Nt. 


(Munk,  1966).  However,  values  of  Kbf  increase  dramatically  with  N  (going  as  N+2;  fig,  7).  At  this 
point,  we  do  not  know  exactly  what  is  causing  this  anomalous  dependency  on  N.  However,  it  seems 
likely  that  the  nature  of  the  numerical  forcing  can  have  an  undue  influence  upon  Kbf-  Indications  of 
this  are  apparent  when  one  compares  the  spaceAime  averaged  <BF>  and  <epE>  for  the  N=10  cph 
experiment  (Table  1).  For  this  experiment,  values  of  <BF>  are  greater  than  <epE>  indicating  that  more 
energy  is  being  transferred  into  PE  from  VKE  than  is  being  removed  by  diffusive  processes.  For  a 
simplified  "production  (+  forcing)  equals  dissipation"  PE  budget  to  hold,  there  must  be  a  mechanism 
to  transfer  this  energy  somewhere  else.  We  tfiink  that  the  "culprit"  may  be  the  forcing  mechanism 
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Figure  6:  Dependency  of 
space/time  mean  values  of 
<eKE>  aiid  <epE>  upon 
buoyancy  frequency,  N. 
Standard  deviations  are  shown 
by  the  error  bars.  Spectral 
slopes  of  N’l  and  N'2  are 
shown. 


Figure?:  Dependency  of 
spaceAime  mean  values  of  LES 
detemiined  vertical  eddy 
diffusivities  (Kbf.  Ke  and 
upon  buoyancy  frequency,  N. 
Standard  deviations  are  shown 
as  the  error  bars.  A  spectral 
slope  of  N+2  is  also  shown. 


where  PE  is  actually  removed  by  the  forcing.  We  are  presently  investigating  this  in  detail.  It  should 
be  mentioned  that  the  time  averaged  BF  will  give  the  correct  irreversible  exchange  of  KE  to  PE  (e.g., 
Lombard  et  ai,  1990)  as  it  is  not  necessary  to  calculate  the  change  in  the  background  stratification  in 
order  to  determine  mixing  coefficients  (e.g..  Winters  and  D'Asaro,  1990). 

Several  parameterization  methods  have  been  developed  to  predict  values  of  vertical  eddy  diffusivity 
from  measurements  of  turbulence  dissipation  rates.  These  indirect  methods  solve  simplified 
turbulence  variance  budgets  to  determine  values  of  vertical  eddy  diffusivity  (e.g.,  Osborn  and  Cox, 
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1972;  Osborn,  1980;  Mourn,  1990),  For  example,  if  the  temperature  variance  dissipation  rate,  %,  is 
known,  the  temperature  variance  budget  may  be  solved  to  give  the  eddy  diffusion  of  heat,  Kj^, 
(Osborn  and  Cox,  1972),  or 


V  -  <X> 

^  "  (dTs/dz)2 


(20b) 


where  dTs/dz  is  the  mean  temperature  gradient.  Another  method  involves  solving  a  simplified 
turbulent  kinetic  energy  budget  to  provide  an  upper  bound  for  values  of  the  vertical  eddy  diffiisivity 
(Osborn,  1980).  After  the  ratio  of  shear  to  buoyancy  production  of  turbulent  kinetic  energy  is  decided 
upon,  values  of  eke  are  used  to  provide  the  eddy  diffiisivity.  Kg,  or 

Ke  s  0.2  (20c) 


In  the  past,  eddy  diffiisivity  parameterization  assumptions  have  been  tested  by  evaluating  variance 
budgets,  not  by  direct  comparison  to  measurements  of  the  buoyancy  flux  (Garrett,  1979;  Washburn, 
1987).  Only  recently  have  direct  determinations  of  vertical  velocity  fluctuations  enabled  these 
comparisons  to  be  made  (Mourn,  1990). 

Values  of  Kj^  and  Kg  for  the  forced  LES  experiments  range  from  3.4x10"^  to  9.9x10''^  m^  s'^  and 
hence,  vary  considerably  less  than  the  two-decade  range  of  variation  observed  for  Kbf  (Table  1). 
Generally,  and  Kg  are  both  greater  than  the  directly  determined  Kbf-  This  was  also  observed  in  the 
in  situ  Kbf  determinations  by  Mourn  (1990).  However,  the  dependencies  of  and  Kg  on  N  are  very 
different  '  an  the  dependency  observed  for  Kbf  (going  like  instead  of  N+2;  fig.  7). 

Obviously,  there  is  a  discrepancy  in  the  vertical  eddy  diffiisivities  predicted  by  the  direct  and  the 
variance  dissipation  methods.  These  differences  are  particularly  apparent  in  the  dependency  of  the 
estimated  eddy  diffiisivities  on  the  background  stratification  intensity,  N.  As  discussed  previously, 
the  interactions  of  the  numerical  forcings  with  the  determination  of  the  BF  arc  not  well  understood. 
However,  the  fact  that  the  indirect  methods  do  such  a  poor  job  in  predicting  Kbf,  regardless  of  the 
what's  forcing  the  large-scale  (50  m)  internal  waves,  indicates  that  these  indirect  methods  are  not 
adequately  parameterize  vertical  eddy  diffiisivities  for  the  conditions  numerically  simulated. 

The  existence  of  domain  averaged  BF  oscillations  in  the  present  numerically  forced  LES  experiments 
may  have  some  interesting  observational  consequences.  That  is,  although  the  domain-averaged  BF  is 
calculated  over  a  volume  equal  to  125,000  m^,  its  value  is  not  stationary  (fig.  5).  Thus,  instantaneous 
determinations  of  the  buoyancy  flux,  even  when  averaged  over  a  large  spatial  scales,  may  not 
adequately  provide  the  necessary  data  to  determine  vertical  eddy  diffiisivities  for  use  in  general 
circulation  models.  These  large-scale  ocean  models  require  that  small-scale  internal  wave  "noise"  be 
filtered  out  in  terms  of  an  effective  eddy  diffiisivity.  The  present  observations  suggest  that  long  time 
and  large  space  integrations  or  in  situ  observations  are  necessary  before  relevant  eddy  diffiisivities  are 
to  be  determined. 


What'S  next? 

The  GM  forced  LES  experiments  have  successfiilly  replicated  many  of  the  dynamical  quantities 
characteristic  of  the  ocean's  internal  wave  field.  Specifically,  direct  calculations  of  vertical  eddy 
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diffiisivity,  turbulent  dissipation  rates,  and  mixing  efficiency  have  been  surprisingly  well  in  line  with 
oceanographic  thinking.  Frankly,  the  fact  that  the  sign  of  the  eddy  diffiisivity  was  correct  was  a  cause 
for  celebration  in  Santa  Barbara! !  However,  the  anomalous  dependency  of  Kbf  on  N  raises  doubts 
that  our  LES  model  is  realistically  simulating  the  internal  wave  field.  Of  course,  there  are  many 
possibilities.  TTie  details  of  the  numerical  forcing,  the  omission  of  planetary  vorticity  (and  hence, 
near-inertial  waves),  the  restricted  spatial  scales  simulated  (<  50  m),  the  triply-periodic  boundary 
conditions,  possible  lack  of  stationarity,  as  well  as  the  subgrid  scale  parameterization  method  aU  could 
have  contributed  to  the  anomalous  dependency  of  Kbf  on  N.  Presently,  we  think  that  the  "culprit"  is 
the  forcing  mechanism  and  we  are  investigating,  in  detail,  the  energy  transfers  at  the  forcing 
wavenumber.  This  is  not  to  say  that  each  of  the  possibilities  listed  above  do  not  need  to  be  improved 
upon.  In  order  for  LES  techniques  to  be  of  any  use  to  oceanographers,  the  assumptions  and 
mechanisms  used  to  produce  the  simulations  miisr  be  continually  tested  and  evaluated. 

We  are  presently  implementing  planetaiy  vorticity  (the  f-plane  approximation)  into  our  LES  model. 
This  in  the  view  of  many  is  a  serious  omission  in  producing  realistic  simulations  of  the  internal  wave 
field.  The  inclusion  of  planetary  vorticity  (f-planc  approximation)  will  enable  us  to  force  a  LES  with 
prescribed  near-inertial  waves.  In  situ  observations  have  shown  that  much  of  the  velocity  finestructure 
is  associated  with  near-inertial  waves  (Kunze  etai,  1990)  and  that  these  near-inertial  waves  can  give 
rise  to  patches  of  turbulence  (Gregg  et  al„  1986).  This  improvement  in  the  realism  of  the  forcing 
mechanism  should  only  help  the  LES  model  better  replicate  the  internal  wave  field.  An  interesting 
hypothesis  is  that  dependency  of  eke  on  N,  or  for  that  matter  Kbf  on  N,  may  depend  upon  the  nature 
of  how  energy  is  fed  into  the  internal  wave  field. 

Eventually,  it  is  envisioned  that  LES  models  can  be  used  with  in  situ  observations  to  provide  "data" 
of  the  internal  wave  field  that  are  presently  unobtainable.  Such  a  coupling  would  enable  eddy 
diffusivities  to  be  estimated  for  specific  field  experiments.  This  approach  is  similar  to  how 
hydrographic  inverse  or  regional  circulation  models  arc  used  to  give  information  about  fluxes,  vorticity 
and  energy  transfers  that  are,  at  best,  difficult  to  determine  from  the  field  observations  alone.  Thus, 
the  combination  of  field  and  numerical  approaches  may  prove  to  be  highly  synergistic,  allowing  many 
new  questions  concerning  the  ocean's  internal  wave  field  to  be  addressed. 
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ABSTRACT 

Several  issues  related  to  large-scale  modeling  of  internal  waves  are  discussed.  First,  we  consider 
the  question  of  the  linear  internal  wave  response  of  the  ocean  to  surface  forcing.  Past  attempts  at 
analyzing  the  linear  response  are  briefly  reviewed.  Then  we  discuss  a  numerical  experiment,  in 
which  a  nonlinear  model  of  internal  waves  generates  a  time-evolving  field  of  motions  in  a  vertical 
plane.  The  model  flow  is  initially  at  rest,  and  is  forced  with  a  simple  surface-layer  body  force  with 
a  long  (40  km)  wavelength.  Despite  the  fact  that  the  model  was  not  initialized  with  a  particular 
spectrum,  it  develops  a  frequency-wavenumber  spectrum  with  features  that  are  similar  to  that  of 
Garrett  and  Munk.  After  a  saturated  spectrum  develops,  the  dispersion  of  a  cloud  of  Lagrangian 
tracer  particles  is  analyzed.  The  linear  dimensions  of  the  cloud  expand  roughly  as  the  square  root 
of  time.  Based  on  the  expansion  rate  we  estimate  values  for  eddy  diffusivity  coefficients.  We  find 
that  these  coefficients  are  independent  of  length  scale,  but  vary  approximately  linearly  with  the 
internal  wave  horizontal  kinetic  energy.  For  a  kinetic  energy  level  equivalent  to  that  of  the 
Garrett-Munk  spectrum  and  a  stratification  N~3  cph,  we  calculate  K^-Q.7jS  m^/sec, 

Aj-l’xlO"*  m^/sec. 


1.  INTRODUCTION 

Near-inertial  waves  are  the  most  energetic  component  of  the  internal  wave  spectrum.  Therefore  it 
seems  natural  to  focus  (at  least  initially)  on  near-inertial  waves,  to  understand  their  generation, 
dynamics,  interactions,  and  dissipation.  Near-inertial  internal  waves  have  rather  long  horizontal 
length  scales  (lOO’s  of  meters  to  lO’s  of  kilometers)  in  comparison  with  higher  frequency  waves. 
Therefore  a  numerical  model  of  near-inertial  waves  should  span  this  broad  range  of  length  scales. 

The  problem  is  even  more  difficult  than  this.  Surface  forcing  of  near-inertial  waves  due  to 
atmospheric  events  covers  an  even  broader  range  of  length  scales— up  to  iOO's  of  kilometers. 
Certainly  a  wide  variety  of  mesoscale,  upper  surface-layer  and  bottom  boundary  layer  processes 
interact  with  near-inertial  waves  in  this  regime  of  spatial  scales.  Therefore  it  is  important  to  try  to 
sort  out  the  relative  magnitudes  of  all  of  the  different  interactions. 

My  overall  objectives  are  to  try  to  answer  three  important  questions:  1)  How  are  large-scale 
internal  waves  generated?  2)  Once  they  are  generated,  how  are  their  space  and  time  scales 
maintained?  3)  How  do  these  waves  interact  with,  and  contribute  to  the  mixing  of,  mesorcale 
flows? 

Because  the  questions  are  still  largely  unanswered,  1  am  following  a  multi-pronged  approach.  The 
first  approach,  discussed  in  Section  2,  is  to  determine  the  extent  to  which  linear  dynamics  are 
capable  of  generating  the  internal  wave  spectrum,  A  body  of  circumstantial  evidence  indicates  that 
many  of  the  characteristics  of  the  internal  wave  field  can  be  explained  using  linear  mechanisms. 
The  next  approach,  discussed  in  Section  3,  is  to  determine  whether  wave-wave  interactions  are 
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sufficient  to  generate  the  internal  wave  spectrum,  and  over  what  time  scales  does  such  a  spectrum 
de/elop  and  decay.  Then  results  of  some  experiments  related  to  the  mixing  of  a  passive  tracer  are 
presented  in  Section  4.  The  space-plus-time  trajectories  of  Lagrangian  tracer  particles  are 
calculated,  and  give  us  some  insights  into  the  mixing  process. 


2.  LINEAR  DYNAMICS  OF  GENERATION 

It  is  known  that  wind-forcing  is  an  important  generator  of  near-inertial  motions.  Simple  linear 
models  of  wind-induced  inertial  motions  are  sometimes  able  to  explain  a  very  large  percentage  of 
the  inertial  energy  in  the  surface  mixed  layer.  Sometimes  these  models  fail  in  their  deterministic 
predictions,  for  a  variety  of  reasons.  The  reasons  may  include,  for  example,  incomplete  knowledge 
of  the  full  wind  field  (its  history  and  its  spatial  scales),  mesoscale  motions  which  interact  with  the 
inertial  motions,  inertial  waves  which  have  propagated  from  a  distant  source,  and  so  on. 

An  important  question  which  arises  is,  to  what  extent  can  linear  dynamics  explain  the  generation 
of  near-inertial  waves,  and  perhaps,  the  gen'^ration  of  the  entire  spectrum  of  internal  waves.  As  far 
as  near-inertial  waves  are  concerned,  there  is  a  body  of  evidence  that  linear  dynamics  are 
sufficient.  For  example,  Rubenstein  (1983)  showed  that  observed  features  related  to  vertical  phase 
propagation  and  interchange  of  energy  between  the  surface  layer  and  the  thermocline  can  be 
explained  with  linear  dynamics.  Kundu  and  Thomson  (1985)  showed  that  linear  theory  can  explain 
the  observed  intermittency  of  near-inertial  waves,  and  the  horizontal  phase  structure  of  surface- 
layer  oscillations.  Gill  (1984)  presented  a  linear  theory  which  explained  many  other  features  of 
near-inertial  waves,  such  as  the  tendency  for  horizontal  and  vertical  scales  to  decrease  after  a 
storm  has  passed.  Eriksen  (1988)  examined  the  linear  response  of  near-inertial  waves  to  a  wind 
stress  which  deposits  a  body  force  as  a  step  function  in  the  vertical;  uniformly  within  a  surface 
layer,  and  zero  below.  He  found  that  the  vertical  wavenumber  spectral  response  is  the  same  as 
that  predicted  by  the  GM81  empirical  spectrum. 

In  a  sense,  our  understanding  of  the  vertical  scales  of  internal  waves  is  much  better  than  that  of 
the  horizontal  scales.  High-quality  vertical  profiles  are  easier  to  produce  than  horizontal 
profiles— especially  profiles  of  velocity.  Also,  there  are  major  gaps  in  our  2D + time  description  of 
the  wind  stress  field.  There  have  been  several  attempts  to  jump  over  these  gaps. 

Several  years  ago  I  performed  a  little  study,  in  which  I  looked  at  the  patterns  of  near-inertial 
motions  generated  in  the  surface  layer.  1  digitized  a  couple  of  months  of  6-hr  synoptic  weather 
maps  in  a  2600-km  square  region  of  the  North  Atlantic,  roughly  from  SS'N  to  and  from 
IS^W  to  SO^W.  I  gridded  the  isobars  and  computed  the  geostrophic  wind,  adjusted  for  friction  and 
for  turning  effects.  Figure  1  shows  an  example  of  one  such  map.  I  used  a  very  simple  slab  model 
for  the  mixed  layer  (uncoupled  in  the  horizontal),  and  observed  the  patterns  of  near-inertial 
oscillations.  Figure  2  shows  a  single  snapshot  of  the  u-component  of  velocity,  after  40  days  of 
evolution.  There  seems  to  be  a  notable  difference  between  the  northern  and  southern  regions  of 
the  model  domain.  The  northern  half  is  dominated  by  propagating  low-pressure  systems.  The 
wave  pattern  orientations  and  length  scales  are  variable,  on  synoptic  time  scales.  In  contrast,  the 
southern  half  of  the  model  domain  is  dominated  by  a  climatological  high  pressure  system.  As  a 
result,  the  wave  pattern  is  more  static.  The  wave  patterns  tend  to  be  elongated  along  latitude 
lines,  because  of  the  beta  effect. 

D’Asaro  (1989)  used  an  imaginative  technique  to  bridge  the  wind-field  problem.  He  used  a  Seasat 
scatterometer  wind  stress  field,  with  25-km  resolution,  and  advected  the  field  across  the  modeled 
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Figure  1.  Left  panel:  Sample  weather  map  over  central  North  Atlantic.  Right  panel:  Digitized, 
contoured  isobars,  and  geostrophic  wind  adjusted  for  friction  and  turning  effects. 


ocean.  In  this  way  he  was  able  to  estimate  the  relative  contributions  of  the  wind  field,  the 
advection  speed,  and  the  beta  effect,  in  generating  smaller  horizontal  scales  of  near-inertial  waves. 

The  problem  with  these  approaches  is  that  mesoscale  and  smaller-scale  variance  in  the  wind  stress 
fleld  is  deflcient.  I’ve  been  developing  a  possible  remedy  to  this  problem.  The  approach  is  to 
start  with  an  atmospheric  mesoscale  model,  and  to  p.-f  jrm  a  stochastic  interpolation  in  time  and 
space,  to  resolve  higher  wavenumbers  and  frequencies.  This  is  a  sort  of  engineering  approach,  but 
if  it  yields  a  statistically  realistic  evolving  wind  Held,  it  could  give  meaningful  results. 


3.  NONUNEAR  MODEL 

If  we  apply  an  intermittent,  large-horizontal-scale  wind-induced  surface  forcing  to  a  nonlinear 
model,  what  sort  of  internal  wave  spectrum  develops?  Over  what  time  scf  le  does  such  a  spectrum 
develop,  and  after  forcing  is  remov^,  over  what  time  scale  does  it  dissipate? 

In  an  attempt  to  answer  these  questions,  we  formulate  a  two-dimensional  model  in  a  vertical  x-z 
plane.  Motion  is  allowed  in  three  directions,  but  the  model  is  invariant  in  the  y-direction.  We 
assume  an  initially  motionless  ocean,  with  an  exponentially  decaying  buoyancy  frequency,  and  a 
fluid  which  satisfies  the  Boussinesq  approximation.  The  lateral,  top  and  bottom  boundary 
conditions  are  reflecting. 

The  coordinates  (x,y,z)  are  defined  with  z  positive  upward,  with  the  origin  at  the  ocean  bottom.  A 
channel  of  depth  D=  \  km  (corresponding  to  a  flat  ocean  bottom)  and  width  X=1Q  km  contains 
the  flow.  The  equations  of  motion  are 
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Figure  2.  U-component  of  velocity  in  the  surface  layer,  predicted  by  a  simple  slab  model.  The 
spatial  domain  is  a  2,620  km  square  region,  as  shown  in  Fig.  1.  The  contour  interval  is  4  cm/so:. 
The  elongation  of  structures  along  latitude  lines  is  due  to  the  beta-effect.  The  longer  length  scales 
in  the  northern  half  of  the  domain  is  due  to  the  rapid,  successive  propagation  of  atmospheric 
fronts. 


a/c  +  udjfi  +  wdju  -  jv  =  -d^p  +  +  F  (1) 

a,v  +  «a/  +  wd/  +  fil  =  +  +  K^a^v  (2) 

djb  +  udj)  +  wdj)  +  N^w  =  +  +  K^a^(b+fi) 
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du  ^  dw 
dx  dz 


(4) 


(5) 


(6) 

dz 

The  velocity  components  are  (m,  v,  w),p  is  a  reduced  perturbation  pressure,  N={2>  cph)xe'^^  is 
the  buoyancy  frequency  profile,  and  /  is  the  Coriolis  parameter.  The  total  buoyancy  Bj  is  split  up 
into  a  steady,  initial  profile  B{z)  and  a  perturbation  buoyancy  b.  The  and  terms  are 
difiusivity  coefficients,  and  are  uniform  in  space.  A  rigid  lid  leads  to  an  additional  constraint,  that 

D 

udz  =  0 


The  model  is  driven  by  a  body  force  distributed  in  the  surface  layer  of  depth  H.  The  body  force 
has  a  single,  large-scale  horizontal  sinusoidal  component,  and  is  given  by 

F{x,z,t)  -  f(Osin(^)^IUsin(ffi:^)]  .  (8) 

Tlie  behavior  of  F(r)  simulates  a  short-duration  impulse.  During  an  initial  spinup  period,  these 
impulses  were  applied  at  regular  intervals  of  5.5  inertial  periods.  After  the  wavenumber  spectrum 
is  saturated,  the  forcing  is  turned  off,  and  the  flow  is  allowed  to  decay. 

The  diffusion  coefficients  and  are  chosen  to  have  the  minimum  possible  values,  and  still 
maintain  numerical  stability.  During  the  spinum  period,  we  set  v=0-l  m^/sec  and  m^/sec, 

and  during  the  decay  period  we  set  i^=0.05  m^/sec  and  k^=s5x10^  m^/sec.  We  find  that  during 
the  decay  period,  energy  dissipates  with  an  e-folding  time  scale  of  about  30  days.  This  time  scale 
falls  within  the  15-44  days  time  scale  estimated  for  the  replenishment  of  the  internal  wave  field 
(Gregg,  1987). 

Spatial  derivatives  are  approximated  by  centered  differences,  and  time  integration  is  performed 
using  the  two-step  Lax  Wendroff  technique.  The  finite  difference  equations  are  solved  on  a 
128x128  grid,  using  a  time  step  of  12  seconds.  The  artificial  viscosity  associated  with  this 
numerical  technique  is  given  by  (Roache,  1972) 

K^  =  «2At/2  .  (9) 


In  the  model  runs  presented  here,  this  artificial  viscosity  is  less  than  a  quarter  of  the  explicit 
diffusion  coefficients,  in  both  the  horizontal  and  the  vertical. 

Figure  3  shows  spectra  of  kinetic  energy  in  two  projections;  and  where  w  is  frequency, 
kjf  is  horizontal  wavenumber,  and  i„  v  'jtical  wavenumber.  We  first  amsider  the  w-k^  spectrum. 
The  strongest  ridge  parallel  to  the  k^  ax»s  corresponds  to  near-iticrtial  waves.  The  next-strongest 
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Figure  3.  Kinetic  energy  spectrum,  predicted  by  the  nonlinear  numerical  model.  The  top  panel 
shows  a  projection  in  space,  and  the  bottom  panel  shows  in-k^ 


ridge,  at  a  slightly  higher  frequency’,  corresponds  to  the  first  vertical  mode.  The  weaker,  higher- 
frequency  ridges  correspond  to  harmonics.  In  the  spectrum,  we  see  some  of  the  same 
features,  but  in  addition  we  see  a  set  of  radial  ridges.  The  radial  ridges  are  the  projections  of 
discrete  vertical  modes  onto  the  spectrum. 
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It  is  also  interesting  to  note  that  the  spectrum  appears  to  be  nearly  (but  not  exactly) 
separable  between  w  and  while  the  at-k^^  spectrum  is  not  remotely  separable  in  w  and  k^  This 
feature  of  separability  in  ut-k^  and  non-separability  in  ut-k^  is  similar  to  that  of  the  Garrett-Munk 
spectrum  (for  example,  Munk,  1981).  The  feature  is  somewhat  at  odds  with  the  slant-wavenumber 
frequency  spectrum  observed  by  Pinkel  (1984),  Pinkel’s  wavenumber  spectra  in  the  upper  ocean 
exhibit  slopes  which  flatten  with  increasing  frequency. 

On  the  other  hand,  both  the  modeled  spectrum  and  Pinkel’s  (1984)  observed  spectrum  show 
a  set  of  ridges  parallel  to  the  k^  axis.  In  the  case  of  the  model,  these  ridges  represent  harmonics 
between  the  lowest  vertical  modes  of  the  near-inertial  frequency  waves.  In  the  case  of  Pinkel’s 
observations,  these  ridges  represent  possible  harmonics  between  tidal  and  inertial  frequency 
motions.  In  both  model  and  observations,  these  ridges  stand  out  at  low  wavenumber,  but  not  at 
high  wavenumber. 


4.  DISPERSION  OF  LAGRANGIAN  TRACER  PARTICLES 

Eddy  viscosity  and  diffusivity  coefficients  are  employed  by  ocean  circulation  models,  for  the 
purpose  of  parameterizing  sub-grid  scale  mixing  processes.  Much  of  this  sub-grid  scale  mixing  is 
due  to  the  internal  wave  field.  Several  techniques  have  been  developed  for  the  estimation  of 
diffusivities.  Direct  observations  of  internal  waves  (Ruddick  and  Joyce,  1979;  Brown  and  Owens, 
1981;  Kunze,  1986;  Hebert,  1987)  use  the  eddy  correlation  technique  to  derive  eddy  viscosity  and 
diffusivity.  Sometimes  even  the  sign  of  the  derived  viscosity  or  diffusivity  coefficients  is  in  doubt. 
These  direct  observations  are  limited  because  in  the  thermocline,  eddy  correlation  signals  are 
weak,  and  they  are  disturbed  by  non-stationarity  of  the  mean  flow. 

Other  techniques  for  estimating  viscosity  and  diffusivity  parameters  are  extensively  reviewed  by 
Gregg  (1987).  These  techniques  include  inverse  methods  over  regional  domains,  flux  estimations 
from  microstructure  measurements,  compilations  of  statistics  of  mixing  patches,  and  direct 
measurements  of  dye  patches  (Ewart  and  Bendiner,  1981;  Ledwell,  1989). 

One  technique  that  has  not  yet  received  much  attention  is  numerical  simulations.  Numerical 
simulations  have  the  advantage  that  they  are  capable  of  separating  the  diffusion  due  to  internal 
waves  from  that  of  mesoscale  motions.  They  also  allow  sensitivity  studies  to  systematic  parameter 
variations,  and  of  course,  allow  complete  understanding  of  the  underlying  flow  field.  On  the  other 
hand,  full  nonlinear  models  have  the  significant  disadvantage  of  covering  a  limited  range  of  length 
scales.  Another  limitation  is  the  lack  of  direct  control  over  the  spectral  level  and  shape. 

To  help  understand  mixing  due  to  internal  waves,  we  consider  the  dynamics  of  Lagrangian 
particles.  Figure  4  shows  the  trajectories  of  nine  individual  Lagrangian  particles  over  an  8-day 
interval.  The  particles  are  tracked  between  the  grid  cells  using  bilinear  interpolation.  The 
horizontal  extents  Ar  of  the  tracer  trajectories  are  on  the  order  of  1  to  4  km,  and  the  vertical 
extents  Az  range  from  30  to  80  m. 

We  are  not  interested  only  in  the  absolute  dispersion  of  a  tracer  particle;  we  are  interested  in  the 
relative  dispersion  of  a  cluster  of  particles.  The  four  panels  in  Figure  5  show  the  positions  of  1000 
tracer  particles  at  four  instances  in  time;  1.6,  3.3,  6.6,  and  11.6  days.  The  thick  circle  in  each  panel 
(actually  an  ellipse  in  physical  space;  major  axis=312  m  in  the  horizontal,  minor  axis =15.6  m  in 
the  vertical)  indicates  the  initial  distribution  of  the  particles.  In  each  panel,  the  portrayed 
positions  of  the  particle  clouds  have  been  translated  to  keep  the  centers  of  mass  coincident  with 
the  centers  of  the  panels.  At  the  early  times,  the  particles  remain  organized  in  stringy  clumps.  At 
the  later  times,  the  particles  separate  from  one  another,  and  their  positions  become  more  random. 
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Figure  4.  Trajectories  of  nine  individual  Lagrangian  particles  in  a  vertical  plane,  due  to  modeled 
internal  waves  over  an  8-day  interval  when  the  model  was  quite  energetic. 


In  each  panel,  a  thin-line  ellipse  is  drawn  to  indicate  the  standard  deviation  of  the  particle 
distribution  in  two  orthogonal  directions.  The  size  of  the  ellipse  tends  to  increase  with  time.  By 
11.6  days,  the  ellipse  has  increased  by  a  factor  of  5.5  relative  to  its  initial  size.  The  eccentricity 
does  not  have  a  noticeable  trend  with  time. 

To  obtain  a  statistical  average,  we  constructed  a  hierarchical  grid  of  clouds  of  Lagrangian  particles. 
A  5x5  grid  of  cloud  centers  was  placed  in  the  central  area  of  the  model  domain.  These  clouds 
were  initially  circular  in  the  finite  grid  space,  and  therefore  elliptical  in  physical  space.  A 
hierarchy  of  5  initial  cloud  sizes  allowed  a  larger  range  of  spatial  scales  to  be  examined.  We 
traced  the  trajectory  of  each  particle,  and  computed  the  ensemble  average  variance  of  the  cloud 
distributions  (segregated  by  initial  cloud  size)  in  the  horizontal  and  vertical  directions. 

Figure  6  shows  the  average  cloud  distribution  variances  in  the  horizontal  and  vertical  directions. 
Both  panels  in  the  figure  show  a  set  of  five  curves,  each  corresponding  to  a  different  initial  cloud 
radius.  The  thin,  oscillating  curves  represent  the  ensemble-averaged  distribution  variances,  and 
the  thick,  smooth  curves  represent  low-pass  filtered  time  series,  with  a  1-day  time  constant.  For 
the  first  8  days,  the  variance  increases  approximately  linearly  with  time.  From  this  rate  of 
increase,  we  can  estimate  the  effective  eddy  diffusion  coefficients  in  the  horizontal  and  in  the 
vertical. 


/L  =  -  O.Tm^/sec  , 
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Figure  5.  Relative  dispersion  of  1000  tracer  particles  in  a  vertical  plane  at  four  instants  in  time; 
1.6,  3.3,  6.6,  and  11.6  days.  The  thick  curve  in  each  panel  (appears  as  a  circle  in  this  compressed 
coordinate  space)  is  the  locus  of  the  initial  distribution  of  particles.  The  thin-line  ellipse  in  each 
panel  indicates  the  standard  deviation  of  particle  distribution,  in  two  orthogonal  directions. 


After  8  days,  the  variance  increases  more  slowly  (^^-0.3  m^/sec,  /r^~3xl0‘^  m^/sec).  This  occurs 
because  kinetic  energy  is  slowly  dissipating  (the  rms  « -component  of  velocity  has  decreased  from 
7.5  to  6  cm/sec),  and  the  rate  of  expansion  of  the  cloud  size  is  very  sensitive  to  the  kinetic  energy 
spectrum. 
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Figure  6.  Thin  curves;  Ensemble  average  tracer  cloud  distribution  variances  in  the  horizontal  and 
vertical  directions.  Thick  curves:  Time-average  (1  day  time  constant)  which  smooths  out  the 
oscillations  due  to  isopycnal  deformations. 


Despite  the  gradual  decrease  in  expansion  rate  of  the  tracer  clouds,  the  distribution  variances  for 
the  various  initial  cloud  sizes  are  all  parallel  to  one  another.  The  implication  is  that  although  the 
rates  of  increase  da^ldt  and  da^ldt  are  sensitive  to  the  kinetic  energy  spectrum,  they  are 
independent  of  and  a^.  In  other  words,  the  effective  eddy  diffusivities  are  independent  of  the 
length  scales  involved.  This  result  is  in  contrast  with  Okubo’s  (1971)  finding  that  horizontal 
diffusivity  increases  with  length  scale  to  the  1.1  power.  We  must  keep  in  mind  that  the 
observations  compiled  by  Okubo  include  the  effects  of  the  entire,  complicated  spectrum  of  ocean 
velocities.  The  numerical  prediction  that  eddy  diffusivity  is  independent  of  length  scale  is  largely 
due  to  the  facts  that  only  internal  wave  motions  are  included,  and  that  tracer  cloud  length  scales 
fall  within  the  internal  wave  spectral  continuum,  which  has  a  rather  constant  slope  over  a  wide 
range  of  wavenumbers. 
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The  short  term  oscillations  in  Fig.  6  represent  deformations  of  the  tracer  clouds,  associated  with 
isopycnal  straining  and  tilting.  The  ensemble  average  over  sets  of  independent  tracer  clouds  has 
removed  a  portion  of  the  isopycnal  deformations.  The  time-averaged,  smooth  curves  have 
removed  the  residual  deformations,  and  represent  true  diapycnal  (across  density  contours)  and 
isopycnal  (along  density  contours)  mixing. 

Horizontal  and  vertical  diffusion  coefficients  are  plotted  in  Figure  7,  as  a  function  of  rms 
horizontal  velocity.  These  coefficients  were  estimated  at  different  times  during  the  model 
integration,  as  the  energy  level  dissipated.  Best  fitting  quadratic  coefficients  were  estimated; 

=  /f,  =  0.042  a„2  ,  (H) 


where  o„  is  the  rms  horizontal  velocity.  At  the  buoyancy  frequemy  N=3  cph,  the  Garrett-Munk 
spectral  energy  level  yields  Oy-?  cm/sec,  and  from  (11)  we  get  Kj^-’0.26  m^/sec  and  K^-ZxW^ 
m^/sec.  A  quadratic  fit  of  and  to  seems  to  be  reasonable;  therefore  the  eddy  diffusion 
coefficients  vary  approximately  linearly  with  horizontal  kinetic  energy. 

The  results  of  this  study  can  be  compared  with  recent  measurements  of  ocean  tracers.  Ledwell 
(1989)  measured  the  diapycnal  spreading  rate  of  a  tracer,  and  deduced  an  approximate  value 
A^~3xl0'^  m^/sec,  in  the  Santa  Monica  Basin.  During  the  experiment,  the  buoyancy  frequency 
was  about  1  cph,  and  the  rms  internal  wave  velocity  (excluding  the  low-mode,  semidiurnal  internal 
tide  component  was  approximately  au=3  cm/sec.  Substituting  this  value  into  Eq.  (11),  we  get 
A’2=3.8x10'^  tir/sec,  in  good  agreement  with  the  measured  value. 


RMS  [cm/sec]  RMS  [cm/sec] 

Figure  7.  Horizontal  and  vertical  diffusion  coefficients,  as  a  function  of  rms  horizontal  velocity 
associated  with  internal  waves. 
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In  another  dye  spreading  experiment  performed  by  Ewart  and  Bendiner  (1981),  several  types  of 
diffusion  were  computed.  Assuming  Fickian  difhision,  estimates  for  ranged  from  0.03  to 
0.12  m^/sec.  A  local  estimate  of  /Cj-lO"^  m^/sec  was  observed  associated  with  edge  gradients,  and  a 
global  value  of  about  SxlO'^  m^/sec  was  associated  with  total  patch  thickness.  Assuming  a 
Garrett-Munk  energy  level  at  N=  \  cph,  these  estimates  should  be  compared  with  model 
predictions  of  .^^=0.08  m^/sec  and  #r^=7xl0'^  m^/sec. 

The  randomization  of  particle  positions  shown  in  Fig.  5  implies  that  the  perimeters  of  the  particle 
clouds  become  increasingly  convoluted  with  time.  Figure  8  shows  the  perimeters  of  four  clouds  of 
particles,  initially  concentric  ellipses.  The  length  scales  eventually  become  shorter  than  the  grid 
cell  resolution.  Even  though  the  perimeter  of  a  tracer  cloud  becomes  increasingly  convoluted  with 
time,  the  buoyancy  field  does  not.  As  soon  as  a  buoyancy  field  kink  develops  to  a  sufficiently 
short  scale,  the  explicit  diffusivity  parameterization  in  Eqs.  (l)-(3)  smooths  the  kink  out.  In  this 
way  the  tracer  particles,  which  are  not  directly  affected  by  the  explicit  diffusivity,  become 
disassociated  from  any  specific  isopycnal  surface.  Strong  internal  wave  motions  generate  these 
"kinks"  more  rapidly  than  do  weak  motions,  and  therefore  diapycnal  mixing  is  more  rapid.  The 
exact  values  of  the  explicit  coefficients  and  are  not  critical  to  the  effective  eddy  diffusivities. 

In  an  experiment  where  and  were  doubled  in  value,  the  energy  level  decayed  more  rapidly, 
so  the  effective  eddy  diffusivities  and  likewise  decreased  in  magnitude. 
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Figure  8.  Four  clouds  of  tracer  particles  were  released  into  the  numerical  model,  in  initial 
concentric  elliptical  distributions.  The  outlines  of  these  clouds  are  indicated  by  the  inner  and 
outer  perimeters  of  the  shaded  areas. 


Numerical  Modeling  of  Large-Scale  Dynamics 


In  order  to  attain  physical  intuition  into  the  diffusion  mechanism,  Young  et  al.  (1982)  developed 
analytic  models  of  advection-diffusion.  Young  et  al.  modeled  cases  where  a  vertically  sheared 
horizontal  velocity  field  advects  a  tracer.  Given  tracer  diffusivities  and  k^,  an  additional 
effective  horizontal  diffusivity  1C  develops  due  to  the  interaction  of  the  vertical  shear  and  k,. 

They  assumed  a  value  of  m^/sec,  and  for  a  particular  model  shear  spectrum  derived 

-  1300 -  0.013 m^/sec  (12) 


The  physical  mechanisms  incorporated  into  the  numerical  model  are  different  from  those  analyzed 
by  Young  et  al.  (1982).  The  numerical  model  explicitly  includes  vertical  velocities,  and  implicitly 
develops  an  effective  vertical  diffusivity  K^.  If  we  were  simply  to  substitute  the  value  of  the 
diffusion  coefficient  )c^=5xl0'^  m^/sec— which  was  used  in  Eqs.  (1-3)— into  Eq.  (12),  then  we 
would  obtain  an  effective  diffusivity  much  smaller  than  numerically  computed  values.  On  the 
other  hand,  if  we  combine  the  expressions  in  Eq.  (11),  we  get  the  relationship 

=  54/0.042A:^  =  .  (13) 

If  we  acknowledge  that  nonuniform,  nonstationary  vertical  velocities  in  the  numerical  model 
generate  an  effective  eddy  diffusivity  in  addition  to  Kj,  then  we  see  that  the  results  expressed  in 
Eqs.  (12)  and  (13)  are  quite  comparable. 

ACKNOWLEDGMENTS;  This  work  is  a  result  of  research  sponsored  by  the  Office  of  Naval 
Research,  under  Contract  N00014-88-C-0225.  Thanks  go  to  Michael  Brill  and  David  Bacon  for 
stimulating  discussions  from  which  this  study  benefitted. 

REFERENCES 

Brown,  E.D.,  and  W.B.  Owens,  1981:  Observations  of  the  horizontal  interactions  between  the 
internal  wavefield  and  the  mesoscale  flow.  /.  Phys.  Oceanogr.,  11, 1474-1480. 

D’Asaro,  E.A,  1989:  The  decay  of  wind-forced  mixed  layer  inertial  oscillations  due  to  the  B 
effect.  /.  Geophys.  Res.,  94,  2045-2056. 

Eriksen,  C.C.,  1988:  On  wind  forcing  and  observed  oceanic  wave  number  spectra.  J.  Geophys. 

Res.,  93,  4985-4992. 

Ewart,  T.E.,  and  W.P.  Bendiner,  1981:  An  observation  of  the  horizontal  and  vertical  diffusion  of  a 
passive  tracer  in  the  deep  ocean.  /.  Geophys.  Res.,  86, 10,974-10,982. 

Gill,  AE.,  1984;  On  the  behavior  of  internal  waves  in  the  wakes  of  storms.  J.  Phys.  Oceanogr.,  14, 
1129-1151. 

Gregg,  M.C.,  1987:  Diapycnal  mixing  in  the  thermocline:  A  review.  J.  Geophys.  Res.,  92,  5249- 
5286. 

Hebert,  D.,  1987:  An  estimate  of  the  effective  horizontal  eddy  viscosity  in  the  Gulf  Stream  due  to 
internal  waves.  J.  Phys.  Oceanogr.,  17, 1837-1841. 

Kundu,  P.K.  and  R.E.  Thomson,  1985:  Inertial  oscillations  due  to  a  moving  front.  J.  Phys. 
Oceanogr.,  15,  1076-1084. 

Kunze,  E.,  1986:  The  mean  and  near-inertial  wave  velocity  fields  in  a  warm-core  ring.  /.  Phys. 
Oceanogr.,  16,  1444-1461. 

Ledwell,  J.R.,  1989:  A  strategy  for  open  ocean  mixing  experiments.  Parameterization  of  Small- 
Scale  Processes,  Proceedings  Hawaiian  Winter  Workshop,  Univ.  of  Hawaii,  P.  Muller  and 
D.  Henderson,  Eds.,  pp.  157-163. 


Rdbenstein 


Munk,  W.H.,  1981:  Internal  waves  and  small  scale  processes.  Evolution  of  Physical  Oceanography, 
B.A.  Warren  and  C.  Wunsch,  Eds.,  The  MIT  Press,  264-290. 

Okubo,  A.,  1971:  Oceanic  diffusion  diagrams.  Deep-Sea  Res.,  18,  789-802. 

Pinkel,  R.,  1984:  Doppler  sonar  observations  of  internal  waves:  The  wavenumber  frequency 
spectrum.  J.  Phys.  Oceanogr.,  14, 1249-1270. 

Roache,  P.J.,  1972:  On  Artificial  Viscosity.  J.  Computational  Physics,  10, 169-184. 

Rubenstein,  D.,  1983:  Vertical  dispersion  of  inertial  waves  in  the  upper  ocean.  J.  Geophys.  Res., 
88,  4368-4380. 

Ruddick,  B.R.,  and  T.M.  Joyce,  1979:  Observations  of  interaction  between  the  internal  wavefield 
and  low-frequency  flows  in  the  Nort  t  Atlantic.  J.  Phys.  Oceanogr.,  9,  498-517. 

Young,  W.R.,  P.B.  Rhines,  and  C.J.R.  Garrett,  1982:  Shear-flow  dispersion,  internal  waves  and 
horizontal  mbdng  in  the  ocean.  J.  Phys.  Oceanogr.,  12,  515-527. 


354 


PARAMETERIZING  MIXING  IN  INVERSE  MODELS 


Trevor  J  McDougall 

CSIRO  Division  of  Oceanography,  GPO  Box  1538,  Hobart,  TAS  7001,  Australia. 


ABSTRACT 

The  conservation  equations  for  scalars  are  developed  in  forms  that  are  suitable  for  use  in  inverse 
models  and  with  emphasis  on  the  ways  in  which  mixing  processes  are  represented.  The  difference 
between  the  lateral  Lagrangian  and  Eulerian  velocity  vectors  is  discussed  and  a  suitable  parameterization 
for  the  difference  velocity  (the  Stokes  drift)  is  proposed.  The  conservation  equation  for  potential 
density  is  developed  and  is  shown  to  be  much  more  complicated  than  the  normal  diapycnal  advective- 
diffusive  balance.  The  extra  terms  that  have  not  previously  been  included  are  often  as  large  as  tlie  more 
obvious  terms  that  have  been  retained  in  the  past.  In  order  to  be  able  to  draw  comparisons  with 
previous  inverse  models,  the  scalar  conservation  equations  are  developed  with  respect  to  potential- 
density  surfaces  rather  than  neutral  surfaces.  The  differences  that  arise  here  are  due  to  the  lateral 
mixing  being  directed  along  neutral  surfaces  rather  than  along  potential-density  surfaces,  and  again  the 
extra  terms  can  be  surprisingly  large.  The  conservation  statements  for  spiciness  and  Veronicity  have 
their  own  set  of  problems  since  these  variables  are  as  nonlinear  as  is  potential  density. 

The  special  problems  that  can  beset  box  inversions  are  then  described,  including  the  need  to  include 
vertical  diffusion  as  well  as  interfacial  advcction.  For  the  purpose  of  deducing  information  about 
vertical  mixing,  perhaps  the  most  serious  failing  of  previous  box -model  inversions  has  been  the 
masking  of  the  information  contained  in  the  scalar  conservation  equations  (particularly  the  salinity 
equation)  by  noise  in  the  continuity  equation.  This  has  led  previous  workers  in  this  field  to  conclude 
that  vertical  mixing  was  not  needed  by  their  inversions  even  when  the  results  had  strong  diapycnal 
advection.  A  solution  is  suggested  to  overcome  this  problem  with  the  divergence  form  of  the 
conservation  statements. 


INTRODUCTION 

Due  to  Increasing  societal  pressure  to  predict  the  impact  of  the  Greenhouse  Effect  on  future  climate,  the 
role  of  the  ocean  in  climate  change  is  becoming  more  widely  acknowledged  and  the  subject  of  greater 
study.  On  the  timescales  of  decades  to  centuries,  the  intermediate  and  deep  waters  of  the  ocean  play  a 
crucial  role  in  the  complicated  feedbacks  between  the  ocean  and  the  atmo.sphere,  and  the  circulation  at 
these  depths  is  intimately  linked  to  the  existence  of  vertical  mixing  processes  (Bryan,  1987).  We  do 
not  yet  know  how  the  strength  of  this  mixing  is  regulated  nor  whether  it  is  widely  distributed  in  space 
or  localized  in  small  regions  such  as  near  topography.  Fci  these  reasons  it  is  increasingly  important  to 
use  all  methods  at  our  disposal  to  deduce  the  strength  of  vertical  mixing  processes.  One  such  method  is 
to  apply  inverse  procedures  to  hydrographic  and  tracer  data  to  infer  the  strength  of  mixing  processes 
that  must  have  been  present  to  cause  the  observed  three-dimensional  tracer  patterns. 

Much  of  the  effort  on  oceanographic  inverse  models  has  been  directed  to  determining  the  time-averaged 
circulation  of  the  ocean,  and  so  the  models  have  concentrated  on  using  the  thermal  wind  relation  in 
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conjunction  with  the  continuity  equation  or  the  conservation  of  potential  vorticity  to  solve  for  the  lateral 
velocity  vector  for  every  station-pair  at  some  (deep)  reference  level.  Much  less  effort  has  been  spent  on 
using  tliese  techniques  to  deduce  the  magnitude  of  mixing  processes  in  general,  and  the  vertical 
diffusivity  in  particular.  Three  recent  papers  that  have  made  substantial  progress  in  this  direction  are 
Olbers,  Wenzel  and  Willebrand  (1985)  and  Hogg  (1987)  that  have  both  been  based  on  the  j5-spiral 
technique,  and  Schlitzer  (1988)  that  has  used  the  box-inverse  technique.  Another  paper  that  was  not 
only  successful  in  detecting  oceanic  mixing,  but  was  also  able  to  distinguish  between  two  different 
types  of  vertical  mixing  processes  (salt-fingering  and  vertical  eddy  diffusion),  is  that  by  Bauer  and 
Siedler  (1988).  This  paper  used  the  form  of  the  conservation  equations  that  did  not  explicitly  include 
dianeutral  advection,  ?nd  so  ensured  that  there  could  be  no  conftision  in  their  model  between  dianeutral 
advection  and  dianeutral  diffusion.  While  their  work  is  not  a  full  inversion  in  the  sense  that  it  did  not 
solve  for  the  velocity  components  simultaneously  with  the  mixing  parameters,  1  hope  that  it  is  typical  of 
the  results  we  can  expect  when  inverse  models  are  set  up  specifically  with  mixing  processes  in  mind. 

There  is  a  distinct  advantage  in  determining  vertical  diffusivities  from  hydrographic  data  as  compared 
with  determining  the  strength  of  lateral  mixing  processes.  This  advantage  is  due  to  the  large  separation 
of  vertical  scales  between  the  small  vertical  scale  at  which  the  mixing  processes  act  (of  order  1  m),  and 
the  large  vertical  scale  on  which  either  an  inverse  model  or  a  forward  model  is  constructed  (of  order 
1(X)  m).  Because  of  this  large  separation  of  scales  we  can  expect  that  any  answer  that  v.'e  believe  for 
the  vertical  diffusivity  from  an  inverse  model  will  also  apply  to  a  forward  model  since  the  vertical  scales 
in  both  models  are  so  much  larger  than  the  scales  of  the  mixing  processes.  A  similar  favorable  ratio  of 
relevant  scales  does  not  apply  to  lateral  mixing  processes  so  tliat  one  cannot  be  sure  that  a  lateral  eddy 
diffusivity  that  one  obtains  from  an  inversion  using  data  at  a  certain  horizontal  spacing  will  be 
applicable  to  a  forward  model  that  has  its  grid  points  at  a  different  horizontal  resolution. 

The  paper  begins  with  a  review  of  the  conservation  equations  for  scalars  in  the  neutial  surface 
framework  and  goes  on  to  derive  a  parameterization  for  the  lateral  bolus  transport  or  Stokes  velocity. 
Then,  in  order  to  compare  what  has  been  done  by  previous  inverse  modellers,  the  conservation 
equations  for  scalars  are  derived  when  mixing  is  performed  with  respect  to  potential-density  surfaces. 
Many  extra  terms  arise  due  to  the  different  slopes  and  curvature.s  (in  x,y,z  space)  of  potential-density 
surfaces  and  neutral  surfaces.  These  terms  are  often  not  negligible.  An  additional  set  of  problems  can 
arise  when  using  the  divergence  form  of  the  conservation  equations,  as  is  necessary  in  box-model 
inversions.  The  straightforward  use  of  a  salinity  conservation  equation  in  these  box  models  seldom 
finds  mixing  processes  to  be  important,  even  though  the  /J-spiral  techniques,  using  data  from  the  same 
region,  are  able  to  detect  the  influence  of  ocean  mixing.  We  show  that  this  is  most  likely  because  the 
salinity  conservation  equation  is  dominated  by  uncertainty  in  the  net  volume  flux  into  or  out  of  the  box. 
A  suggestion  is  offered  to  overcome  this  problem,  thereby  increasing  the  rank  of  the  solution  and 
allowing  mixing  information  to  be  recovered  from  the  inversion. 


A  REVIEW  OF  SUITABLE  CONSERVATION  EQUATIONS  FOR  INVERSE  MODELS 

Since  the  lateral  mixing  by  mesoscale  eddies  is  believed  to  occur  along  neutral  surfaces,  it  is  convenient 
to  develop  the  conservation  equations  in  this  reference  frame.  The  vertical  turbulent  property  fluxes  are 
then  parameterized  by  a  vertical  diffusivity,  O,  acting  on  the  vertical  property  gradients,  but  the  lateral 
turbulent  fluxes  are  parameterized  separately  on  the  basis  of  a  further  Reynolds  decomposition 
performed  in  this  section.  The  continuity  equation,  V  u  =  0,  and  the  divergence  form  of  the 
conservation  statement  for  a  tracer,  C,  are  integrated  over  the  thickness,  h,  between  two  neutral 
surfaces  (see  Figure  1),  to  obtain 


Parameterizing  Mixing  in  Inverse  Models 


and 


f  +  ■•'.(W)  + 

+  V„(/iVC)  + 
dt 


o 

It 

1 

3 

(1) 
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Here  C  is  any  conservative  scalar  variable  (including  S  and  0),  e  is  the  vertical  velocity  of  fluid  through 
the  neutral  surface  (henceforth  called  the  dianeutral  velocity),  V  is  the  instantaneous  two-dimensional 
horizontal  velocity  vector,  and  V„  is  the  two-dimensional  lateral  gradient  operator  for  properties 
measured  in  the  neutral  surface.  The  exact  nature  of  the  geometrical  transformation  between  the 
Cartesian  and  neutral  surface  reference  frames  is  explained  ia  McDougall  (1987a).  The  superscripts  u 
and  t  refer  to  the  upper  and  lower  neutral  surfaces,  as  in  Figure  1. 


Fig.  1.  Sketch  showing  two  neutral  surfaces  separated  by  a  height  h(,x,y).  Mixing 
processes  can  cause  fluid  to  flow  vertically  through  these  neuU’al  surfaces  with  the 
velocities  e“  and  e^. 


Now  we  specifically  allow  for  the  lateral  eddy  motions  by  performing  a  Reynolds  decomposition  on  the 
lateral  velocity  vector  and  on  the  scalar  fields.  The  quasi-Lagrangian  velocity  vector  is  defined  as 

-p  W' 

(3) 

h 

(called  “quasi-Lagrangian”  because,  while  follows  the  averag£position  of  marked  fluid  parcels 
along  a  neutral  surface,  it  doesn’t  follow  the  dianeutral  motion).  is  the  usual  Eulerian  average 
velocity  vector  a"  would  be  measured  by  a  current  meter  at  a  fixed  position.  Reynolds  decomposing  all 
the  variables  in  (1)  and  (2)  and  averaging  yields 

^  +V„-(aV^)  +  e“-e^  =  0  (4) 

and 

^ . v,.(rv-‘c) . [.ci;  =  - 

-  Ki;. 

Note  that  the  mean  value  of  C  that  appears  in  Eq.  (5)  is  the  Eulerian  average  value,  not  the  quasi- 
Lagrangian  value  that  would  be  defined  in  a  similar  way  to  Eq.  (3).  We  arc  very  likely  to  be  justified  in 
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assuming  that  the  triple  correlation  term  on  the  right-hand  side  of  Eq.  (5)  is  quite  small,  and  probably 
also  h'C'\^  «  C' V' ft  (Rhines,  1982)  but  in  any  case,  we  will  assume  that  the  lateral  diffusivity, 
K,  of  a  scalar  is  defined  by 


-JKV.C  »  {hC'\-+  +  h'CV}. 

If  the  term  (9[ft'C'|„]/(9r  is  taken  to  be  zero,  the  divergence  form,  Eq.  (5)  simplifies  to 

+V,.(/.v'-c)  +|eC|;  =  V,(hKV,C)*[DC,f,. 
where  the  overbars  have  been  dropped  from  all  the  variables,  while  the  continuity  equation  is 

f  +  v„.(ftv^)  +  [4“  =0. 


(6) 

(7) 

(8) 


The  advective  form  of  the  conservation  equation  for  C  is  found  by  letting  ft  lend  to  zero  so  that 
[eC]f  h.[eC]^ ,  [ef^  ->  fte^ ,  and  [OCj]“  ->  ft[DCj]^,  and  combining  Eq.  (7)  and  Eq.  (8),  so  that 


C,  +\‘- 

*  n 


•V+eC,  =  h-'V„(hJCV,C)  + 


0) 


This  conservation  statement  (and  also  the  divergence  form,  Eq.  (7))  holds  for  any  conserved  scalar 
quantity  including  salinity  and  potential  temperature.  The  conservation  statements  for  potential  vorticily 
take  different  forms  since  potential  vorticity  is  not  mixed  vertically  in  the  same  manner  as  a  conservative 
tracer.  Potential  vorticity  conscrvatioii  statements  are  not  discussed  in  this  paper. 


The  spatial  gradients  of  0  and  S  along  a  neutral  surface  and  also  their  temporal  derivatives  on  a  neutral 
surface  are  related  through  the  diermal  expansion  coefficient,  a,  and  the  saline  contraction  coefficient, 
P,  so  that 

(10) 

Using  these  relations  and  the  advective  conservation  statements  for  S  and  9,  Eq.  (9),  one  finds 


[v''-ft-'v„(ft/^)]-v„0  =  Kwle  +  DgN-^e^j 


d^S 

de^ 


+  A:g/V-20.{C,V„0V„0  +  7),V„0.V„p}, 


and 


where  Cb  and  Tb  are  the  cabbeling  and  ihcrmobaric  parameters  respectively,  defined  by 


'da 
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qhH  7'  •“ 

da 

a  dp' 
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SS 

■  p^  dS 
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(11) 


(12) 


Typical  values  are  10  ^  K  ^  for  the  cabbeling  parameter  and  2.6x10  *  K  ‘  (db)  ‘  for  the  thermobaric 
parameter. 


If  one  were  able  to  measure  the  Lagrangian  rale  of  change  of  a  fluid  properly,  say  potential  temperature, 
following  a  fluid  parcel,  vertical  mixing  with  diffusiviiy  D  would  cause  the  parcel’s  potential 
temperature  to  change  at  the  rate  However,  since  we  are  only  able  to  obs  ;rve  the  ocean  after  a 

series  of  mixing  processes  has  occurred,  this  Lagrangian  approach  cannot  be  pursued.  By  using  the 
neutral  surface  reference  frame,  the  vertical  advcclion  caused  by  vertical  mixing  can  be  accurately 
identified  (Eq.  12)  and  llien  eliminated  from  the  conservation  equations  in  the  form  of  Eq.  (11). 
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Vertical  mixing  processes  affect  the  conservation  statement  both  through  the  non-advective  diffusion  of 
tracer  and  also  through  dianeutral  advection.  The  ratio  of  dianeutral  diffusion  to  dianeutral  advection  is, 
in  general,  different  for  different  tracers. 

It  is  important  to  realize  that  the  dianeutral  advection,  e,  is  not  a  separate  mixing  process  in  its  own 
right.  Rather,  e  occurs  simply  because  of  the  vertical  diffusivity,  D,  and  also  due  to  cabbeling  and 
thermobaricity.  Once  these  physical  mixing  processes  are  specified  and  the  hydrographic  fields  are 
known,  e  follows  directly  from  Eq.  (12).  Eq.  (1 1)  is  the  appropriate  form  of  the  0  conservation 
equation  for  water-mass  analysis  since  such  studies  are  performed  in  property-property  space  and  are 
inherently  not  fully  Lagrangian.  Vertical  mixing  by  small-scale  (isoU'opic)  turbulence  causes 
observable  changes  of  fluid  properties  only  if  the  relevant  property-property  plots  are  curved.  Eq.  ( 1 1 ) 
is  sometimes  called  a  water-mass  transformation  equation,  since  the  temporal  change  of  potential 
temperature  on  a  neutral  surface  is  equivalent  to  a  change  of  tlic  S-0  curve  of  a  water-mass. 

The  reason  for  concentrating  on  the  advective  form  of  the  conservation  equations  in  neutral  surfaces  is 
because  scalar  properties  are  usually  measured  with  high  precision  and  so  one  can  detect  quite  small 
changes  in  property-property  diagrams  (like  the  5-0curves),  and  a  change  in  such  a  property -property 
diagram  is  equivalent  to  a  change  on  some  kind  of  density  horizon  such  as  a  neutral  surface.  In  their 
divergence  forms,  the  conservation  equations  contain  not  only  the  information  of  how  mixing 
processes  change  properties  along  neutral  surfaces,  but  they  are  also  affected  by  the  temporal  change  of 
the  volume  of  the  control  volume,  and  the  uncertainty  in  the  volume  fluxes  into  and  out  of  a  control 
volume  bounded  by  two  neutral  surfaces.  This  volume  is  never  well  known  in  oceanographic 
observations  because  internal  waves  and  mesoscale  eddies  cause  large  vertical  excursions  of  neutral 
surfaces  and  so  cause  a  large  temporal  variability  of  the  height  between  neutral  surfaces.  However, 
these  same  wave-like  processes  dc  not  change  the  property-property  diagrams  at  all,  and  so  these 
diagrams  and  the  advective  conservation  equations  in  the  neutral  surface  framework  contain  information 
that  is  sensitive  to  mixing  processes  and  insensitive  to  the  vertical  heaving  motions  caused  by  internal 
waves  and  the  like. 

A  simple  scale  analysis  of  the  potential  temperature  conservation  equation,  Eq.  (1 1),  can  reveal  the 
magnitude  of  cabbeling  and  thermobaricity  in  relation  to  the  epineuU-al  mixing  of  0  by  the  lateral 
Laplacian  term.  At  a  thermoclinic  front  the  magnitude  of  the  epincuU'al  Laplacian  scales  as  the  lateral 
gradient  divided  by  the  half-width  of  the  front,  L,  that  is,  jv^0|  =  |V„e|  /  L.  Setting  half  the 
epineutral  0  and p  conuasts  across  the  front  equal  to  a»id  Ap  respectively  {A0  =  Z-|V„0|  and 
AS  =  L|V„S|),  we  find  from  Eq.  (1 1)  that 


KgN-\lCiV„ev„e*T,v„ev,p}/(Kvle)  = 

■  ^  SilO-'ApJ.  (13) 

In  the  Antarctic  Circumpolar  Current  where  Rp  is  about  2,  A0  is  about  1  K,  and  Ap  is  about  500  db 
(and  in  the  same  sense  as  A0),  Eq.  (13)  is  about  0.5,  implying  that  the  peak  contribution  of 
thermobaricity  a.id  cabbeling  to  water-mass  conversion  is  50%  of  the  peak  contribution  of  the 
epineutral  Laplacian  term.  However  thermobaricity  and  cabbeling  are  much  more  important  than  this 
comparison  suggests  because  the  epineunal  Laplacian  term  changes  sign  across  the  front  and  so 
averages  to  zero  in  the  frontal  region,  while  cabbeling  and  thermobaricity  conuibute  a  term  of  the  same 
sign  across  the  whole  front. 
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SUGGESTED  PARAMETERIZATION  FOR  THE  BOLUS  TRANSPORT 

The  conservation  equations  that  have  been  developed  above  have  all  included  the  bolus  transport,  /z'V', 
of  volume  along  neutral  surfaces.  This  is  equivalent  to  recognizing  that  in  both  the  advective  and 
divergence  forms  of  tracer  conservation  statements,  the  relevant  velocity  vector  is  the  Lagrangian-mean 
velocity,  not  the  Eulerian-mean  velocity  (Rhines,  1986,  p  121).  The  difference  between  Lagrangian 
and  Eulerian  velocities  in  the  dianeutral  direction  does  not  arise  since  the  coordinate  frame  is  already 
quasi-Lagrangian  in  this  direction.  The  prefix  quasi-  is  used  to  indicate  that  the  coordinate  frame  does 
not  quite  move  with  the  fluid:  the  difference  being  the  dianeutral  velocity,  e.  This  means  that  the 
dianeutral  velocity,  e,  is  inherently  a  Lagrangian  velocity  component  with  respect  to  neutral  surface 
coordinates.  The  lateral  velocity  vector  that  a  current  meter  would  measure  at  a  fixed  point  is  the 
Eulerian  lateral  velocity,  V®,  whereas  the  mean  lateral  velocity  of  a  patch  of  dye  or  a  cluster  of  floats  is 
the  Lagrangian  velocity,  V^,  which  is  the  sum  of  the  Eulerian  velocity  and  the  Stokes  drift, 

In  Cartesian  coordinates,  this  bolus  transport  arises  as  a  skew  diffusion  tensor  when  the  diffusion 
tensor  contains  antisymmetric  terms  (Haidvogel  and  Rhines  (1983),  Rhines  (1986),  and  Middleton  and 
Loder(1989)). 

The  geostrophic  and  thermal  wind  equations  relate  the  Eulerian  velocity  to  the  pressure  and  in-silu 
density  fields,  while  the  above  equations  show  that  it  is  the  Lagrangian  velocity  vector  that  appears  in 
the  continuity  and  tracer  equations  (in  both  the  advective  and  the  divergence  forms).  To  date  inverse 
models  have  not  distinguished  between  the  Eulerian  and  Lagrangian  lateral  velocity  vectors,  and  we  do 
not  yet  know  whether  the  distinction  between  these  velocity  vectors  is  significant  in  the  ocean.  In  this 
section  a  parameterization  is  suggested  for  the  difference  velocity,  the  Stokes  drift,  . 

By  tiying  this  parameterization  in  inverse  models  we  may  be  able  to  deduce  the  importance  of  the 
Stokes  drift  in  the  conservation  of  tracers. 

In  a  quasi-geostrophic  layered  eddy-resolving  model,  Holland  and  Rhines  (1980)  have  found  that  the 
eddy  flux  of  potential  vorticity  is  directed  down  the  lateral  gradient  of  mean  potential  vorticity,  and  that 
this  eddy  flux  is  dominated  by  the  thickness  flux.  The  only  exception  to  this  was  in  the  western 
boundary  current  where  the  eddy  relative  vorticity  flux  was  larger  than  that  due  to  the  bolus  transport. 
The  eddy  flux  of  relative  vorticity  was  much  smaller,  had  smaller  spatial  scales  and  was  both  up  and 
down-gradient  at  different  locations.  Brown,  Owens  and  Bryden  (1986)  have  used  the  LDE  (Local 
Dynamics  Experiment)  current  meter  data  of  POLYMODE  to  determine  both  the  eddy  flux  of  relative 
vorticity  and  the  thickness  flux  of  potential  vorticity  at  depth  of  about  6(X)  m..  They  found  that  the 
thicknes..  flux  of  potential  vorticity  was  an  order  of  magnitude  larger  than  the  eddy  flux  of  lelativc 
vorticity,  and  that  the  thickness  flux  of  potential  vorticity  was  directed  almost  exactly  down  the  large- 
scale  lateral  gradient  of  wtential  vorticity  (i.c.  in  the  sense  of  a  positive  diffusivity,  that  is,  in  the 
direction  of -V^I/Z/i*^]).  The  lateral  diffusivity  of  potential  vorticity  that  is  implied  by  their 
measurements  is  about  2600  m^  s"'.  Since  q'S'  the  Stokes  velocity,  was 

directed  up  the  epineubal  gradient  of  potential  vorticity.  Their  observed  thickness  flux  of  potential 
vorticity  is  equivalent  to  a  Stokes  velocity,  of  about  1.5  mm  s“'. 

The  observation  from  both  quasi-geosuophic  ocean  models  and  from  the  LDE  measurements  of  Brown 
et  al  (1986)  that  the  thickness  flux  of  potential  vorticity  is  directed  down  the  lateral  q  gradient  suggests  a 
parameterization  for  the  eddy  flux  of  potential  vorticity  as  being  minus  a  diffusivity  times  the  epincutral 
gradient  of  potential  vorticity.  Because  of  the  difficulty  in  Reynolds  decomposing  q  =  f  /  h,  (since  li  is 
in  the  denominator),  and  because  h  and  h'  do  arise  unavoidably  in  the  continuity  equation,  I  denote  the 
reciprocal  of  £/  as  a  new  variable,  r,  and  assert  that  the  thickness  flux  of  r  is  directed  down  its  lateral 
gradient,  so  that 
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r’Y  =  -BVj  =  -flV„[/i//],  where  r  = /i//,  f  =  hlf,  mAr'  =  h’lf.  (14) 

For  small  amplitude  perturbations,  this  is  equivalent  to  the  more  obvious  q'W'  =  -BV„q 
parameterization,  but  at  large  amplitude  when  h'/h  is  not  small,  it  is  not  clear  how  to  link  q'  and  q  to 
hf  and  h.  With  this  parameterization  of  the  epineutral  flux  of  r  due  to  eddies,  the  bolus  flux  is  given  by 


V^=  =  B^„[lnq]  =  -BV„[inh]  +  [P/f]Bj, 


(15) 


where  q  =  f~^=  fjh .  The  overbars  will  henceforth  be  omitted  from  averaged  variables.  Since  the 
magnitude  of  the  neutral-surface  potential  vorticity  generally  increases  towards  the  poles,  the  Stokes 
velocity  will  often  be  directed  poleward. 


The  lateral  advection  term  in  the  scalar  conservation  equations  contains  the  combination  of  terms, 

-  h~^  V„{hK),  and  this  can  be  most  readily  expressed  as  (using  the  geometrical  identity 
V^[tnh]  =  where  7i[x,y\  is  the  height  of  a  neutral  surface) 

-  r'  V^{hK)  =  -  [fi  +  K]d[^X]ldz  -  V„K  +  [p/f]Bj  .  (16) 
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Fig.  2.  Map  of  the  magnitude  of  the  lateral  Stokes  velocity,  V^,  as  given  by  Eq.  (15),  on  a  neutral 
surface  that  lies  at  about  1200  m  in  the  equatorial  Pacific  (where  ergis  about  27.5),  and  with  the  lateral 
diffusivity,  B,  equal  to  1000  m^  s~*.  The  grey-scale  covers  the  range  from  0-15  mm  and  is  evenly 
spaced  in  (ni\  -t-  |V‘^|). 
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Following  Rhines  and  Holland  (1979)  we  take  the  lateral  diffusivity  of  potential  vorticity  to  be  equal  to 
that  of  passive  scalars,  that  is,  B  =  K,  so  that 


[v^-/i-'V„(/tA:)]  =  \^-2Kd[V„^]/dz  -  V„A:  +  [li/f]Kj. 

p 

This  is  the  effective  lateral  velocity  that  advccts  tracers,  whereas  V  '  is  the  lateral  velocity  that  is 
evaluated  from  the  thermal  wind  equation  plus  the  reference  level  velocity. 


(17) 


The  difference  between  Lagrangian  and  Eulerian  lateral  velocity  vectors  has  not  yet  been  incorporated 
into  any  inverse  model  of  the  ocean  circulation.  Rather,  inverse  models  to  date  have  assumed  that  the 
same  lateral  velocity  vector  appears  in  the  tracer  conservation  equations  as  in  the  thermal  wind  equation. 
In  fact,  we  have  very  little  insight  from  either  oceanographic  theory  or  observations  about  the 
magnitude  of  the  bolus  transport.  The  deduction  of  a  Stokes  drift  of  1 .5  mm  s"'  from  the  work  of 
Brown  et  al  (1986)  is  a  rare  insight  into  the  importance  of  this  process. 


Since  the  contours  of  potential  vorticity  and  of  other  tracers  are  often  nearly  parallel  (although  with  the 
gradients  often  pointing  in  opposite  directions),  the  Stokes  drift  or  bolus  transport  can  be  expected  to 
have  a  substantial  component  across  the  mean  epineutral  gradients  of  other  tracers  (including  S  and  6), 
and  its  direction  will  be  up  the  epineutral  tracer  gradients  as  often  as  down  them.  Because  the  lateral 
velocity  vector  generally  points  almost  along  epineutral  isolines  of  tracers  rather  than  down  the 
epineutral  tracer  gradients,  the  Stokes  drift  will  be  much  more  important  for  the  conservation  of  tracers 
than  a  simple  velocity  estimate  of  say  1.5  mm  s-i  would  suggest.  For  example,  a  lateral  velocity  of  1 
mm  s-i  down  an  epineutral  potential  temperature  gradient  of  Ifr^  K  m-'  (one  degree  of  potential 
temperature  change  in  10°  of  latitude)  creates  the  same  amount  of  water-mass  conversion  as  a  dianeutral 
velocity  of  10“"^  m  s"l  acting  on  a  vertical  potential  temperature  gradient  of  10-2  K  m-l.  Since  this 
dianeutral  velocity  is  as  large  as  that  expected  from  vertical  mixing  processes,  it  is  concluded  that  the 
Stokes  drift  is  likely  to  be  important  in  tracer  balances  in  the  ocean. 


Fig.  3.  Histogram  of  the  number  of  occurrences  of  various  magnitudes 
of  the  Stokes  velocity  (from  0  to  15  mm  s-^)  in  the  map  of  Figure  2. 
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The  Levitus  (1982)  atlas  has  been  used  to  generate  two  neutral  surfaces  throughout  the  world  ocean  that 
were  at  depths  of  1 100  m  and  1200  m  respectively  in  the  equatorial  Pacific.  The  height,  /i,  between 
them  was  used  in  Eq.  (15)  to  estimate  the  Stokes  velocity  using  1000  m2  for  the  lateral  diffusivity. 
The  magnitude  of  this  estimate  of  the  Stokes  drift  is  shown  in  Figure  2  and  the  disuibution  of  these 
estimates  is  shown  in  the  histogram  of  Figure  3  where  it  is  seen  that  a  value  of  order  1  mm  s"*  is 
typical.  It  remains  to  be  seen  whether  the  incorporation  into  inverse  models  of  the  difference  between 
the  lateral  velocity  vectors  in  the  tracer  equations  and  in  the  thermal  wind  equation,  using  the  above 
parameterization  Eq.  (15)  for  the  Stokes  drift,  makes  any  significant  differences. 


MIXING  PRESCRIPTIONS  IN  )3-SPIRAL  INVERSIONS:  The  Advective  Forms  of 
Conservation  Statements  in  Potential-Density  Surfaces 

Inversions  of  the  /J-spiral  type  arc  local  in  nature,  in  that  a  solution  is  found  for  the  reference-level 
lateral  velocity  components  and  the  mixing  coefficients  from  the  information  at  just  one  location.  The 
inversion  procedure  can  be  cast  in  terms  of  the  slopes  of  the  surfaces  of  the  conserved  quantity  (Schott 
and  Stommel,  1978)  or  in  terms  of  the  conservation  equation  of  this  scalar  quantity  (e.g.  Olbcrs  et  al., 
1985).  In  cither  case  a  conservation  statement  is  written  in  the  advective  form  as  opposed  to  the  flux, 
or  divergence,  form.  Here  the  equation  for  the  conservation  of  potential  density  is  derived  and 
compared  with  that  used  by  previous  researchers.  Important  differences  are  found.  Then  the 
conservation  equations  of  potential  temperature  and  spiciness  will  be  discussed. 

The  Potential  Density  “Conservation”  Equation 

In  a  potential-density  surface  the  temporal  and  lateral  gradients  of  salinity  and  potential  temperature  arc 
related  by  (McDougall,  1987b) 

and 

where  a  and  ^  are  the  values  of  the  thcmial  expansion  and  saline  conhaction  coefficients  evaluated  at 
the  reference  pressure  of  the  potential  density  variable,  that  is,  a  =  a{S,9,Pr)  and  p  -  P{S,6,p^), 

The  material  derivative  in  the  advective  form,  Eq.  (9),  of  the  tracer  conscrvatic  ,  equation  can  be  written 
with  respect  to  either  neuU'al  surfaces  or  potential-density  surfaces,  so  that 

Q|„  +  V^-V„c  +eC,  =  Qi^  +  V^'-V^C  =/i-'V„-(/iA:V„C)+  \DC,l,  (19) 

where  is  the  vertical  velocity  of  fluid  through  the  potential-density  surface  (henceforth  called  the 
diapycnal  velocity).  This  equation  applies  for  both  potential  temperature  and  salinity,  and  these 
equations  can  be  multiplied  by  a  and  P  respectively  and  then  subtracted  so  as  to  eliminate  the  temporal 
and  isopycnal  advective  terms,  obtaining  (after  rearrajigcment)  the  following  equation  for  the  diapycnal 
velocity  ,  (since  ^5(1  =  d9,\  ,  PS/^S  =  aV ^9,  and  {p^)  (p^)  ~pS^-d9j,  sec  McDougall, 
1987b), 


(20) 
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This  is  the  full  conservation  equation  for  potential  density.  The  first  term  on  the  right-hand  side  is  the 
only  one  that  would  occur  if  potential  density  were  a  conservative  variable.  If  so  desired,  the  left-hand 
side  can  be  written  with  respect  to  Cartesian  coordinates  (as  in  Gibers  et  al  (1985))  as 


+  V'-.Vjp,+ 


(21) 


The  usual  ^proach  with  the  potential-density  equation  is  to  equate  the  diapycnal  advection  of  potential 
density,  w“((9pg/(9z),  to  (minus)  the  diapycnal  flux  divergence,  d[DdpQ  I  dz]l  dz.  That  is,  normally 
one  sees  the  left-hand  side  of  Eq.  (20)  being  balanced  by  only  the  first  term  on  the  right.  Here  we 
investigate  the  magnitudes  of  the  other  terms  that  are  usually  neglected.  The  second  term  on  the  right  of 
Eq.  (20|  arises  because  while  the  vertical  gradient  of  potential  density  is  given  by 
-  (pg )  (pg )  =  oc6^  -  ,  when  casting  the  right-hand  side  of  Eq.  (20)  in  terms  of  (pg )  ,  the  extra 

term,  appears.  (The  relatively  small  variation  of  a  with  S  and  the  variation  of  p  with 

both  6  and  S  have  been  ignored.)  McDougall  and  You  (1990)  have  shown  that  this  extra  term  is  larger 
than  the  correct  term,  -D  ,  in  much  of  the  subtropical  thermoclincs  of  each  of  the  world’s 

ocean  basins  (see  their  Figure  9).  This  is  illustrated  in  Figures  4-6  which  show  three  different 
combinations  of  terms  mapped  on  a  neural  surface  in  each  of  the  three  major  oceans.  On  much  of  the 
neutral  surface  of  Figure  4  in  the  North  Atlantic,  the  correefion  term  in  Eq.  (20),  D^6^,  is  larger 
than  the  sum  of  the  first  two  terms  in  Eq.  (20),  (ignoring  Dz),  implying  that  the 

straightforward  term  in  Eq.  (20),  D  (pg)~'  dpg/dzl  ,  has  the  opposite  sign  to  the  correct  right-hand 
side  of  Eq.  (20)  in  these  places.  In  the  Pacific  in  Figlirc  5  the  nonlinear  term  is  up  to  40%  of  the  correct 
term,  while  in  tlie  Indian  Ocean  in  Figure  6  it  is  as  large  as  30%  of  the  correct  term.  It  is  concluded  that 
serious  errors  have  occurred  in  the  conservation  equation  of  potential  density  in  present  inverse  models. 
From  these  figures  it  can  be  seen  that  in  Hogg’s  (1987)  study  of  the  circulation  and  mixing  in  the 
central  North  Atlantic,  the  s^ond  term  in  Eq.  (20),  D{daldd)0],  which  Hogg  omitted,  was  50%  of 
the  correct  term,  D|d0„  -  PS^^  |,  on  the  upper  of  the  two  a\  surfaces  he  considered.  In  parts  of  the 
North  Atlantic,  the  relative  error  is  more  than  100%,  and  this  type  of  error  was  built  into  the  Olbcrs  ci  al 
(1985)  model. 

In  the  third  term  in  Eq.  (20),  the  parameter  c  is  defined  by  c  =  [a//)]|d:/j3j  '  and  is  unity  at  the 
reference  pressure,  p;-,  of  the  potential  density.  This  third  term  in  the  equation  scales  as  ^rd[c-l]V^0 
and  the  magnitude  of  this  term  can  be  estimated  as  follows.  Consider  the  use  of  potential  density 
(referenced  to  the  sea  surface)  down  to  a  depth  of  2000  m  (as  in  Others  ct  at.,  1985).  At  that  depth,  c 
is  about  1.5  and  KV\d  can  be  taken  to  be  the  same  order  as  eO^  where  the  dianeutral  velocity  is 
IxlO-”^  m  s"’  and  the  vertical  gradient  of  potential  temperature  is  3x10"^  K  m-'.  When  divided  by 
the  vertical  gradient  of  potential  density  at  2000  m  in  the  North  Atlantic,  this  third  term  in  Eq.  (20) 
amounts  to  a  contribution  of  0.3x10”'^  m  S"'  to  the  diapycnal  velocity.  Again,  this  is  not  an 
insignificant  diapycnal  velocity,  although  it  is  rather  unusual  these  days  to  find  researchers  using 
potential-density  surfaces  as  far  as  2000  m  away  from  their  reference  pres.suie. 

The  last  term  in  Eq.  (20)  is  due  to  thermobaricity  and  cabbeling,  (see  the  corresponding  tcmis  in  the 
dianeutral  velocity  equation,  Eq.  (12)).  Because  the  buoyancy  frequency  is  related  to  the  vertical 
gradient  of  potential  density  by  =  p(p/p)[-{g/p0){dp0ldz)]  =  ,u  [-(g/py)(5p0/(9z)].  (see 
McDougall,  1987b  and  Eq.  (23)  below  for  a  definition  of  p)  the  diapycnal  velocity  induced  by 
cabbeling  and  thermobaricity  will  in  fact  be  larger  by  the  factor  p  than  the  dianeutral  velocity,  e,  caused 
by  these  processes.  McDougall  and  You  (1990)  assumed  a  lateral  diffusivity,  K,  of  1000  m^  s”'  and 
have  shown  that  in  parts  of  the  North  Atlantic  and  in  tlic  Southern  Ocean,  cabbeling  causes  a 
downward  dianeuU'al  velocity  as  large  as  -IxlO'”’’  m  s"',  so  lliat  the  contribution  of  the  last  term  in 
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Fig.  4.  Graphs  of  various  terms  on  a  ncuual  surface  in  the  Atlantic  at  a  depth  of  approximately  800 
m  in  mid-latitudes,  (a)  The  term  plotted  here,  N~^N^  -  g/V"^{a0„  -  is  approximately 
equal  to  in  the  up^r  1000  m  of  the  ocean,  (b)  When  multiplied  by  the  vertical 

diffusivity,  D,  this  term,  -  /iS„},  is  the  rate  at  which  vertical  mixing  conbibutes  to  the 

dianeutral  velocity,  (c)  When  multiplied  by  the  vertical  diffusivity,  D,  this  term,  is 

the  rate  at  which  vertical  turbulent  mixing  causes  potential  temperature  to  change  on  a  neubaf 
surface.  (From  MeDougall  and  You  (1990)  Figure  1). 
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Fig.  5.  Graphs  of  various  terms  on  a  neutral  surface  in  the  Pacific  at  a  depth  of  approximately  900 
m  in  mid-latitudes,  (a)  The  term  plotted  here,  N~^N^  -  gA/"^{a02z  -  PS^z],  is  approximately 
equal  to  gN~^^6l  in  the  up^r  1000  m  of  the  ocean,  (b)  When  multiplied  by  the  vertical 
diffusivity,  D,  this  term,  -  /J5„  },  is  the  rate  at  which  vertical  mixing  contributes^ to  the 

dianeutral  velocity,  (c)  When  multiplied  by  the  vertical  diffusivity,  D,  this  term,  is 

the  rate  at  which  vertical  turbulent  mixing  causes  potential  temperature  to  change  on  a  neuU'af 
surface.  (From  McDougall  and  You  (1990)  Figure  4). 
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Fig.  6.  Graphs  of  various  terms  on  a  neutral  surface  in  the  Indian  at  a  depth  of  approximately  950 
m  in  mid-latitudes,  (a)  The  term  plotted  here,  N~^N^  -  -  j3S„},  is  approximately 

equal  to  gN~^^Ql  in  the  upper  1000  m  of  the  ocean,  (b)  When  multiplied  by  the  vertical 
diffusivity,  D,  this  term,  {a0„  -  },  is  the  rate  at  which  vertical  mixing  contributes  to  the 

dianeutral  velocity,  (c)  When  multiplied  by  the  vertical  diffusivity,  D,  this  term,  is 

the  rate  at  which  vertical  turbulent  mixing  causes  potential  temperature  to  change  on  a  neutral 
surface.  (From  McDougall  and  You  (1990)  Figure  6). 
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Eq.  (20)  to  the  diapycnal  velocity  will  be  larger  than  this  in  these  locations.  The  neglect  of  this 
cabbeling  term  in  their  potential  density  conservation  equation  would  have  caused  significant  errors  (of 
order  -IxlO-”^  m  s-*  in  the  diapycnal  velocity)  in  Hogg  (1987)  and  in  Olbers  et  al.  (1985).  Following 
the  results  of  McDougall  and  You  (1990),  thermobaricity  is  as  large  as  (and  in  the  same  sense  as) 
cabbeling  in  the  Southern  Ocean  and  together  they  cause  large  negative  (downward)  diancuual  and 
diapycnal  velocities.  The  proper  inclusion  of  these  processes  in  the  potential  density  conservation 
equation  of  Olbers  and  Wenzel  (1989)  must  be  expected  to  lead  to  large  changes  to  the  implications  of 
mixing  processes  in  this  model. 

Notice  that  only  one  of  the  additional  terms  in  the  diapycnal  velocity  equation,  Eq.  (20),  relics  on  the 
difference  between  the  in-situ  pressure  and  the  reference  pressure;  this  being  the  term  proportional  to 
the  epineutral  flux  divergence  of  potential  temperature,  /i”' V„  •  [hKV„6).  The  other  three  terms 
(cabbeling,  thermobaricity  and  D-^0^)  conuibute  to  the  nonconservation  of  potential  density  even  if 
p  =  Pr  and  c  =  1.  The  fact  that  the  “e”  equation,  Eq.  (12),  does  not  contain  the  epineutral  Laplacian  of 
potential  temperature  is  an  attractive  feature  in  compari.son  with  the  equation,  (20),  since  the 
cpineuual  Laplacian  is  relatively  noisy  to  evaluate.  This  is  an  added  argument  in  favour  of  using 
neutral  surfaces  rather  than  potential-density  surfaces. 

Where  thermobaricity  is  significant  in  the  ocean,  it  makes  a  positive  contribution  to  Eq.  (20) 
(McDougall  and  You,  1990),  so  that  three  of  the  four  additional  terms  in  Eq.  (20;  arc  positive. 
Assuming  that  the  term  due  to  the  epineuUal  flux  divergence  of  potential  temperature  is  either  positive, 
or  if  it  is  negative,  it  is  small,  then  the  sum  of  the  four  extra  terms  in  Eq.  (20)  will  be  positive.  The 
simplistic  conservation  equation  of  potential  density  which  regards  potential  density  as  a  conservative 
variable  then  results  in  a  diapycnal  velocity  that  is  too  large  (for  a  given  v^rical  cii'fusiviiy,  D),  by  as 
much  as  100%,  or  by  more  than  IxlO-”^  m  s-'.  This  error  in  the  diapyc’^al  velocity  fi'cn  feeds  into  the 
conservation  equations  of  other  tracers  like  potential  temperature  and  salinity  «o  'hat  the  interior  water- 
mass  conversion  in  these  models  does  nvU  occur  at  a  rate  proportional  to  .he  cuw.  tuic  of  the  vertical  S- 
0curve,  but  rather  is  dominated  by  the  diapycnal  advcction  term  (if  it  is  positive).  If  on‘  assumes  that 
the  inverse  model  retains  the  correct  diapycnal  velocity  for  dynamical  reasons,  the  use  o*'  the  simplistic 
equation  for  the  diapycnal  velocity  proves  to  be  equivalent  to  a  corresponding  underestimation  of  the 
diapycnal  diffusivity,  D  (for  a  positive  w^).  Hence  we  expect  that  the  omissbn  of  if  '’orvative 

terms  in  the  conservation  equation  of  potential  density  has  resulted  in  ciincr  an  overes  le 

diapycnal  velocity  or  an  underestimate  of  the  vertical  diffusivity  (for  vv^  >  G),  o-,  qu.  'y* 

combination  of  both. 


The  Potential  Temperature  Conservation  Equation 

The  conservation  equation  of  potential  temperature  with  the  total  material  derivative  written  with  respect 
to  potential-density  surfaces  is  (from  Eq.  (19)) 

e.l„+  +  w^e,  =  iv„(/,/cv,oj  +  {og.l 

The  lateral  flux  divergence  of  potential  temperature  in  a  neutral  surface  framework  is  not  the  same  as 
that  in  a  potential  density  framework,  and  here  we  derive  the  differences. 

The  lateral  gradient  of  potential  temperature  in  a  neutral  surface,  V^0,  is  related  to  the  lateral  g  adient  in 
the  intersecting  potential-density  surface,  V^0,  by  the  simple  expression  (McDougall,  1987b) 
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where 


(23) 


c  is  defined  by  c  =  [a/j3]^a/)3  j  and  Rp  is  the  density  ratio  aO^  /  .  The  same  multiplying  factor, 

/t,  applies  to  the  temporal  derivatives  of  potential  temperature  in  the  two  reference  frames.  In  order  to 
find  the  relationship  between  the  lateral  mixing  terms  in  the  two  different  reference  frames  in  Eq.  (22), 
the  following  relationship  between  the  lateral  differential  operators  is  used  (McDougall  and  Jackeit, 
1988) 


Va  =  +  [V^;^  -  V„ 


ix,y 


(24) 


(25) 


where  and  svlx.y]  are  the  heights  of  a  narticular  potential-density  surface  and  the  intersecting 
neutral  surface  respectively,  so  that  and  V„9\t=  [5V;;t,?v;y].  Applying  the  differential 

operator,  Eq.  (24),  to  (=  /tV„0)  we  find  that 

vie  =  iivle  +  vsv,6  +  [v^'ji  - 

and  the  potential  temperature  con.scrvation  equation  can  be  rewritten  in  the  form 

=  ^v^.{h^KV^e}  +  [d6\ 
-[^-\\{v,.{hKV,e)-K^,^LV,e 

+  ^v,e\v„K-v„K), 

where  the  following  geometrical  relationships  between  the  slopes  of  potential-density  surfaces  and 
neutral  surfaces  have  been  used  (McDougall,  1988), 


(26) 


=  ^V„h^-\V,h. 


(27) 

(28) 


The  usual  conservation  equation  of  potential  temperature  in  a  potential  density  framework  involves  just 
the  terms  on  the  first  line  of  Eq.  (26).  The  additional  terms  on  the  second  and  third  lines  arise  because 
of  the  different  lateral  gradients  of  potential  temperature  in  the  two  coordinate  frames  and  because  of  the 
different  slopes  of  potential-density  surfaces  and  neutral  surfaces.  As  an  example  of  the  importance  of 
the  first  term  on  the  second  line,  consider  the  use  of  potential-density  surfaces  down  to  a  depth  of  2000 
m  in  the  North  Atlantic,  as  in  the  inversion  of  Olbers  ct  al  (1985).  At  1500  m  in  the  North  Atlantic,  n 
is  generally  greater  than  1 .5  so  this  term,  -  “  l]  ^  •  [hKV^B),  represents  a  correction  of  50%  of 

ihe  correct  lateral  mixing  term  that  appears  on  the  right  of  this  equation  (see  Eq.  (22)).  In  addition,  the 
next  term,  -  •  V„0 ,  is  of  similar  magnitude  at  this  depth  in  frontal  regions  of  the  North  Atlantic. 

The  third  line  of  Eq.  (26)  contains  the  term  -  A7^j[2/r  -  l]07'  ^  ifi>  which  docs  not  go  to  zero  as 
H  .ends  to  1;  that  is,  as  the  in-situ  pressure  tends  to  the  reference  pressure.  Neither  does  the 

-  A^,/i  •  V^e  teim  go  to  zero  as  p  tends  to  pr.  These  terms  arise  because  while  the  two  types  of 
surface  are  tangent  where  /t  is  1,  they  do  not  have  the  same  curvature  in  space.  Even  though  Hogg’s 
(1987)  study  used  Cj  surfaces  rather  than  ae  surfaces  so  that  p  was  close  to  unity,  the 

-  Kp^  [2;t  ~  l]  9~^  V„0  •  V„0  term  is  estimated  to  contribute  10“^  K  s-*  to  the  rate  of  change  of 

potential  temperature  in  the  southern  part  of  his  western  box;  a  magnitude  that  is  as  large  as  that  of  any 
ofhis  mixing  or  advection  terms.  In  the  Antarctic  Circ  mipolar  Current  -  V„0  is  as  large  as 

any  other  term  in  (26)  even  if  pr  =  p,  due  to  the  pressure  dependence  of  c  through  the  term 
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When  the  diapycnal  velocity  is  estimated  using  just  the  first  line  of  Eq.  (20),  the  constraint  that  the 
potential  temperature  conservation  equation  places  on  the  temporal  and  epipycnal  changes  of  9, 

0,|^  +  is  not  due  to  the  (correct)  mixing  terms  that  would  result  from  inserting  the  full 

expression  Eq.  (20)  for  into  the  correct  conservation  equation  for  9,  (the  top  line  of  Eq.  (22)  or  all 
of  Eq.  (26)),  but  has  additional  terms  due  to  the  errors  made  in  estimating  the  diapycnal  velocity. 
Using  Eq.  (20)  and  Eq.  (26),  it  can  be  shown  that 


The  top  line  of  the  right-hand  side  of  this  equation  represents  the  way  in  which  the  mixing  processes 
parameterized  by  D  and  K  affect  the  temporal  and  epipycnal  changes  of  potential  temperature  in  such  a 
truncated  model,  while  the  additional  terms  are  corrections  that  result  partially  from  the  fact  that  0has 
been  mixed  along  potential-density  surfaces  rather  than  along  neutral  surfaces  (the  many  error  teims  in 
Eq.  (26))  and  partially  due  to  the  inafjeurate  estinption  of  the  diapycnal  velocity  from  just  the  first  tenn 
in  Eq.  (20),  that  is,  as  [D(a0j  -  j^S^)]  rather  than  using  the  full  Eq.  (20).  Note  that  the 

divergence  of  the  epineutral  flux  of  potential  temperafure  terms  that  appear  in  both  Eq.  (20)  and  Eq. 

(26)  have  cancelled  and  do  not  appear  in  Eq.  (29).  The  lip~^ngN~^D^9^  term  in  1^.  (29)  is 
important  in  the  upper  ocean,  while  thermobaricity  and  cabbeling  tend  to  be  larger  at  thermoclinic  fronts 
deeper  in  the  water  column,  and  the  other  terms  involving  the  lateral  diffusivity,  K,  have  been 
illustrated  following  Eq.  (26).  The  discussion  following  Eq.  (13)  above  indicates  how  serious  the 
omission  of  thermobaricity  and  cabbeling  is  in  the  water-mass  conversion  equation,  Eq.  (1 1)  or  Eq. 
(29),  at  a  thermoclinic  front  such  as  the  Antarctic  Circumpolar  Current  (cf  Gibers  and  Wenzel,  1989). 

This  section  has  shown  that  even  though  potential  temperature,  9,  is  a  conservative  variable,  the  use  of 
a  potential  density  rather  than  a  neutral  surface  reference  frame  for  the  lateral  mixing  process  results  in 
many  additional  terms  in  the  conservation  equation  (sec  Eq.  (26)).  None  of  these  terms  have 
previously  been  included  in  inverse  models.  Two  of  these  terms,  --  ■  V„9,  and 

-  j2/i  -  l]07'  remain  even  when  the  reference  pressure  of  the  potential  density  is  equal 

to  the  in-situ  pressure.  We  have  also  seen  how  a  mistaken  estimate  of  the  diapycnal  velocity  f^ceds 
through  into  the  tracer  conservation  statements  so  that  these  equations  represent  an  incorrect  balance 
between  epipycnal  advection  (LHS)  and  mixing  (RHS).  This  leads  to  an  error  in  the  estimated  lateral 
flow  field.  A  similar  misestimate  of  the  lateral  velocity  field  occurs  in  the  linear  vorticity  equation 
through  the  vortex  stretching  term,  part  of  which  is  due  to  the  difference  of  the  diapycnal  velocity 
through  neighboring  potential -density  surfaces. 

The  pp  “Conservation”  Equation  as  a  Linear  Combination  of  the  9  and  S  Equations 

Rather  than  carrying  a  conservation  equation  for  potential  density  in  an  inverse  model,  one  can  instead 
carry  conservation  equations  for  both  potential  temperature,  9,  and  salinity  ,  S.  The  linear  combination 
of  these  equations  using  the  multiplying  coefficients,  a  and  p  is  the  potential  density  equation.  It 
would  actually  be  desirable  to  replace  either  the  0or  the  S  equation  with  this  linear  combination  of  the  5 
and  0  equations  because  it  is  independent  of  any  errors  in  ihe  'ateral  velocity  vector  and  so  yields  a 
more  direct  link  (better  signal  to  noise)  between  the  mixing  processes  and  the  consequent  diapycnal 
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advection  (see  the  discussion  around  Eq.  (41)  below).  Another  real  advantage  of  approaching  the 
potential  density  equation  by  using  the  Q  and  S  equations  is  that  one  does  not  leave  out  the  nonlinear 
term  due  to  vertical  mixing,  tliat  is  commonly  omitted  from  Eq.  (20).  Also,  the  nonlinear 

terms  due  to  lateral  mixing  are  smaller  (at  least  when  at  the  reference  pressure).  To  see  this  we  need  to 
first  derive  the  conservation  equation  for  salinity  that  is  analogous  to  Eo.  (26)  for  potential  temperature. 
This  is  done  by  applying  the  differential  operator,  Eq.  (24),  to  V^S  =  fV„S,  obtaining 

s.|,+  v'-  v„5+w''s,  =.  +  [M,], 

(30) 


Multiplying  this  equation  by  P  and  subtracting  a  times  Eq  (26)  we  find 


w 


1  dPe 
Po  * 


=  -  A7,.(/,»/rv„e)  +  p[D!;,l  -  a[De,l 


(30 


The  terms  in  the  second  and  third  lines  of  this  equation  arc  due  to  having  assumed  that  the  lateral 
diffusion  occurs  along  potential-density  surfaces  rather  than  along  ncuU’al  surfaces.  In  conU'ast  to  the 
Ofl  equation,  Eq.  (20),  there  are  no  correction  terms  in  Eq.  (31)  due  to  vertical  mixing.  If  the  reference 
ssure  is  equal  to  the  in-situ  pressure,  the  only  error  term  in  Eq.  (3 1)  comes  from  the  djKV^c  ■ 
term  and  is  •  V„p,  that  is,  thermobariciiy,  whereas  in  Eq.  (20)  there  is  also  the  cabbeling  term, 

KCifV^O  •  V„G,  in  this  situation.  Of  course,  if  the  lateral  mixing  had  been  parameterized  as  being 
epineutral  there  would  be  no  correction  terms  in  Eq.  (31).  It  is  concluded  that  carrying  both  the  6  and 
S  conservation  statements,  even  in  their  truncated  forms  (i.e.  the  top  lines  of  Eq.  (24)  and  Eq.  (30)),  is 
more  desirable  than  using  the  top  line  of  the  conservation  equation  for  potential  density,  Eq.  (20).  As 
noted  above,  signal-to-noise  considcrafions  mcari  that  it  is  preferable  to  carry  either  the  5  or  the  0 
equations,  and  the  linear  combination  p  times  Eq.  (30)  minus  d  times  Eq.  (26). 


The  Spiciness  “Con.servation”  Equation 

Olbers  et  al.,  (1985)  and  Olbers  and  Wenzel  (1989)  cho.se  to  use  Veronicity,  tY,  instead  of  salinity  or 
potentia'  temperature  in  their  beta-spiral  inversions  of  the  North  Atlantic  and  Southern  Ocean.  Here  it  is 
shown  that  just  as  potential  density  is  not  a  conservative  variable,  neithe’-  is  Veronicity,  and  the  non¬ 
conservative  nature  of  Veionicity  has  inU'oduccd  significant  errors  in  these  inversions.  The  non¬ 
conservative  nature  of  Veronicity  can  be  noted  from  the  fact  that  contours  of  constant  tY  are  not  straight 
lines  oi  ‘he  S-0 diagram  (see  Figure  7)  so  that  mixing  between  two  water  parcels  that  have  the  same 
Ve,  on  y  will  produce  a  parcel  with  a  different  value  of  Veronicity.  The  curvature  of  the  'Y  isolines 
on  this  aiagram  is  similar  to  that  of  the  <yg  isolincs,  so  nonlinear  effects  of  a  similar  magnitude  may  be 
expected.  For  a  given  (and  arbi'  ary)  value  of  the  relative  scaling  of  the  two  axes,  Veronicity  has  the 
property  hat  its  isolines  are  orthogonal  to  lines  of  constant  potential  density  on  the  S-0  diagram. 

Jackett  and  McDougall  (1985)  have  proposed  a  different  definition  of  orthogonality  that  does  not 
depend  v;n  the  scaling  of  he  axes  of  he  5-0  diagram,  and  here  a  conservation  equation  is  developed  for 
heir  variable,  spiciness,  r. 
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Fig.  7.  Contour  plots  of,  (a)  Veronicity,  and  (b),  spiciness,  T,  on  the  S-0  diagram.  The  other  lines 
shown  are  of  potential  density  referenced  to  the  sea-surface. 


To  a  good  approximation,  variations  of  spiciness  are  related  to  those  of  potential  temxrature  and 
salinity  by 

dx  =  pdS  +  odd. 


(32) 


For  this  total  differential  to  define  a  path-independent  function,  T,  one  needs  d^j dd  =  daldS  which  is 
not  true  of  the  real  equation  of  state  of  seawater.  One  can  imagine  an  equation  of  state  that  did  satisfy 
this  conshaint  (by  for  example,  having  d^p IdddS  =  0),  and  then  a  linear  combination  of  the 
conservation  statements  of  potential  lemperalure  and  salinity  can  be  taken  to  arrive  at  the  following 


conservatic'  nation  for  T 
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Just  as  in  Eq.  (20)  above  where  the  nonlinear  mixing  terms  in  the  potential  density  conservation 
equation  were  found  to  be  large  in  the  thermoclines  of  many  ocean  basins,  so  too  in  these  regions  will 


the  above  terms,  -  and  -  be  important  in  Eq.  (33). 


da 


In  practice,  the  lateral  mixing  of  Tin  previous  inverse  models  has  been  along  potential-density  surfaces, 
rather  than  along  neutral  surfaces,  and  the  differences  can  be  found  by  applying  the  differential 
operator,  Eq.  (24)  to  V^r  (=2aVjj0)  so  that  Eq.  (33)  can  be  written  as 


[Dr, I 

-a[2{fi-l)-{c-\)]j;\\ihKV„e)  -  2aK7ji-V„e 
-2n^§K^„ev„e  +  +  w-v^p}. 


(34) 


The  mixing  terms  that  were  included  by  Olbers  et  al  (1985)  and  Olbcrs  and  Wenzel  (1989)  were  the 
first  two,  on  the  top  line  of  this  equation:  all  the  other  terms  are  due  to  the  nonconservative  nature  of 
both  potential  density  and  spiciness.  There  arc  now  five  terms  that  do  not  disappear  when  pr  is  equal  to 
p  (i.e.  when  c=//=l).  These  are  -  2aKV„p  ■  V„0,  -  2aKp, [2p  - 1]  0~^  V„6  •  V„0,  and  ^e  three 
terms  on  the  last  line  of  the  equation.  Since  Q  »  cablxtling  will  effectively  appear  as 
-[2/t^  -  l|^f  Ct  V„  0  •  V„  6.  All  of  these  terms  have  been  discussed  above  and  they  were  found  to  each 
be  large  in  different  parts  of  the  ocean,  notably  at  thcrmoclinic  fronts  where  either  0  •  or 
V„0  V„p  is  large. 


Since  the  diapycnal  velocity  is  commonly  estimated  with  a  truncated  conservation  equation,  the 
effective  constraint  that  the  spiciness  conservation  equation  would  maintain  between  the  epipycnal 
advcction  of  x  and  the  mixing  processes  is  illusuated  better  by  the  following  Tconservation  equation. 


TrL  +  V''-V^T=  {Dr,l  -  r,[ae,  - )3S,f'[D(a0,  - 

+  -  2d/CVji.V„0 

-2aK([p^-p]e;^W„9V„e)^  +  2d.pV„e{V„K~V„K) 
-2p^§KV„9  V„e  -f  +  W-V„p} 


(35) 


Again,  only  the  top  line  was  included  in  the  previous  inversions.  Notice  that  the 
term  has  again  cancelled  from  this  equation.  The  nonlinear  mixing  term  due  to  vertical  diffusior.  has 
changed  sim  between  Eq.  (3|4)  and  (35)  and  has  increased  in  magnitude  by  the  factor 
2p.(Rp  -  1  j  =  2c(/?p  -  .  At  1500  m  in  the  North  Atlantic  this  factor  isj^ut  3.  Similarly, 

caboeling  and  tliermobarictty  has  a  different  multiplying  factor,  2Rp{^Rp  -  c)  ,  and  this  is  about  5  in 
the  North  Atlantic  at  1500  m.  These  multiplying  factors  increase  the  magnitude  of  these  nonlinear 
terms  which  were  already  as  large  as  the  physically  correct  terms  in  the  conservation  statements  that 
have  been  considered  above.  It  is  the  compounding  of  the  errors  from  the  potential  density 
conservation  statement,  and  the  assumption  that  spiciness  is  a  conservative  variable  that  has  led  to 
these  large  multiplying  factors. 
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The  simple  lesson  for  us  to  learn  here  is  that  just  as  potential  density  is  not  a  conserva)^  ,  v;  ’hie, 
neither  is  Veronicity,  or  spiciness,  T,  and  so  conservation  statements  for  these  variables  must  take 
this  into  account.  What  many  will  find  surprising  is  the  magnitude  of  the  many  nonconservative  terms 
in  relation  to  the  traditional  terms  in  the  conservation  statements,  and  also  the  fact  that  the  difference 
between  epipycnal  and  epineutral  mixing  remains  even  when  the  potential  density’s  reference  pressure 
is  equal  to  the  in-situ  pressure. 


MIXING  PRESCRIPTIONS  IN  BOX  MODEL  INVERSIONS:  The  Divergence  Forms 
of  Conservation  Statements  in  PotentiaLDensity  Surfaces 

The  Nonconservative  Production  Terms  in  the  Divergence  Forms  of  the  Con.servation  Equations 

As  far  as  the  conservation  equations  are  concerned,  the  distinguishing  feature  between  j3-spiral 
inversion  methods  and  box-inverse  methods  is  that  the  ^spiral  methods  use  advcctive  conservation 
statements  while  box-model  methods  use  divergence  (or  flux)  conservation  statements.  In  addition,  the 
^spiral  method  is  often  used  with  data  that  have  been  laterally  smoothed  in  some  way,  whereas  the  box 
models  are  generally  used  with  unsmoothed  data.  The  j3-spiral  method  examines  the  balance  of  terms 
at  a  point  while  the  box-inverse  method  is  concerned  with  the  balance  of  fluxes  through  the  six  faces  of 
a  box.  The  streamfunction  method  is  a  sub-set  of  the  box-model  approach  that  expresses  the  Eulcrian 
lateral  velocity  vector  in  terms  of  a  gcosnophic  streamfunction.  Note  that  the  Lagrangian  lateral 
velocity  vector  does  not  satisfy  the  required  relationship  to  be  expressible  as  the  derivative  of  a 
sheamfunction.  However,  since  inverse  methods  have  not  yet  addressed  this  question  of  the  difference 
between  the  Lagrangian  and  Eulerian  mean  flows,  this  aspect  has  not  yet  been  an  issue.  Some  models 
can  be  a  little  hard  to  classify  as  a  box  inversion  or  as  a  /^spiral  inversion.  For  example,  Hogg  (1987) 
used  a  divergence  form  for  the  lateral  gradient  operator  (using  a  sU'eamfunction)  but  evaluated  the 
vertical  derivatives  on  a  potential-density  surface  rather  than  between  a  pair  of  surfaces.  In  this  way  his 
model  is  like  a  /J-spiral  method  in  the  vertical  while  being  like  a  box  model  in  the  lateral  directions. 

In  neuu-al  surface  coordinates,  the  divergence  form  of  the  general  conservation  statement  for  a 
conservative  tracer,  C,  is  given  by  Eq.  (7),  and  when  integrated  over  the  sides  of  a  box  of  volume  V 
and  lateral  area  A,  is 

+[L£„,hv^c]^+[AeC)“  =  +[ADC,];,  (36) 

where  Lew  and  L^s  are  the  horizontal  length  scales  of  a  face  of  the  box  in  the  east-west  and  north- 
south  directions  respectively,  and  the  lateral  derivatives  of  C  are  evaluated  in  neutral  surfaces.  Here 
and  are  the  X  ana  y  components  of  the  Lagrangian-mcan  velocity  vector 

To  date,  box  models  have  used  potential-density  surfaces  as  their  upper  and  lower  boundaries  rather 
than  neutral  surfaces,  and  here  we  examine  the  errors  so  introduced  in  the  lateral  transport  of 
properties.  To  do  so,  divergence  fomis  of  conservation  statements  arc  needed  in  the  potential-density 
surface  coordinate  frame.  These  are  obtained  by  noting  that  the  continuity  equation  can  be  written  with 
respect  to  potential-density  surfaces  as  (cf  Eq.  (8)), 


(37) 
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and  taking  C  times  this  equation  plus  times  the  advective  form  of  the  C  conservation  equation,  (Eq. 
(9)  with  the  advection  terms  on  the  left-hand  side  written  with  respect  to  potential-density  surfaces), 
one  finds 


+  V,.(/,<’V‘c)  +  +  [oc,g; 

+  (MV  C)  -  jLv,  .(*»irv„c)) .  I 


(38) 


The  extra  terms  due  to  the  different  coordinate  frames  appear  in  the  second  line  of  this  equation  and 
exactly  correspond  to  the  extra  terms  in  the  advective  forms  of  the  equation,  for  example,  in  Eq.  (22) 
and  Eq.  (26)  in  the  case  of  potential  temperature,  and  in  Eq.  (30)  for  salinity.  The  extra  terms  in  the 
conservation  equations  for  potential  density  (Eqs.  20  or  31)  and  spiciness  (Eq.  34)  due  to  the  non¬ 
conservative  nature  of  these  variables  also  carry  directly  across  to  the  divergence  forms.  We  conclude 
that  all  the  extra  terms  due  to  the  non  conservative  nature  of  potential  density  and  spiciness  that  have 
been  found  in  the  previous  section  of  this  paper  for  the  advective  forms  apply  equally  to  the  divergence 
forms  of  these  conservation  equations.  For  this  reason  we  do  not  need  to  repeat  the  error  analysis  for 
these  extra  terms.  Suffice  it  to  say  that  these  terms  that  have  been  missing  from  previous  inverse 
studies  are  often  as  large  as  the  straightforward  mixing  terms  in  various  parts  of  the  model  domains. 


The  Impact  of  Uncertainty  in  the  Continuity  Equation  on  the  Tracer  Equations 

The  single  most  important  aspect  of  many  past  box-inverse  models  that  has  precluded  them  from  being 
influenced  by  and  detecting  oceanic  mixing  processes  is  the  overwhelming  effect  of  errors  in  the 
continuity  equation  (the  incompressibility  equation)  on  the  tracer  conservation  equations.  In  order  to 
demonstrate  this,  the  left-hand  side  of  Eq.  (38)  is  rewritten  as  the  linear  combination  of  Eq.  (9)  and  Eq. 
(37)  as 

+  /.‘’{c,t+V'-.V„C+wV,)  =  ^V,  (MV„C)  +  [DC,\l\ 

The  physical  constraint  that  we  wish  to  glean  from  this  equation  is  the  connection  between  the  mixing 
of  tracer  C  (the  right-hand  side)  and  the  Lagrangian  advection  of  C  (the  second  curly  bracket  on  the 
left).  The  first  curly  bracket  is  included  so  as  to  be  able  to  write  the  left-hand  side  of  Eq.  (38)  in  a 
divergence  form.  When  integrated  over  the  sides  of  a  box  of  a  typical  oceanic  box  model,  the 
uncertainty  in  the  continuity  equation  (first  bracket  in  Eq.  (39))  is  typically  1  Sv  (10^  m^  s-')  and  this  is 
so  large  as  to  swamp  any  signal  that  represents  the  physically  interesting  “advcctive-diffusive”  balance 
of  C-stuff.  As  an  example,  consider  the  conservation  of  salinity  in  box  1 1  of  Wiinsch  and  Minster 
(1982).  From  their  Figures  Ic  and  3a  the  epipycnal  and  vertical  advection  of  salt  amount  to  only  1%  of 
the  mean  salinity  (35  psu)  times  the  volume  flux  imbalance  into  tlie  box.  That  is,  the  solution  has  the 
left-hand  sides  of  our  Eq.  (38)  and  Eq.  (39)  being  dominated,  by  a  factor  of  a  hundred,  by  the  error  in 
the  continuity  equation.  The  consequence  of  this  is  that  the  signature  of  mixing  processes  and  the 
balancing  advection  of  C  are  simply  small  terms  in  the  equation  so  that  even  when  tlic  mixing  and 
advection  are  modelled  correctly,  the  variance  of  the  salt  equation  can  only  decrease  by  two  percent. 
Effectively,  the  salt  conservation  equation  becomes  simply  another  continuity  equation  and 
consequently  (i)  the  rank  of  the  system  of  equations  suffers  because  of  the  nearly  collinear  nature  of  the 
equations,  (ii)  the  information  that  is  contained  in  the  salinity  contours  in  three-dimensional  space  is  not 
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imposed  as  a  constraint  on  the  solution,  and  (iii)  no  information  on  the  mixing  processes  can  be 
obtained  from  the  inversion. 

The  same  comments  apply  to  many  other  box-inverse  papers  including  Wunsch  (1984),  Joyce  Wunsch 
and  Pierce  (1986),  and  Wunsch,  Hu  and  Grant  (1983).  In  all  of  these  papers,  the  balancing  advective- 
diffusive  terms  in  the  salinity  conservation  equations  were  typieally  1%  of  the  residual  error  left  in  the 
salt  conservation  equation  by  the  fact  that  the  continuity  equation  was  not  satisfied  identically.  Similar 
comments  apply  to  other  conservation  statements  (e.g.  potential  temperature,  dissolved  oxygen  or 
silicate)  but  the  situation  is  worst  for  salinity  simply  because  its  mean  value  is  quite  large  in  relation  to 
its  variations  in  the  ocean. 

The  Wunsch  and  Minster  (1982)  paper  is  especially  interesting  in  this  regard  because  it  carried  both 
epipycnal  and  diapycnal  diffusivities,  and  surprisingly,  the  lateral  diffusivities  of  the  model  were  of 
order  1-10  m^  s"^  or  a  factor  of  between  a  hundred  and  a  thousand  less  than  what  we  believe  for  the 
ocean.  One  would  think  that  any  inconsistencies  in  a  model’s  data  or  its  equations  would  cause  the 
magnitude  of  its  parameters  to  increase  so  as  to  soak  up  some  of  the  noise.  Why  then  were  the  lateral 
diffusivities  close  to  zero?  I  believe  the  answer  is  again  related  to  the  volume  flux  imbalances  in  the 
continuity  equation.  When  using  all  the  eigenvectors,  in  addition  to  satisfying  the  equations  identically, 
the  SVD  solution  procedure  also  minimizes  the  norm  of  the  solution  vector.  When  some  of  the 
eigenvectors  are  discarded  (the  ones  with  the  smallest  eigenvalues)  tlie  solution  norm  becomes  even 
smaller  and  the  equations  are  no  longer  satisfied  exactly.  The  method  then  represents  a  tension  between 
satisfying  the  equations  while  also  having  a  small  solution  vector.  This  competition  between 
minimizing  the  equation  errors  and  the  solution  norm  is  more  mathematically  obvious  in  the  ridge 
regression  or  tapered  least  squares  procedure.  Because  the  error  in  the  salinity  conservation  statement 
is  dominated  by  the  error  in  the  continuity  equation  for  each  box,  a  respectable  value  of  the  lateral 
diffui.ivity  (of  order  10(X)  m^  s"*)  would  only  reduce  the  error  variance  in  the  salinity  equation  by  2% 
so  the  solution  procedure  chooses  instead  to  have  a  small  .solution  vector,  and  in  particular,  to  have 
small  lateral  diffusivities.  In  this  situation,  the  solution  will  be  sensitive  to  the  column  weighting,  and 
presumably  a  different  choice  of  column  weights  could  also  have  yielded  very  small  vertical 
diffusivities  as  well.  This  explanation  of  the  unrealistically  small  values  of  the  lateral  diffusivity  found 
by  Wunsch  and  Minster  (1982)  is  due  to  the  combination  of  (i)  the  signature  of  mixing  and  advcction  of 
salinity  being  well  below  the  allowable  error  in  the  salinity  conservation  equation,  combined  with  (ii),  a 
solution  procedure  that  prefers  small  values  of  the  diffusivities. 

The  inverse  model  of  Wunsch,  Hu  and  Grant  (1983)  is,  1  believe,  another  example  of  a  study  that  has 
been  unwittingly  plagued  by  the  salt  equation  being  effectively  another  continuity  equation.  The  paper 
concludes  that  there  is  no  need  for  vertical  mixing  in  their  model,  even  tiiough  the  downward  diapycnal 
velocities  were  of  order  10“^  m  s"*  (sec  their  Figure  1  la).  The  necessity  for  diapycnal  advcction  but 
not  for  vertical  diffusion  was  argued  because  the  imbalances  in  tlie  tracer  conservation  equations 
(notably  salinity)  were  almost  completely  explained  (a  posteriori)  by  intcrfacial  advcction  with  little 
apparent  need  for  vertical  diffusion.  However  99%  of  the  interfacial  advcction  that  was  added  into  the 
salt  conservation  equation  went  into  correcting  the  first  curly  bracket  in  Ecj.  (39)  by  adding  the  vertical 
part  of  the  volume  flux  divergence,  leaving  a  comparatively  small  salt  residual  (called  by  the  authors) 
that  resembles  the  physically  interesting  Lagrangian  advcction  of  salinity.  From  Figure  5b,  one  finds  a 
value  of  of  about  -1x10-3  ^-1  in  ilic  region  of  the  South  Pacific  between  the  two 

Scorpio  sections  at  a  depth  of  about  1000  m.  At  tliis  depth  Wunsch  cl  al  (1983)  find  a  (downward) 
diapycnal  velocity  of  about  -0.7x10-^  s“*,  which  is  consistent  with  a  vertical  diffusivity  of 

0.7x  10-^  m2  acting  on  the  above  value  of  gN~^  -  /3S„  }.  However,  deeper  in  the  water 
column  at  1400  m  in  this  region,  McDougall  and  You  s  (1990)  figure  5  shows  dial 
is  positive  so  that  a  positive  vertical  diffu.sivily  would  not  be  consistent  with  the  downward  diapycnal 
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velocity  found  by  Wunsch  et  al  (1983)  at  this  depth.  Since  the  salinity  equations  in  Wunsch  et  al 
(1983)  were  functionally  linearly  dependent  with  the  continuity  equations,  the  reference  level  velocity 
vectors  that  came  out  of  the  inversion  were  effectively  not  influenced  by  the  advective-diffusive  salt 
balances.  Only  by  allowing  this  advection  of  salinity  to  emerge  as  signal  in  a  conservation  equation, 
rather  than  being  hidden  in  the  last  few  percent  of  an  equation’s  noise,  and  at  the  same  time  balancing 
this  advection  of  salt  with  a  parameterized  mixing  term,  will  we  be  able  to  say  whether  mixing 
processes  are  required  by  the  data. 

Is  there  a  procedure  by  which  mixing  processes  can  be  made  to  stand  out  above  the  noise  in  uacer 
equations  in  box  inverse  models?  The  answer  is  yes,  and  the  key  is  to  minimize  the  influence  of  the 
first  curly  bracket  in  Eq.  (39)  by  writing  a  cojiservation  equation,  not  for  the  tracer  itself,  but  for  the 
Uacer  anomaly,  C',  from  some  fixed  value,  C.  The  reason  why  this  procedure  works  is  that  the 
advective  form  of  the  conservation  statement  applies  equally  well  to  C  as  to  C,  since  it  involves  only 
various  derivatives  of  the  tracer.  Hence  in  forming  Eq.  (38)  and  Eq.  (39)  we  can  multiply  Eq.  (37)  by 
the  primed  tracer  variable  instead  of  by  C,  and  Eq.  (38)  and  Eq.  (39)  become  exactly  the  same 
equations  with  C  replaced  by  C.  This  procedure  has  in  fact  been  used  to  good  effect  by  several 
researchers,  including  Hogg  (1987),  and  Lee  and  Veronis  (1991).  This  procedure  is  easiest  to  justify  if 
the  same  mean  tracer  value  is  subtracted  from  every  box,  but  in  the  last  subsection  of  this  paper  it  is 
argued  that  it  may  be  beneficial  to  subtract  a  different  mean  tracer  value  for  each  box. 

Memery  and  Wunsch  (1990)  were  able  to  balance  the  volume  fluxes  into  and  out  of  their  boxes  to 
within  about  0.02  Sv  without  having  an  excessively  large  solution  norm.  This  was  most  likely  due  to 
the  fact  that  they  used  the  Levitus  (1982)  data  set  that  is  that  is  temporally  and  horizontally  averaged  and 
so  does  not  contain  the  complicating  features  such  as  internal  waves  and  mesoscale  eddies  that  are 
found  in  real  cruise  data.  Presumably  the  salinity  conservation  equations  were  not  unduly  correlated 
with  the  continuity  equations  in  the  Memery  and  Wunsch  (1990)  study,  and  that  if  vertical  diffusivities 
were  added  to  the  model,  the  inversion  would  have  found  them  to  be  necessary.  Conservation 
equations  for  potential  temperature  should  also  be  added  to  the  system  in  order  to  provide  added 
information  on  the  mixing  processes  (see  the  section  below).  Schlitzer  (1987, 1988)  also  used  the 
Levitus  data  set  and  was  able  to  specify  the  volume  flux  imbalances  to  as  iittle  as  0.(X11  Sv,  and  he 
resolved  both  diapycnal  advection  and  diapycnal  diffusivities.  This  lends  support  to  the  present  claim 
that  the  errors  in  the  continuity  equation  are  what  have  been  precluding  most  box-inverse  models  from 
resolving  mixing  processes. 

Many  box-inverse  models  of  the  Atlantic  and  Indian  Oceans  (e.g.  Wunsch  and  Grant  (1982),  Rintoul 
and  Wunsch  (1991)  and  Fu  (1986)),  have  found  that  salinity  conservation  did  not  add  any  information 
to  their  inversions.  Since  these  oceans  contain  substantial  variations  of  salinity  along  neuual  surfaces, 
some  of  which  information  has  previously  been  used  to  determine  flow  directions  of  water  types  by  the 
Wiistian  tongue  method,  it  would  be  quite  incredible  if  the  salinity  field  contained  no  information  on 
mixing  and  advection:  the  challenge  is  to  cxuact  this  information. 


The  Need  for  Vertical  Diffusion  as  well  as  Intcrfacial  Advection 

It  has  been  quite  common  in  box  inversions  to  include  a  diapycnal  flux  of  volume  but  not  to  have  any 
diffusive  flux  of  tracers  such  as  potential  temperature  or  salinity.  Since  diapycnal  advection  occurs 
only  in  response  to  mixing  processes  (see  Eq.  (20)),  it  is  clearly  dangerous  to  include  one  part  of  the 
effect  of  mixing  processes  (the  advection  of  U’acer)  without  at  the  same  time  carrying  the  other  part  (the 
diffusion  of  uacer).  For  example,  in  the  solutions  for  the  North  Atlantic  circulation  presented  by 
Wunsch  and  Grant  (1982)  and  by  Wunsch  (1984),  many  of  the  isop>cnal  interfaces  had  diapycnal 
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velocities  of  more  than  lOxlO*^  m  passing  through  them.  That  is,  the  diapycnal  velocity  was  more 

than  ten  times  the  canonical  value  of  the  upwclling  velocity  in  the  deep  ocean.  On  the  face  of  it,  this 
implies  that  the  vertical  diffusivity  must  be  about  ten  times  its  canonical  value,  or  about  10xl(H  m^ 
in  order  to  fuel  this  seemingly  large  (but  probably  not  impossibly  large)  diapycnal  flow.  Wunsch 
(1984)  has  obviously  wrestled  with  this  aspect  of  his  model,  as  the  discussion  around  his  equation  (18) 
shows  (and  the  corresponding  discussion  in  Wunsch,  Hu  and  Grant  (1983)).  There  it  was  proposed  to 
regard  the  model’s  interfacial  velocity  as  a  combination  of  a  Uojc  intcrfacial  velocity  and  a  diffusive  flux 
of  density.  But  a  scale  analysis  shows  that  the  eddy  diffusion  of  density  is  a  very  small  fraction  (less 
than  0.3%)  of  the  advection  of  density  (i.e.  Odp^ldz  «  We  are  obviously  never  going  to  be 

able  to  account  for  terms  in  conservation  equations  to  this  accuracy. 

Many  of  the  box-inversion  papers  write  conservation  equations  for  “density”  or  “mass”,  however,  in 
the  divergence  form,  a  conservation  equation  for  “density”  is  almost  the  same  as  a  conservation 
statement  for  volume  transport.  This  is  apparent  from  a  scale  analysis  of  the  two  curly  brackets  on  the 
left  of  Eq.  (39),  using  the  in-situ  density  (or  indeed  any  other  kind  of  density)  for  C.  Since  the 
imbalance  in  the  volume  transport  in  and  out  of  a  box  is  allowed  to  be  say  0.3  Sv,  the  second  curly 
bracket  in  Eq.  (39)  (the  advection  of  density)  amounts  to  only  0.3%  of  the  first  bracket,  hence  the 
“density”  conservation  equation  is  equivalent  to  the  incompressibility  condition.  There  is  an  extra 
pedantic  twist  to  this  issue  in  that  McDougall  and  Garrett  (1991)  have  shown  that  while  the  divergence 
of  the  instantaneous  velocity  vector,  V  u,  is  directly  related  to  the  instantaneous  Lagrangian  change  of 
density,  the  divergence  of  the  mean  velocity  vector,  V  ■  u ,  is  unaffected  by  the  divergence  of  the 
turbulent  fluxes  of  heat  and  salt  (even  though  the  molecular  flux  divergences  of  heal  and  salt  do 
conuibute  to  V  •  u!).  In  this  way,  V  •  u  =  0  is  actually  a  belter  embodiment  of  the  continuity  equation 
in  a  turbulent  ocean  than  is  V  •  (p  u)  =  0,  although,  as  we  have  just  shown,  the  differences  are  of  order 
0.3%  and  so  arc  quite  negligible. 

The  separate  roles  of  diancuiral  advection  and  diancutral  mixing  in  causing  water-mass  conversion  have 
been  illustrated  by  maps  of  the  relevant  vertical  derivatives  of  hydrographic  variables  on  some  neutral 
surfaces  from  each  of  the  world’s  oceans  in  McDougall  and  You  (1990).  Maps  of  the  dianeutral 
advection  caused  by  small-scale  mixing,  and^thc  rate  at  which  vertical  mixing 

changes  the  potential  temperature  on  a  neutral  surface,  (both  terms  are  normalized  by  the 

vertical  diffusivity,  D),  are  plotted  in  Figures  4-6  .  These  maps  show  well-defined  patterns  in  the 
magnitude  and  sign  of  these  terms  and  there  arc  many  regions  where  the  terms  have  the  same  sign.  In 
these  locations  the  rate  of  water-mass  conversion  achieved  by  vertical  mixing  is  of  opposite  sign  to  that 
caused  by  the  dianeutral  advection  alone.  An  inverse  model  that  carries  only  vertical  advection  in  the 
salinity  or  potential  temperature  conservation  equation  will  lend  to  force  the  diancuU'al  advection  to  be 
the  opposite  sign  to  reality.  This  is  explained  in  more  detail  by  McDougall  and  You  (1990)  and  will  not 
be  repeated  here. 

1  wish  to  emphasize  that  there  is  no  problem  at  all  wilii  the  neglect  of  eddy  diffusion  terms  from  the 
continuity  equation  (called  by  Wunsch  the  “mass”  or  the  “density”  conservation  equation),  rather  it  is 
the  omission  of  vertical  diffusive  terms  from  the  tracer  conservation  equations  lliat  causes  concern.  In 
particular,  if  an  inverse  model  carries  Just  thermal  wind  equations  and  continuity  equations,  without 
considering  any  tracer  conservation  equations,  then  there  can  be  no  argument  with  the  interpretation  of 
the  diapycnal  velocities  that  one  obtains  from  the  model.  One  realizes  that  there  must  be  some  vertical 
mixing  going  on  to  cause  this  diapycnal  flow,  but  since  the  diapycnal  diffusivity  docs  not  appear  in  the 
two  types  of  equations  in  one’s  model  (thermal  wind  and  incompressibility)  the  model  is  quite 
consistent  without  having  to  include  the  diapycnal  diffusion.  The  problems  referred  to  in  the  previous 
paragraph  and  described  more  fully  in  McDougall  and  You  (1990)  arise  when  a  tracer  or  several  uacers 
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are  carried  by  the  model.  Then  one  has  no  choice  but  to  include  both  interfacial  diffusion  and  advection 
in  order  to  construct  a  physically  consistent  model. 


When  is  it  Redundant  to  Carry  both  S  and  ^Conservation  Equations? 

One  has  a  tendency  to  think  that  since  the  epineutral  (and  epipycnal)  gradients  of  salinity  and  potential 
temperature  are  related,  the  conservation  equations  of  S  and  0  must  be  linearly  dependent.  This  is  not 
the  case,  as  can  be  readily  appreciated  by  inspecting  the  form  of  Eq.  (9).  While  the  temporal  and 
epineutral  derivatives  of  S  and  0  are  proportional  (through  the  ratio  aJp)  the  dianeutral  advection  terms 
are  in  the  different  ratio  Szl6z  and  the  dianeutral  diffusion  terms  are  related  by  a  third  different  ratio.  It 
is  only  when  the  dianeutral  advection  is  eliminated  from  the  S  and  9  conservation  statements  to  arrive  at 
the  form  Eq.  (1 1)  that  the  S  and  0  equations  are  redundant.  Another  way  in  which  a  real  redundancy 
can  arise  is  if  some  kind  of  density  conservation  equation  is  used  together  with  both  the  0  and  S 
equations  in  the  form  of  Eq.  (9).  Since  density  conservation  equations  (such  as  the  “e”  equation,  Eq. 
(12)),  are  simply  a  linear  combination  of  the  S  and  0equations,  it  is  obvious  how  the  linear  dependance 
arises  when  all  three  equations  are  carried. 

Wunsch  and  Minster  (1982)  carried  a  continuity  equation  and  both  S  and  0cquations  and  found  that  all 
three  types  of  equations  were  effectively  linearly  dependent.  As  explained  above,  such  linear 
dependence  should  not  have  been  expected  since  their  model  carried  both  diapycnal  advection  and 
diapycnal  diffusion.  The  reason  for  the  near  collinearly  in  their  case  would  have  been  the  dominance  of 
both  the  S  and  0  equations  by  the  same  imbalances  in  the  continuity  equation:-  both  the  S  and  0 
equations  were  essentially  repeated  continuity  equations  with  the  mixing  information  buried  in  the 
noise.  I  believe  that  the  simple  procedure  of  subtracting  a  suitable  mean  salinity  and  a  suitable  mean 
potential  temperature  of  each  box  before  writing  down  the  divergence  forms  of  the  conservation 
statements  would  have  yielded  very  different  results  in  their  study:  the  rank  of  the  model  would  have 
risen  substantially,  the  lateral  diffusivitics  would  have  been  much  larger,  and  quite  possibly,  the  vertical 
diffusivities  and  diapycnal  advection  would  have  been  better-determined. 


Why  use  a  neutral  surface  coordinate  scheme  rather  than  Cartesian  coordinates? 

The  issue  of  the  surfaces  in  which  one  assumes  the  lateral  mixing  to  occur  has  been  addressed  earlier  in 
this  paper,  and  will  not  be  repeated  here.  Rather,  here  .some  observations  arc  offered  on  the  advantages 
of  casting  the  left-hand  sides  of  the  conservation  statements  in  the  neutral  surface  framework.  These 
remarks  will  apply  equally  well  to  the  advcctive  and  the  divergence  forms  of  the  conservation 
statements  and  so  apply  to  both  the  /J-spiral  and  box  inversions.  Consider  the  steady-state  conservation 
statement  for  say  potential  temperature,  0,  in  a  region  where  the  epineutral  gradient  of  potential 
temperature  is  small  in  relation  to  the  horizontal  gradient,  V20  =  9^i  +  9y\,  and  where  the  neunal 
surface  slopes  significantly.  The  three-dimensional  advection  of  0is  the  same  in  both  coordinate 
frames  so  that  (from  Eq.  (9)) 

{v^-[V2C-V„C]+[w-c]C,}+V^V„C  +  eQ  =  /f' +  [DC,\.  (40) 

The  terms  in  the  curly  brackets  here  sum  to  zero  exactly,  but  if  the  neutral  surface  is  significantly 
sloped,  this  cancellation  can,  and  often  docs,  represent  the  difference  between  two  large  numbers.  In 
this  situation,  any  uncertainty  in  the  lateral  velocity  components  will  cause  an  unnecessarily  large 
uncertainty  in  the  left-hand  side  of  this  equation  and  so  potentially  upset  the  desired  balance  between 
advection  (LHS)  and  diffusion  (RHS)  in  Eq.  (40).  When  the  equations  aic  weighted  by  their  row- 
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norms,  the  equation  error  that  is  allowed  in  the  inversion  procedure  will  be  unnecessarily  large  in  the 
Cartesian  formulation. 


This  is  especially  obvious  in  the  linear  combination  of  the  S  and  0  conservation  equations  that  is  the  ‘e’ 
equation,  Eq.  (12)  (in  loose  terminology,  this  is  the  advective  form  of  the  ‘density’  conservation 
equation).  In  neutral  surface  coordinates,  this  represents  a  very  direct  relationship  between  the 
dianeutral  advection,  e,  and  mixing  processes.  Since  the  lateral  velocity  vector  does  not  appear  in  this 
equation  in  the  neutral  surface  framework,  the  inherent  uncertainty  in  the  inversion’s  lateral  velocity 
vector  can  neither  upset  this  balance  nor  can  it  contribute  to  the  expected  error  of  the  equation.  In  this 
way  the  ‘density’  or  ‘e’  equation  is  almost  guaranteed  to  contain  separate  information  to  the  other 
conservation  statements  that  contain  the  lateral  velocity  vector.  However,  in  the  Cartesian  framework 
this  same  equation  docs  contain  large  balancing  terms  that  do  involve  the  lateral  velocity  vector,  as  in 
the  curly  bracket  below. 


{v^-[aV20-/3V2S]+[w-e](a0,-)3S,)}  +  e{ad,-liS,)  = 

[D,{ae,-ps,)l  -  +  nv„e-s/,p}. 


(41) 


The  terms  in  the  curly  brackets  on  the  left  of  this  equation  sum  to  exactly  zero.  The  individual  temis  in 
this  bracket  are  frequently  much  larger  than  the  other  term  on  the  left,  namely,  e{aOj,  -  pS,.),  as  the 
magnitude  of  [w  -  e]  is  frequently  much  larger  than  that  of  e.  The  same  point  can  be  made  regarding 
the  equation  for  the  diapycnal  velocity,  w^,  in  the  potential  density  framework  compared  with  the 
Cartesian  framework  in  that  Eq.  (20)  docs  not  involve  the  lateral  velocity  components  whereas  in  the 
Cartesian  form,  Eq.  (21),  it  does  contain  the  do-nothing  combination  of  terms, 

|V^'V2pe  +  Another  appealing  feature  of  the  e  equation  in  the  neutral  surface 

ffamework  is  that  it  does  not  contain  the  lateral  Laplacian  of  any  properly.  Since  the  lateral  Laplacian  is 
a  relatively  noisy  quantity  to  estimate  from  data,  this  feature  of  the  e  equation,  Eq.  (12),  augments  the 
absence  of  the  lateral  velocity  vector  to  suggest  that  the  equation  is  a  relatively  noise-free  connection 
between  dianeuU'al  advection  and  (mainly  vertical)  diffusion. 


The  above  discussion  of  the  merits  of  performing  inversions  in  ncunal  surface  coordinates  has  been 
focused  on  the  implications  for  determining  the  strength  of  mixing  prcKcsses.  But  even  in  models 
without  mixing  the  different  slopes  of  various  surfaces  affects  the  reference  level  velocities  and  other 
outputs.  For  example,  Schott  and  Zantopp  (1979)  showed  that  the  )3-spiral  technique  gave  reference 
level  velocities  at  KXX)  m  that  differed  by  5  mm  s-^  depending  on  whether  potential  density  or  stcric 
anomaly  (specific  volume  anomaly)  was  conserved  by  the  inversion.  In  a  box  model  inversion  of 
sections  in  the  North  Atlantic,  Rmtoul  and  Wunsch  (1991)  have  compared  their  model  which  used 
interfaces  that  were  a  close  approximation  to  neuu-al  surfaces  with  a  previous  model  that  used 
surfaces  that  were  a  coarser  approximation  to  neutral  surfaces.  They  found  that  the  differences 
between  the  surfaces  caused  the  poleward  flow  of  intermediate  water  to  decrease  by  2.4  Sv  and  the 
equatorward  flow  of  deep  water  to  be  reduced  by  the  same  amount.  The  poleward  heat  flux  changed 
by  0.1x1015  W. 


Some  recommendations  for  box  inversions 

The  above  issues  for  box  inversions  arc  all  intimately  linked  because  (i)  the  tracer  (especially  salinity ) 
conservation  statements  have  been  dominated  by  noise  from  the  “mass”  conservation  equation  (really 
the  incompressibility  equation),  (ii)  diapycnal  diffusion  coefficients  have  not  been  resolvable  from  the 
models  and  hence  (iii)  it  has  been  pointless  to  add  a  conservation  equation  for  potential  temperature 
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since  this  would  also  have  been  linearly  dependent  with  the  existing  two  sets  of  equations.  It  is  to  be 
hoped  that  the  above  recommendation  of  forming  divergence  conservation  statements  for  (a)  volume 
and  (b)  for  the  deviations  of  tfacer  concentrations  from  suitable  average  values,  will  cure  all  three 
problems  simultaneously.  This  simple  procedure  should  make  the  tracer  conservation  statements 
become  linearly  independent  of  the  continuity  equations,  giving  the  advective-diffusive  balance  of  say 
salinity  a  chance  of  constraining  both  diffusivity  coefficients  and  the  mean  velocity  field.  This  will  also 
result  in  an  increase  in  the  rank  of  the  system  of  equations.  Conservation  equations  of  potential 
temperature  and  of  other  tracers  should  also  be  included  in  the  inversions  so  as  to  extract  the  further 
independent  information  on  mixing  processes  that  these  equations  contain. 

The  interfaces  that  separate  the  boxes  should  be  neunal  surfaces  in  order  to  avoid  the  many  error  terms 
in  Eq.  (26)  and  Eq.  (30)  that  arise  due  to  mixing  laterally  along  potential-density  surfaces  rather  than 
along  neutral  surfaces.  The  previous  subsection  also  shows  that  the  neutral  surface  framework  should 
be  superior  from  the  signal-to-noise  viewpoint.  In  particular,  the  direct  relationship  between  dianculral 
advection  and  mixing  processes  can  be  obtained  by  taking  the  linear  combination  of  a  limes  Eq.  (36) 
with  the  anomaly  of  potential  temperature  as  the  tracer,  minus  /)  limes  Eq.  (36)  with  the  salinity 
anomaly  as  the  uaccr. 

Previous  box  inverse  models  have  carried  continuity  equations  for  each  box  (despite  the  different  labels 
of  these  equations  as  “density"  or  “mass”  conservation  statements),  whereas  /J-spiral  methods  do  not 
enforce  the  continuity  equation.  Perhaps  this  is  the  key  difference  between  the  two  methods.  Box 
models  should  continue  to  carry  the  volume  conservation  equations  for  each  box  (in  the  form  of  Eq. 
(36)  with  C  =  1),  and  it  may  be  necessaty  to  recognize  that  the  Lagrangian  velocity  components  that 
appear  in  this  equation  contain  the  Stokes  drift  (Eq.  (15))  in  addition  to  the  Eulerian-mean  velocity  that 
is  obtained  from  thermal  wind. 


On  the  choice  of  mean  tracer  value  for  each  box 

Consider  forming  the  salinity  anomaly  for  each  box  by  subtracting  a  mean  salinity  (say  35  psu)  from  all 
the  salinities  in  all  the  boxes  of  a  box  model.  The  maximum  value  of  S'  for  any  particular  box  may  be 
say  1  psu  so  that  the  uncertainty  in  the  salinity  conservation  equation  due  to  the  continuity  imbalance  is 
improved  by  a  factor  of  35.  However,  this  may  not  be  enough  of  an  improvement  to  guarantee  that  the 
salinity  conservation  statement  enforces  an  advective-diffusive  salinity  balance.  In  the  examples  quoted 
above,  the  advective-diffusive  salt  balance  would  improve  from  being  1%  of  the  residual  equation  error 
to  being  35%.  If  this  proved  to  be  not  enough  of  an  improvement,  then  one  would  need  to  use  tracer 
anomaly  values  that  were  referenced  to  a  mean  uacer  value  that  is  closer  to  the  average  tracer  value  of 
each  box.  In  order  to  extract  the  advective-diffusive  uaccr  balance  fror^the  divergence  form  of  the 
conservation  equations,  the  most  appropriate  mean  value  of  the  tracer,  C,  to  subtract  from  C  to  form 
the  new  variable,  C,  is  the  mean  vdue  along  all  six  faces  of  the  box.  The  diffusive  terms  on  the  right- 
hand  sides  of  Eqs.  (36),  (38)  or  (39)  would  still  be  evaluated  with  the  original  values  of  the  tracer 
variable  since  there  is  no  gain  in  accuracy  to  be  had  by  changing  variables  here,  but  the  left-hand  sides 
of  these  equations  would  be  evaluated  using  the  refined  tracer  anomaly  variable.  In  the  case  of  salinity , 
the  variation  of  the  salinity  over  the  six  sides  of  a  box  may  be  0.1  psu  so  that  the  influence  of  die 
continuity  equation  in  the  salinity  balance  will  be  reduced  by  a  further  factor  of  ten  or  more,  so  that 
instead  of  the  continuity  uncertainty  accounting  for  99%  of  the  error  in  this  equation,  it  could  account 
for  no  more  than  20%  of  the  error.  In  this  way  the  salinity  conservation  statement  will  tend  to  represent 
the  desired  advective-diffusive  balance. 
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By  choosing  the  box-average  tracer  value  as  the  mean  that  is  subtracted  from  each  box,  one  has 
essentially  forced  the  divergence  form  of  the  conservation  statements  to  have  the  same  balance  that  is 
present  in  j3-spiral  methods,  namely  the  advective-diffiisive  balance.  Unlike  the  j3-spiral  methods 
however,  this  proposed  box-inverse  method  also  carries  the  continuity  equation  (Eq.  (36)  with  C  =  1). 
In  this  way,  the  metliod  recommended  above  can  be  interpreted  as  a  j^spiral  method,  but  with  the 
inclusion  of  the  continuity  constraint.  One  could  of  course  add  the  normal  /J-spiral  equations  to  a  box 
inverse  method,  but  the  grids  on  which  the  velocity  components  are  evaluated  are  different  for  an 
advective  and  a  divergence  grid.  The  above  procedure  achieves  the  same  physical  balances  in  the 
equations  as  would  a  combined  j3-spiral  and  box  inverse  model,  but  without  any  complications  due  to 
the  different  grids,  since  one  uses  the  box-model  grid  throughout. 

When  using  anomalies  from  box-averaged  data  rather  than  from  a  single  constant  value,  the  sum  of  the 
tracer  conservation  equations  over  more  than  one  box  docs  not  have  a  physical  interpretation  (Rintoul 
and  Bindoff,  personal  communications,  1991).  Using  salinity  as  an  example,  if  a  single  mean  salinity 
of  say  35  psu  is  used  to  form  the  salinity  anomaly  vanablc  for  the  left-hand  side  of  the  conservation 
equations,  the  sum  of  these  equations  over  many  boxes  does  not  amount  to  the  conservation  of  salt 
over  the  boxes,  but  it  does  represent  the  conservation  of  a  different  variable,  namely  (S  -  35  psu).  But 
with  a  mean  salinity  that  varies  from  box  to  box,  there  is  no  such  interpretation.  Should  one  worry 
about  this?  I  think  that  this  is  not  a  concern  for  the  following  two  reasons.  First,  by  regarding  the 
above  procedure  as  a  j3-spiral  method  with  the  added  continuity  constraint,  the  issue  of  what  the  sum  of 
the  salinity  conservation  statements  represents  docs  not  seem  so  pressing  since  this  has  not  been  part  of 
past  )3-spiral  methods.  Second,  if  after  performing  an  inversion  one  calculates  the  total  salt  imbalance 
(not  salt  anomaly  imbalance)  summed  over  all  the  boxes,  the  answer  will  be  dominated  by  the  errors  in 
the  continuity  equation  for  each  box  multiplied  by  the  mean  salinity  of  <hat  box.  This  will  be  very  close 
to  the  global-avcragcd  salinity  times  the  global-avcragcd  volume  flux  imbalance,  no  matter  what  mean 
salinity  is  chosen  for  the  mean  value  of  each  box  in  the  inversion.  For  these  reasons  1  believe  that 
using  a  salinity  anomaly  that  is  defined  differently  for  each  box  is  a  viable  procedure.  Of  course,  proof 
of  the  pudding  will  be  in  the  eating. 


CONCLUSIONS 

This  paper  has  derived  the  conservation  equations  for  scalars  (including  potential  density  and  spiciness) 
with  respect  to  both  neutral  surfaces  and  potential-density  surfaces,  and  in  both  the  advective  form 
which  is  applicable  to  the  j3-spiral  method,  and  in  the  divergence  form  that  is  used  in  box-model 
inversions.  In  the  limited  space  available,  conservation  statements  for  potential  vorticily  were  not 
addressed.  The  salient  findings  of  the  paper  are  listed  below. 

•  Scalars  arc  advected  by  the  Lagrangian-mean  velocity  vector  rather  than  the  Eulerian-mcan  velocity 
that  appears  in  tlie  geosU'ophic  and  thermal  wind  relations,  and  it  may  well  be  important  to  recognize  the 
distinction  between  these  velocities.  A  simple  parameterization  for  the  difference  velocity  (the  Stokes 
drift)  is  proposed  and  this  should  be  easy  to  implement  in  inverse  models.  Even  when  this  Stokes  drift 
is  relatively  small,  it  may  well  be  significant  for  the  lateral  advcction  of  tracers  because  it  will  be  much 
more  closely  aligned  with  the  epineumal  tracer  gradient  than  will  be  the  Eulerian-mean  lateral  velocity 
vector.  The  magnitude  of  the  estimated  Stokes  drift  is  displa)  cd  in  Figures  2  and  3  for  a  single  neutral 
surface  in  the  world  ocean,  and  values  in  excess  of  1  mm  s~l  arc  common.  A  lateral  velocity  of  this 
magnitude  down  the  epineutral  tracer  gradient  causes  as  much  water-mass  conversion  as  vertical  mixing 
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processes.  This  highlights  the  importance  of  the  distinction  between  Lagrangian  and  Eulerian 
velocities. 

•  The  nonlinear  nature  of  the  equation  of  state  has  been  shown  to  cause  significant  errors  in  the 
diapycnal  velocity  when  it  is  deduced  from  the  commonly  used  advection-diffusion  balance  for 
potential  density.  The  potential  density  variable  is  significaruly  nonconservative  and  more  care  must  be 
taken  when  writing  a  conservation  equation  for  potential  density.  The  terms  that  have  been  omitted 
from  the  potential  density  conservation  equation  in  the  past  are  (see  Eq.  (20)),  (i)  a  term  proportional  to 
the  vertical  diffusivity  that  is  largest  in  the  upper  1000  m  of  the  water  column,  (ii)  a  term  that  depends 
on  the  epineutral  flux  divergence  of  potential  temperature  and  arises  because  potential  density  varies 
along  neutral  surfaces,  (iii)  cabbeling  and  (iv),  thermobaricity.  Each  of  these  terms  are  too  large  to  be 
ignored  in  various  regions  of  the  ocean. 

•  The  omission  of  the  nonconservative  terms  in  the  conservation  equation  of  potential  density  results  in 
either  an  overestimate  of  the  diapycnal  velocity  or  an  underestimate  of  the  vertical  diffusivity  (for 

>  0),  or,  quite  probably,  a  combination  of  both.  The  use  of  a  simplistic  potential  density  equation 
also  affects  the  way  mixing  processes  are  extracted  from  the  potential  temperature  or  salinity 
conservation  equations,  as  is  illushated  in  Eq.  (29). 

•  Thermobaricity  and  cabbeling  were  found  to  be  quite  strong  in  the  North  Atlantic  and  Southern 
Oceans,  causing  contributions  to  the  dianeuU'al  downwelling  velocity  of  order  -1x10'’  m  s'.  These 
in  turn  make  a  large  impact  on  the  conservation  equations  of  scalars  in  these  regions  and  probably  also 
cause  significant  vortex  stretching  in  the  conservation  equation  for  potential  vorticity.  Of  the  two 
processes,  thermobaricity  is  rather  smaller  than  cabbeling  except  in  the  Antarctic  Circumpolar  Cuircnt 
where  it  is  at  least  as  large  as  cabbeling  and  also  of  the  same  sign. 

•  The  contributions  of  both  thermobaricity  and  cabbeling  to  water-mass  conversion  at  a  thermoclinic 
front  have  been  compared  with  the  epineutfal  mixing  of  potential  temperature.  The  ratios  of  these 
processes  were  found  to  be  significant  and  to  be  proportional  to  the  changes  in  potential  temperature 
and  pressure  across  the  front  (see  Eq.  13).  In  the  Antarctic  Circumpolar  Current  each  of  these  three 
processes  were  found  to  be  equally  important,  especially  because  the  net  water-mass  conversion 
achieved  by  the  lateral  diffusion  term  averages  to  zero  whereas  cabbeling  and  thermobaricity  have  a 
consistent  sign  across  the  front. 

•  Many  of  the  pitfalls  with  forming  a  potential  density  conservation  equation  are  avoided  if  one  uses  the 
S  and  0 equations  separately  rather  than  attempting  to  form  a  “density”  conservation  equation.  The 
remaining  differences  arc  due  to  the  difference  between  the  epincutraJ  flux  divergences  and  the 
epipycnal  flux  divergences  of  S  and  6,  as  in  Eq.  (31). 

•  Conservation  equations  for  conservative  variables  (like  potential  temperature  and  salinity)  are  affected 
by  the  nonlinear  nature  of  the  equation  of  state  when  a  model’s  lateral  mixing  is  directed  along 
potential -density  surfaces  rather  than  along  neuU’al  surfaces.  The  differences  between  these  two  lateral 
mixing  parameterizations  are  explored  and  are  documented  in  Eqs.  (26)  and  (30).  Several  terms  arise 
that  are  significant  when  the  reference  pressure  of  the  potential  density  is  significantly  different  to  the 
in-situ  pressure,  and  two  terms  remain  even  when  this  pressure  difference  is  zero.  The  difference 
between  epineutral  and  epipycnal  mixing  of  tracers  is  important  at  regions  of  large  epincuU'al  gradient  of 
potential  temperature  (i.e.  at  ihermoclinic  fronts). 
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•  The  ‘orthogonal’  variables  on  the  S-0 diagram,  spiciness  and  Veronicity,  are  significantly 
nonconservative  variables  and  the  nonlinear  terms  that  appear  in  their  conservation  equations  are  of 
similar  magnitude  to  those  that  appear  in  the  potential  density  equation.  It  has  been  shown  that  one 
cannot  afford  to  write  conservation  equations  for  either  potential  density  or  spiciness  as  though  they 
were  conservative  variables. 

•  Box  inverse  models  need  their  conservation  equations  cast  in  the  diverge  e  (or  flux)  form,  and  it  is 
shown  that  in  this  form,  the  conservation  equation  for  ‘density’  or  ‘mass’  is  really  simply  a  volume 
integral  of  the  incompressibility  equation. 

•  One  often  reads  that  a  box  inverse  model  has  not  required  vertical  mixing  in  order  to  explain  the  data. 
Here  it  has  been  argued  that  these  models  have  been  set  up  in  such  a  way  that  the  signatures  of  all  types 
of  mixing  processes  are  well  hidden  behind  the  noise  due  to  errors  in  the  continuity  equation.  The 
imbalance  in  the  continuity  equation  is  directly  reflected  in  the  uacer  conservation  equations,  and  is  a 
consequence  of  the  need  to  write  the  conservation  equations  in  the  divergence  form.  This  causes  the 
tracer  equations,  and  particularly  the  salinity  equation,  to  be  linearly  dependent  with  the  continuity 
equation,  so  causing  a  reduced  rank  in  the  system  of  equations.  This  is  similar  to  the  well  known 
problem  that,  if  the  mass  flux  across  an  ocean  section  is  not  zero,  the  heat  flux  across  the  section  is 
different  if  the  temperatures  are  measured  in  Kelvins  rather  than  in  degrees  Celsius. 

•  A  very  simple  solution  to  this  deficiency  of  present  box-inverse  models  is  proposed:  it  is  to  subtract  a 
suitable  mean  value  from  the  values  of  a  tracer  before  the  conservation  equations  are  evaluated.  This 
should  have  the  effect  of  (i),  increasing  the  rank  of  the  solution,  (ii),  extracting  information  on  the 
advection  and  diffusion  of  salinity,  thereby  constraining  both  the  interfacial  advection  and  diffusion, 
and  (iii),  making  the  conservation  equation  of  potential  temperature  independent  of  that  of  salinity. 

•  It  is  argued  that  the  neutral  surface  framework  provides  the  best  link  between  advection  and  diffusion 
of  tracers  in  that  the  individual  terms  that  comprise  the  advection  of  tracer  are  not  large  in  comparison 
with  the  total  advection  of  tracer.  In  this  way,  uncertainties  in  the  lateral  velocity  vector  do  not 
introduce  as  much  uncertainty  into  the  left-hand  side  of  these  conservation  equations  as  they  do  in 
Cartesian  coordinates.  This  is  especially  true  of  the  e  equation,  Eq.  (12)  that  is  totally  independent  of 
the  lateral  velocity  vector.  This  e  equation  has  the  added  advantage  that  it  does  not  have  a  lateral 
Laplacian  term  (which  is  relatively  noisy)  on  the  right-hand  side. 
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1.  Introduction 

In  general,  it  is  difficult  to  objectively  compare  oceanic  model  results  to  observations,  as 
observations  are  usually  noisy  and  inaccurate,  and  the  sample  too  limited,  resulting  in  a  small 
signal-to-noise  ratio.  The  noise  of  the  observed  signal  results  from  both  measurement  uncertainties 
and  real  disturbances,  like  mesoscale  eddies  when  studying  the  general  circulation,  vortical  modes 
when  studying  internal  waves,  or  interannual  fluctuations  when  considering  the  seasonal  cycle;  this 
noise  mostly  has  large  correlation  scales,  so  that  simple  point-by-point  comparisons  with  model 
predictions  are  difficult  to  interpret,  and  a  multivariate  viewpoint  is  needed.  Moreover,  and  this  is 
specific  to  the  oceanic  case,  most  motions  are  externally  forced  but  precise  information  is  lacking  on 
the  forcing  and  on  the  initial  conditions.  Thus,  even  a  perfect  oceanic  model  will  not  provide 
predictions  that  are  fully  consistent  with  the  observations,  i.e.,  within  their  uncertainties,  and  it  is 
necessary  to  distinguish  between  model  inadequacies  and  the  model  response  uncertainties  caused 
by  poor  knowledge  of  the  input  data. 

This  applies  in  particular  to  tropical  motions,  which  are  primarily  wind  forced  and  could  be 
simulated  deterministically  for  the  most  part  if  the  wind  stress  were  accurately  known.  However, 
information  on  surface  wind  is  sparse  and  noisy,  and  the  bulk  formulae  used  to  estimate  the  wind 
stress  are  rather  inadequate.  As  equatorial  model  simulations  have  become  increasingly  realistic, 
visual  compuiisons,  which  reveal  obvious  differences,  are  unable  to  unambiguously  identify  model 
inadequacies,  and  more  refined  validation  procedures  are  needed.  Frankignoul  et  al.  (1989)  have 
thus  developed  a  model  testing  method  based  on  multivariate  statistical  analysis  that  could  take  into 
account  explicitly  aU  the  observational  uncertainties.  So  far,  the  method  has  been  used  to  test  and 
intercompare  simulations  of  the  tropical  ocean.  However,  the  approach  is  general  and  could  be  used 
to  test  dynamical  models  of  the  internal  wave  field,  as  suggested  below. 

In  the  next  section,  the  model  testing  method  is  described  in  a  general  manner.  A  possible 
application  to  internal  wave  studies  is  then  briefly  discussed.  In  section  4,  the  method  is  illustrated 
by  summarizing  the  testing  and  intercomparison  of  model  simulations  of  the  tropical  Atlantic. 

2.  The  multivariate  model  testing  method 

The  simulation  of  oceanic  motions  can  often  be  represented  as  an  input-output  problem.  A 
model  is  driven  by  a  prescribed  forcing  field  f(x,t),  which  could  include  the  initial  conditions,  and 
it  predicts  in  particular  the  space/time  behavior  of  a  variable  that  is  ilso  observed.  We  denote  the 
model  prediction  by  m,  with  m  =  L(f).  To  test  the  model,  m  is  considered  in  the  whole  x-t  domain 
where  the  model  is  believed  to  be  realistic  and  observations,  denoted  by  d,  are  reliable,  which  is 
normally  a  highly  dimensional  space.  The  observations  are  usually  inaccurate,  so  a  probability 
region  more  properly  describes  the  tme  oceanic  state  (Fig.l).  As  the  forcing  field  is  generally  not 
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Fig.  1  Sketch  of  the  effects  of  data  uncertainties  on  the  comparison  between  model  predictions 
and  observed  data,  from  a  multivariate  statistical  viewpoint. 


known  accurately,  it  should  be  considered  as  a  (noisy)  realisation  of  the  true  forcing  field,  and  other 
equally  plausible  input  data  often  are  available  (e.g.,  different  wind  stress  products)  or  could  be 
generated  by  Monte  Caiio  technics.  This  is  represented  in  Fig.l  by  a  probability  region  for  the  tme 
forcing  <ft>.  Thus,  several  equally  plausible  model  responses  can  be  generated,  and  the  model 
prediction  m  really  should  be  considered  as  the  sum  of  the  (unknown)  model  response  to  the  true 
forcing  field,  say  <in>,  and  that  resulting  from  the  input  errors,  which  is  again  represented  by  a 
probability  region  in  Fig.  2.  If  the  multinormal  assumption  holds,  these  uncertainties  can  be 
described  by  their  error  covariance  matrix,  denoted  by  D  for  the  observations  and  M  for  the  model 
predictions.  The  model  testing  problem  can  now  be  viewed  as  that  of  comparing  two  noisy  vectors 
with  unequal  error  covariance  matrices.  It  should  be  stressed  that  a  crucial,  and  often  cumbersome, 
step  in  the  procedure  is  the  evaluation  of  the  two  error  covariance  matrices:  this  may  require  much 
data  analysis  and  many  simulations. 

The  agreement  between  the  observations  and  the  simulations  is  characterized  by  the  misfit 

t2  =  (m  -  d)’  (M  +  D)-l  (m  -  d)  (1) 

which  provides  a  measure  of  the  differences  between  the  two  fields,  weighted  by  the  data 
uncertainties.  If  the  null  hypothesis  that  <in>  =  <d>  holds,  (1)  is  the  appropriate  test  statistic 
which  is  distributed  as  a  variable  (or  a  Hotelling  T^  variable  if  sample  estimates  of  the  error 
covariance  matrices  aie  used),  and  the  usual  acceptance  and  rejection  rules  can  be  applied.  If  the 
null  hypothesis  does  not  hold,  T^  is  approximately  distributed  as  a  non-central  x^  variable,  and 
confidence  intervals  can  be  constructed  to  compare  different  models  or  model  versions.  Details  are 
given  in  Frankignoul  et  al.  (1989). 

In  practice,  however,  this  cannot  be  done  unless  the  dimensionality  of  the  system  is  first 
strongly  reduced.  Indeed,  the  error  models  normally  are  very  approximate  (they  are  either  estimated 
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Fig.  2.  Top:  Ellipse  principal  axes  of  the  internal  wave  horizontal  kinetic  energy  (HKE)  at  400 
depth  for  the  internal  wave  frequency  band  (0.2-0.4  cph)  in  a  4-day  period  during  MODE  (the 
central  mooring  is  at  28°N,  69°40'W).  Arrows  show  4-day  mean  current,  and  dotted  lines 
corresponding  isotherms.  Bottom:  Time  series  of  HKE  averaged  over  the  line  of  moorings  2, 3 
and  5  for  three  frequency  bands  in  the  internal  wave  continuum.  From  Frankignoul  (1976). 
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from  a  limited  sample  or  from  a  necessarily  oversimplified  error  analysis),  so  that  the  inverse  in  (1), 
even  if  it  exists,  is  dominated  by  unreliable  information.  A  strong  data  compression  is  thus  needed 
for  the  problem  to  be  well-posed.  This  can  be  done  efficiently  using  principal  component  analysis, 
as  illustrated  below.  The  main  point  is  to  perform  the  model-reality  comparison  in  a  sufficiently 
small  oithonormal  space  where  the  main  "trustable"  features  of  both  model  simulations  and 
observations  are  well  represented,  and  the  error  models  sufficiently  reliable.  Noisy  details  are 
filtered  out,  but  of  course  so  is  a  small  part  of  the  signal.  Note  that  the  test  is  very  stringent  as  no 
model  is  expected  to  be  perfect.  However,  much  progress  may  be  expected  from  an  understanding 
of  the  discrepancies  between  models  and  observations,  and  the  method  is  very  efficient  at 
distinguishing  the  tme  differences  from  those  due  to  data  uncertainties. 

3.  Application  to  internal  wave  studies 

These  concepts  could  be  applied  to  the  internal  wave  case.  Suppose  for  example  that  we  want 
to  test  a  model  of  the  dynamics  of  the  internal  wave  field,  which  requires  understanding  their 
sources,  sinks,  and  main  interactions.  Theoretical  models  of  internal  waves  do  not  yet  predict  how 
the  various  energy  sources  control  their  spectral  distribution,  but  plausible  generation  mechanisms 
have  been  suggested  (wind  forcing,  topographic  scattering,  interaction  with  the  mesoscale  shear 
flow,  forcing  by  the  barotropic  tides,  etc.),  and  predictions  of  the  spatial  and  temporal  evolution  of 
the  averaged  internal  wave  properties  could  be  obtained.  In  particular,  the  variations  of  the  total 
internal  wave  energy  E(x,t),  should  obey  the  radiation  balance  equation  (Muller  and  Olbers,  1975) 
which  can  be  written  in  the  approximate  form 

{d  t  +  U*V)  E  =  S*(U)  +  S’(atmosphere)  +  SKbottom)  + . . .  +  (2) 

where  U(x,t)  is  the  mean  current,  denotes  the  source  terms,  and  the  dissipation.  If  models 
are  available  for  the  source  terms,  they  can  be  tested  by  comparing  the  predictions  from  (2)  with 
corresponding  observations.  Internal  wave  spectra  have  been  shown  to  be  modulated  both  on  the 
seasonal  scale  (Fig.  2),  and  on  short  time  and  space  scales  (Fig.  3);  also,  evidence  of  energy 
propagation  and/or  transfer  has  been  found  (Fig.  4).  These  observations  contain  critical  clues  on 
internal  wave  energy  sources  and  sinks,  but  their  interpretation  has  been  disappointing,  as  the 
dynamics  is  complex  and  the  signal-to-noise  ratio  very  low. 

We  believe  that  the  key  to  a  successful  interpretation  will  be  a  multivariate  model  testing 
approach  where  predicted  changes  are  compared  to  the  observed  ones,  as  this  strongly  enhances 
statistical  significance  in  model-observation  comparisons  (see,  e.g.,  Hasselmann,  1979).  However, 
the  input  in  (2)  will  be  poorly  known:  the  wind  stress  is  difficult  to  observe  at  the  internal  wave 
scales,  the  mean  shear  can  only  be  coarsely  estimated  from  current-meter  data,  the  bottom 
topography  and  bottom  currents  are  inaccurately  known,  and  little  information  will  be  available  on 
the  boundary  conditions  for  the  region  of  interest.  Thus,  there  will  be  a  large  uncertainty  in  the 
forcing  data  that  will  have  to  be  considered  in  addition  to  that  of  the  internal  wave  spectral 
estimations,  when  testing  the  theoretical  predictions.  The  method  of  section  2  should  then  be 
applicable,  even  if  some  adaptation  to  the  problem  will  be  needed.  On  the  other  hand,  neglecting  the 
effects  of  data  uncertainties  or  the  multidimensionalily  of  the  fields  could  result  in  erroneous 
conclusions. 
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Fig.  3.  Monthly  high-frequency  (0. 1-2  cph)  HKE  from  17  data  sets  in  the  North  Atlantic, 
nonnalized  by  the  Brunt-VaisaiK  frequency,  versus  time  of  year.  The  solid  line  connects  the 
monthly  averages.  From  Briscoe  (1984). 


One  remark  is  in  order.  Dynamical  models  of  the  internal  wave  field  will  unavoidably  contain 
parameterizations  and  adjustable  parameters  (e.g.,  relaxation  or  dissipation  time).  A  poor  choice  in 
the  values  of  the  arbitrary  parameters  may  also  be  responsible  for  model-observation  discrepancies, 
without  impairing  the  model  validity.  Thus,  it  is  of  interest  to  include  model  tuning  in  the  statistical 
method.  If  there  is  only  one  or  two  parameters,  their  influence  on  the  misfit  (1)  can  be  easily  found, 
with  the  optimal  choice  corresponding  somehow  to  its  minimum  (see  an  example  in  Frankignoul  et 
al.,  1989).  However,  if  there  are  many  parameters,  the  problem  becomes  tedious.  Recent  efforts  at 
combining  model  testing  and  parameter  optimization  by  inverse  methods  are  underway,  and  they 
may  also  prove  useful  in  the  internal  wave  case. 

4.  Application  to  the  seasonal  varia^uhty  of  the  tropical  Atlantic 

To  illustrate  the  model  testing  method,  let  us  briefly  consider  its  application  to  the  numerical 
modeling  of  the  tropical  circulation.  Specifically,  we  want  to  verify  whether  the  OPA  general 
circulation  model  of  LODYC  is  able  to  simulate  the  mean  seasonal  changes  in  the  surface  dynamic 
topography  of  the  tropical  Atlantic,  approximated  by  the  0-4(X)  db  dynamic  height.  The  observed 
changes  have  been  recently  estimated  from  historical  data  by  Duch6ne  and  Frankignoul  (1991), 
who  performed  an  extensive  error  analysis  to  also  estimate  their  error  covariance  matrix.  The 
observations  are  compared  in  Fig.  5  (left)  to  the  prediction  of  the  OPA  model  (right).  The 
simulation  is  the  mean  of  a  run  forced  by  1982-1988  monthly  observed  winds  (Morli^sre  and 
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Fig.  4.  Schematic  representation  of  energy  correspondences  in  frequency-depth  space  observed 
at  Site  D  (39°20'N,  70°W)  during  a  two-month  period.  From  Frankignoul  (1974). 


DuchSne,  1991),  so  that  the  effects  of  the  random  wind  stress  errors  and  the  interannual  variability 
are  automatically  represented  in  the  error  covariance  matrix  that  is  calculated  from  the  7-year  model 
response.  The  error  associated  with  our  lack  of  knowledge  of  the  drag  coefficient  for  the  wind 
stress  is  also  taken  into  account  in  a  simplified  manner  by  assuming  a  20%  random  uncertainty  in 
its  value,  as  in  Frankignoul  et  al.  (1989). 

The  problem  is  to  establish  whether  the  two  series  of  12  montlily  maps  that  describe  the  mean 
seasonal  changes  in  space  and  time  are  consistent  with  each  other,  i.e.,  are  within  error  bars.  The 
overall  dimension  is  high  (number  of  grid  points  times  number  of  months),  and  the  noise  correlated 
(due  to  data  interpolation,  forcing  errors,  etc.).  Also,  the  sample  used  to  estimate  M  is  small,  and  D 
only  is  an  idealized  error  model.  Thus,  the  details  of  D  and  M  are  unreliable  and  a  strong  data 
compression  is  required.  It  is  efficiently  done  by  using  common  principal  component  analysis:  the 
first  four  common  empirical  orthogonal  functions  (EOFs)  (Fig.  6)  are  sufficient  to  represent  about 
90%  of  the  mean  simulated  changes  around  the  annual  mean  and  80%  of  the  (more  noisy)  observed 
ones.  Only  two  additional  orthonormal  vectors  are  needed  to  also  represent  the  annual  averages. 


OBSERVED 


Fig.  5.  Lefr.  mean  observed  0-400  db  dynamic  topography  in  dyn.  cm.  for  Februai7  (top)  ar 
August  (bottom).  Right.  Corresponding  prediction  using  the  OPA  general  circulation  model.  In 
both  cases,  the  space-time  mean  has  been  subtracted. 
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Fig.  6.  The  six  orthonormal  basis  vector  for  the  model-observation  comparison.  The  top  four 
vectors  are  the  common  EOFs  of  the  seasonal  variations. 


which  project  poorly  onto  the  common  EOFs.  In  Fig.  7,  the  observed  (dashed  line)  and  simulated 
(continuous  line)  seasonal  variations  are  represented  in  the  reduced  space,  together  with  95% 
confidence  intervals  estimated  from  the  diagonal  terms  of  the  error  covariance  matrices,  assuming 
normality.  Note  that  the  latter  are  based  on  univariate  statistics  and  do  not  represent  error 
correlation.  Nonetheless,  Figure  7  suggests  that  the  differences  between  the  observations  and  the 
simulations  in  Figure  5  cannot  be  entirely  explained  by  the  data  uncertainties.  This  is  confirmed  by 
the  results  of  the  statistical  test  in  Figure  8  with  (left)  and  without  (right)  the  annual  mean.  Note  that 
a  further  data  compression  was  done  in  the  time  domain  by  considering  only  four  seasons  (the 
dimension  is  thus  4x4  and  6x4,  respectively). 
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Fig.  7.  Observed  (dotted  line)  and  modeled  (continuous  line)  seasonal  variations  in  the  reduced 
space.  The  error  bars  are  univariate  estimates  of  the  95%  confidence  intervals. 


The  results  show  that  the  model  is  not  consistent  with  the  observations,  as  the  misfit  is  much 
larger  than  the  critical  value  T^crit  for  perfect  consistency  at  the  5%  level.  Recall  that  (1)  is  a 
measure  of  the  (square)  d^Tcrer.ce  between  simulations  and  observations,  normalized  by  the  data 
uncertainties,  and  not  an  abso  ute  measure  of  the  fit;  if  the  data  uncertainties  had  been  larger,  T^ 
would  be  smaller  but  the  niodel  would  not  perfoim  better.  The  test  only  shows  that  the  model- 
observation  differences  are  about  three  (no  mean)  or  four  (with  mean)  times  (i.e.  (T2/T2crit)J/2) 
larger  than  expected  from  the  data  uncertainties,  at  the  5%  level.  This  indicates  that  there  remains 
substantial  room  for  model  improvements.  Tlie  results  also  show  that  the  GCM  performs  better  for 
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the  mean  seasonal  changes  around  the  annual  mean  than  for  the  whole  signal.  This  has  also  been 
found  for  all  other  models  and  variables  that  have  been  considered,  and  presumably  redects  the  fact 
that  the  long-term  mean  depends  more  on  the  representation  of  the  dissipation  processes,  which  is 
generally  very  approximate. 

Figure  8  also  represents  for  comparison  the  test  results  for  two  simpler  models,  the  linear, 
multi-mode  model  of  Cane  (1984)  and  the  2-layer  nonlinear  LODYC  model  (Fdvrier,  in 
preparation).  The  test  values  show  that  the  tropical  Atlantic  data  are  accurate  enough  to  distinguish 
between  the  performances  of  different  oceanic  models,  and  the  OPA  model  performs  significantly 
better  then  the  two  other  models,  consistently  with  its  much  higher  sophistication.  This  illustrate  the 
usefulness  of  the  model  testing  approach,  and  the  interest  of  quantifying  as  realistically  as  possible 
all  the  data  uncertainties. 


LINEARZLAYER  OPA  LINEAR2LAYER  OPA 

WITH  MEAN  NO  MEAN 

Fig.  8.  Value  of  T^  for  three  models  (see  text)  used  to  simulate  the  seasonal  cycle  of  surface 

dynamic  topography  in  the  tropical  Atlantic  with  Oeft)  and  without  (right)  annual  mean.  The  error 
bars  represent  approximate  95%  confidence  intervals,  the  dashed  line  the  critical  value  forT^  at  the 
5%  level. 
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ABSTRACT 

We  attempt  to  show  that  the  use  of  stochastic  inverse  methods  allows  us  to  precisely  test 
proposed  models  of  oceanic  dynamical  structure.  It  is  the  integrative  property  of  the  propagating 
acoustic  wave  that  enables  us  to  "view"  ocean  dynamics  on  scales  that  would  be  impossible  with 
traditional  ocean  instrumentation.  Unfortunately,  because  there  has  been  a  lack  of  propagation 
experiments  conducted  where  the  ocean  dynamics  are  well  understood,  we  are  unable  to  fully 
demonstrate  the  use  of  the  concepts  we  present.  Additional  investigations  are  required. 
Theoretical  and  numerical  studies  of  acoustics  in  "numerical  oceans"  can  provide  new 
information  on  the  scales  of  ocean  dynamics  that  are  important  for  sound  propagation.  In  turn, 
this  information  will  tell  us  how  thoroughly  we  need  to  model  ocean  variability  in  order  to 
predict  propagation  characteristics.  We  show  that  the  important  scales  of  ocean  variance  are 
much  larger  than  the  acoustic  wavelength,  when  the  ranges  correspond  to  standard 
range/frequency  combinations.  Finally,  we  present  some  ideas  for  future  work  using  acoustics  to 
verify  a  "new  model,"  and  discuss  the  temporal  and  spatial  scales  for  a  possible  experiment. 


INTRODUCTION 

Our  comprehension  of  wave  propagai’on  in  random  media  has  progressed  to  the  point  where 
tlieoretical  predictions  of  the  fluctuations  in  sound  waves  that  have  passed  through  a  medium 
with  a  known  autocorrelation  function  of  the  acoustic  index  of  refraction  are  quite  accurate.  Thus, 
the  focus  of  the  ’Aha  Huliko’a  meeting  on  "new"  ocean  dynamical  and  internal  wave  models  is 
not  only  an  important  step  in  improving  our  understanding  of  ocean  processes,  but  could  herald  a 
significant  advance  in  our  ability  to  test  acoustic  scattering  predictions.  In  this  paper,  we  have 
attempted  to  provide  an  overview  of  the  elements  of  ocean  dynamics  required  by  the  acoustician 
to  make  the  ocean/acoustics  link. 

First,  we  present  a  brief  review  of  the  parameterization  of  ocean  internal  waves  and  fmestructure 
used  in  acoustic  propagation  theory,  and  illustrate  some  of  the  progress  being  made  in  predicting 
acoustic  scattering.  Second,  using  a  specific  example,  we  demonstrate  the  power  of  ocean 
acoustic  stochastic  inverse  methods.  Note  that,  by  stochastic  inverse,  we  mean  "imaging"  the 
correlation  or  spectral  properties  of  the  index  of  refraction  field  rather  than  the  index  of  refraction 
itself.  We  then  discuss  how  one  sets  limits  to  the  wavenumber/frequency  bandwidth 
requirements  of  ocean  models  in  the  context  of  acoustic  scattering.  Finally,  we  present  some 
ideas  for  a  future  coordinated  ocean/acoustics  research  effort. 

Ocean  internal  waves  have  a  dramatic  effect  on  sound  propagation.  Consider  the  numerical 
examples  of  acoustic  propagation  shown  in  Figure  1.  The  intensity  of  a  sound  wave  propagating 
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in  the  depth/range  plane  is  shown  for  depths  to  4000  m  and  for  the  range  interval  from  35  to  65 
km.  Figure  1(a)  has  a  vertical  sound  speed  profile  that  is  range-independent.  Figure  1(b),  in 
addition  to  the  range-independent  profile  of  1(a),  includes  random  internal  wave  induced 
fluctuations.  Sharp  foci  of  sound  channel  convergences  are  seen  in  1(a).  In  1(b),  the  internal 


0.0., 


-7.0e-02 


(a) 


1000,0. 


.0  65.0 


45.0 


55.0  60.0  65.0 


L5.0e-09 


Range  /  km 


Figure  1.  The  intensity  of  a  sound  wave  propagating  in  the  depth/range  plane  is  shown  for  depths 
to  4000  m  and  for  the  range  interval  from  35  to  65  km.  The  vertical  sound  speed  is  derived  from 
the  Munk  canonical  profile,  and  propagation  is  calculated  using  a  wide  angle  parabolic  equation 
(PE)  code.  The  narrow  beam  source  is  above  and  near  the  axis  of  the  sound  channel,  (a)  Range- 
independent  case,  without  internal  waves.  One  sees  sharp  foci  due  to  sound  channel 
convergences,  (b)  As  in  (a)  with  internal  wave  variability  added  into  the  environment.  The  rms 
internal  wave  displacement  is  7.3  m.  The  foci  are  smeared  and  diffuse  and  ribbons  of  intensity 
have  formed. 
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wave  perturbations  have  destroyed  the  foci  and  the  sound  field  has  broken  up  into  ribbons  of 
intensity.  These  ribbons  of  sound  have  been  directly  observed  and  are  discussed  in  a  paper  by 
Uscinski  and  Potter  (1988).  We  wish  to  predict  the  scattering  statistics  of  these  wave  fields,  and 
exploit  them  using  stochastic  inverse  methods.  In  a  discussion  of  internal  waves,  two  points 
regarding  acoustic  propagation  must  be  emphasized:  (1)  Because  sound  is  the  only  form  of 
energy  (other  than  neutrinos)  that  can  propagate  long  distances  in  the  sea,  it  may  be  possible  to 
monitor  the  ocean  using  inversion  of  information  on  acoustic  travel  time.  (2)  In  order  to  study 
sound  propagation  in  the  stochastic  ocean,  the  dynamical  space/time  statistics  must  be  known. 


SOUND  VELOCITY  FLUCTUATIONS  IN  A  STOCHASTIC  OCEAN 

The  coordinate  system  we  use  to  discuss  stochastic  ocean  behavior  is  shown  in  Figure  2.  The 
two-point  separation  coordinates  are  ^  =  x  i  -  x  2,  i)  =  y  j  -  y  2.  C  =  ^  j  -  z  2,  T  =  / 1  -  r 2.  and  the 
Fourier  conjugate  variables  in  the  wavenumber/frequency  domain  are  aj,  02,  P,  and  to. 
Propagation  takes  place  in  the  x-d*iection. 


Figure  2.  Coordinate  system. 


Following  Uscinski  (1986),  the  index  of  refraction,  n ,  is  written  as  the  sum  of  a  depth-dependent 
deterministic  component,  and  a  stochastic  component,  n  j. 

rt(x,y,z,r)=l  +rtrf(z)  +  <|iV'^«i(x,y,z,f).  (1) 


The  rms  index  of  refraction  fluctuation,  is  related  to  sound  speed  fluctuations,  8C  (arising 
from  vertical  displacements  or  velocities  in  the  propagation  direction). 


2JA  <5C2-''^ 


(2) 


where  C 0  is  the  reference  sound  speed.  We  represent  the  two-point  statistics  of  n  i(a:  ,y  ,z  ,t )  by 
the  power  spectrum. 


5(ai,a2,p,(o).  (3) 

In  general,  <\l^>  is  a  function  of  depth.  However,  if  a  ray  traverses  a  narrow  r  mge  in  depth,  <|X^> 
can  be  considered  constant.  Subsequently,  we  will  discuss  experiments  carried  out  at  Cobb 
Seamount  in  the  N.E.  Pacific  at  a  depth  of  1000  m,  and  this  is  such  a  region.  For  the  general  case, 
the  depth  dependence  provides  little  or  no  difficulty  for  simulations  but  adds  complexity  to 
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theoretical  predictions  of  the  moments  of  the  acoustic  field.  We  impose  tlie  traditional  internal 
wave  assumptions  of  horizontal  isotropy  and  vertical  homoceneity  on  the  medium  statistics.  For 
simplicity,  we  will  assume  that  locally  the  buoyancy  frequency,  and  hence  <|J.^>  is  depth 
independent.  Under  these  conditions,  the  space/tinie  spectrum  of  n  \{x,z  ,t)  may  be  written, 

S(a,p,(o),  where  a^  =  ai^  +  a2^.  (4) 


(We  define  the  spectrum  such  that  the  integral  over  positive  frequencies  and  wavenumbers  is 
s  1.)  The  horizontally  isotropic  medium  correlation  function  is. 


S(a,p,(o) 


(5) 


where  F  {..}  indicates  a  Fourier  transform.  Note  that  R  (0,0,0,0)  =  In  the  theoretical 
treatment  of  scattering,  the  medium  is  represented  by  a  projection  of  the  medium  correlation 
function  in  the  direction  of  wave  propagation  called  the  transverse  correlation  function  (TCF). 
The  TCF  is  obtained  from  the  correlation  function  by 


(0,0,0)  "jL  <\ih  ' 


(6) 


I?  is  the  function  we  will  discuss  in  the  stochastic  ocean  context.  The  Fourier  transform  ofR^ 
is  written  S  j,(P,  (o),  and  is  called  the  transverse  spectrum.  Note  that  Ti,  the  transverse  horizontal 
coordinate,  has  been  suppressed  (i.e.  T]  =  0 ).  The  r]  separations  will  not  be  treated  here. 


The  ocean  processes  we  consider  are  tides,  internal  waves  and  finestructure.  Finestructure  is  the 
name  given  to  the  poorly  understood  portion  of  oceanic  fluctuations  in  space  and  time  that  do  not 
possess  a  wave-like  dispersion  relationship,  but  give  appreciable  variance  in  5C .  Asa  specific 
example,  we  turn  to  consider  the  TCF  used  to  study  the  acoustic  propagation  regime  that  existed 
during  the  Mid-Ocean  Acoustic  Transmission  Experiment  (MATE). 


THE  MATE  TCF 

At  the  ’Aha  Huliko’a  Meeting,  our  goal  is  to  develop  a  "new"  stochastic  ocean  raodel.  The  model 
we  seek  to  replace  is  based  on  considerations  of  a  spectrum  of  linear  internal  waves,  and  the 
parameters  and  spectral  dependencies  of  the  model  were  obtained  by  fitting  the  model  to  data 
sets,  i.e.  "data  fits."  Many  authors  have  pointed  out  that  linear  internal  waves  alone  cannot 
represent  observations,  and  attempts  to  model  the  additional  variance  have  been  stymied  by 
insufficient  data  in  most  experiments. 

The  Mid  Ocean  Acoustic  Transmission  Experiment  (MATE)  was  designed  to  provide  a  detailed 
set  of  both  temporal  and  spatial  oceanographic  and  acoustic  measurements.  The  MATE 
oceanographic  setting  (1000  m  depth,  Lat.  46°46’N.,  Long.  130°47’ W)  typifies  open  ocean 
conditions.  The  exception  is  a  strong  baroclinic  tide  caused  by  the  presence  of  several  seamounts. 
The  oceanographic  measurements  during  MATE  were  sufficient  to  overdetermine  S  (a,p,(0). 
Details  of  the  data  analysis  for  fmestmcture  and  internal  waves  are  found  in  Levine  and  Irish 
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(1981)  and  Levine  et  al.  (1986).  It  was  possible  to  obtain  a  model  of  5  (a,P,co)  for  MATE  based 
upon  a  lit  to  the  various  projections  of  5 .  We  will  now  show  that  insight  into  the  models  can  also 
be  obtained  from  the  MATE  acoustical  measurements. 


The  general  form  of  the  TCP  is  written  for  the  case  of  separable  vertical  and  time  correlations  as 


f^/H'/s(0.0.0) 


'pjwj^s 


^IW,FS&  . 

- — - — ,  where 
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^p  JWJ-'S  i.AV/'s(0,0). 

For  internal  waves,  following  Uscinski  (1980)  we  write 
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where  G(0))  and  H  (P)  are  obtained  from  the  model  presented  in  Levine  et  al.  (1986);  rjo  arises 
from  the  internal  wave  dispersion  relationship, 
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to,'  and  to„  are  the  inertial  and  buoyancy  frequencies,  respectively.  P^  is  the  vertical  wave  number 
corresponding  to  the  lowest  internal  wave  mode.  The  model  in  this  form  is  written  as 
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With  the  exception  of  the  variable  spectral  slope,/?,  this  model  is  the  same  as  that  of  Desaubies 
(1976).  The  Desaubies  and  GM  formulations  (for  GM  see  Munk  (1981))  specify  p  =  3.  Also,  this 
model  uses  a  continuous  vertical  wavenumber  representation  rather  than  the  modal 
decomposition  used  by  GM.  The  parameter,  r,  is  the  bandwidth  parameter  of  Desaubies.  Note 
that  the  or  p-©  functions  are  separable.  This  fact  simplifies  both  theory  and  numerical 
simulation. 


For  finestructure,  we  use  a  form  based  upon  that  of  Levine  and  Irish  (1981).  They  postulated  two 
processes:  one  at  low  wavenumbers  and  low  frequencies  that  is  characterized  by  a  slow  decay 
compared  to  the  inertial  period,  and  another  process  that  is  characterized  by  high  wavenumbers 
and  frequencies,  that  is  modulated  by  the  internal  wave  field.  The  high  wavenumber  process  has 
a  veiy  low  variance,  and  thus  little  effect  on  acoustic  propagation.  It  has  been  discussed  by  Ewart 
et  al.  (1983),  and  will  not  be  mentioned  here  except  in  relation  to  the  acoustic  phase  correlations. 
The  low  frequency  finestructure  model  has  an  asymptotic  dependence  in  the  spectral  domain  of 
ct"^.  P'^.  and  The  forms  oiRps  and  /?  are 
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We  have  taken L^-fj  =  I  Lu ^  =Lp^;  /T,  is  the  Bessel  function. 

Armed  with  the  specific  form  of  the  TCP,  we  now  proceed  to  discuss  the  observed  acoustic 
fluctuations  and  stochastic  inverse  predictions.  For  a  more  general  discussion  of  the  forward 
problem,  see  Ewart  (1986). 

A  PHASE  STOCHASTIC  INVERSE 


For  fifteen  days  during  the  time  that  MATE  oceanographic  measurements  were  made,  acoustic 
pulses  having  center  frequencies  near  2, 4, 8,  and  13  kHz  were  transmitted  along  an  18.1  km  path 
near  lOCX)  m  depth.  These  transmissions  were  made  between  a  fixed  set  of  co-located 
transmitters  and  fixed,  spatially  separated  receivers  (four  receivers  were  located  at  the  comers  of 
a  rectangle  3  m  high  by  235  m  in  a  plane  transverse  to  the  propagation  path;  see  Ewart  and 
Reynolds  (1984)).  With  a  maximum  angle  of  just  over  3®,  the  path  was  nearly  horizontal.  The 
transmission  path,  and  a  single  realization  of  the  density  field  ftom  source  to  receiver  is  shown  in 
Figure  3.  We  wish  to  obtain  the  time-varying  spectrum  of  this  density  field  by  stochastic  inverse 
methods. 


Figure  3.  A  single  realization  of  the  density  field  along  the  MATE  transmission  path  from  source 
to  receiver.  The  measurements  were  obtained  from  a  depth  cycling  mn  of  vSPURV.  The  potential 
density  shades  range  from  27.3  (top)  to  27.5. 


Acoustic  Implications  of  a  New  Model 


We  can  learn  a  great  deal  from  the  temporal  correlations  of  the  acoustic  phase.  (Aside:  in  a 
geometric  scattering  environment,  pulse  travel  time  and  phase  are  interchangeable.)  The  tidal, 
internal  wave  and  finestructure  processes  are  clearly  seen  in  the  phase  spectrum  from  the  15  day  2 
kHz  data  set  (Figure  4).  The  phase  spectra  for  the  other  frequencies  of  MATE  are  virtually 
identical  out  to  temporal  frequencies  well  above  the  buoyancy  frequency,  indicating  the 
geometric  nature  of  the  phase  fluctuations.  The  spectrum  has  been  expressed  in  <p.^>  units  by 
multiplying  the  measured  travel  times  by  CotiL^  R  with  Co  =  1480  m/s,  Lp=4600  m,  and 
/?=18. 1  km.  The  validity  of  this  conversion  relies  upon  the  travel  time  being  geometric.  The 
integral  of  the  spectrum  is  <|x^>.  The  diurnal,  semidiurnal,  and  quarter-diurnal  (overtone  of  the 
semidiurnal)  tidal  lines  are  evident,  as  is  the  sharp  drop-off  at  to,-  and  co^, .  The  dashed  lines 
indicate  a  flt  to  the  deterministic  tides  using  a  simultaneous  deterministic/stochastic  inverse  to  a 
model  that  includes  a  trend  function,  tides,  finestructure  and  internal  waves.  The  finestructure 
and  internal  waves  were  modeled  as  the  Fourier  transforms  of  Equations  15  and  18,  respectively. 
(If  the  phase  is  geometric,  the  phase  spectrum  is  related  to  the  Fourier  transform  of  the  TCF;  see 


SD 


cph 

Figure  4.  MATE  2  kHz  travel  time  (phase)  spectrum  in  <p^>  units  per  cycle  per  hour.  The 
spectral  estimate  was  computed  using  the  DPSS  method  described  by  Slepian  (1978).  Four 
discrete,  prolate  spheroidal  windows  were  used.  The  dashed  lines  are  the  tidal  components 
obtained  by  the  fit  described  in  the  text;  the  spectral  windows  are  evident  in  the  tide  lines. 
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Uscinski  (1986).)  The  tides  were  modeled  as  a  sum  of  sine  and  cosine  terms  with  independent 
coefficients.  This  stochastic  inverse  method  is  the  frequency  domain  equivalent  to  the  inverse 
published  by  Ewart  (1986)  where  the  correlation  function  was  used.  The  results  of  the  inverse  can 
be  used  to  remove  the  deterministic  functions  from  the  time  series.  The  2  kHz  acoustic  phase 
record  in  the  time  domain  is  shown  in  Figure  5,  before  and  after  removal  of  the  trend  and  tide 
model.  Although  the  determinism  of  the  tides  is  assumed,  the  large  baroclinic  tide  is  almost 
certainly  time  dependent  over  the  15  days. 


Acoustic  Implications  of  a  New  Model 


To  compare  the  travel  time  spectrum  to  the  more  familiar  moored  temperature  spectrum,  a 
similar  inversion  is  applied  to  the  temperature  time  series.  The  30  day  temperature  record  is 
windowed  to  the  same  15  day  period  as  the  acoustic  data  and  resampled  to  the  same  time  grid. 
The  modeled  form  of  the  temperature  spectrum  is  a  different  integral  of  S  (a,p,co),  i.e.,  the 
moored  specuum: 


J  j5(a,p,co)iadp.  (19) 


To  get  the  moored  spectrum  at  the  ray  depth  in  <\L^>  units,  we  convert  the  temperature 
fluctuations  to  sound  speed  changes  and  use  Eq.  (2).  Plots  of  both  the  travel  time  and 
temperature  spectra  in  these  units  are  illustrated  in  Figure  6.  The  plots  include  only  the  stochastic 
components,  with  the  tidal  components  removed  as  described  above. 

Three  distinct  regions,  separated  by  (O,-  and  a>„  are  indicated.  The  modeled  ©-dependence  for 
each  region  is  shown.  Region  I  is  represented  by  the  low  wavenumber/low  frequency 
fmestructure  given  by  Eq.  (18).  We  see  that  the  moored  and  the  travel  time  spectra  are  identical 
within  statistical  limits.  These  limits  are  large  due  to  the  short  (15  day)  time  record.  This  supports 
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Figure  6.  Plots  of  the  travel  time  and  moored  temperature  spectra  in  <\i^>  units.  The  tidal 
components  have  been  removed;  only  the  stochastic  components  remain  in  the  data. 
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the  model  having  no  distinct  dispersion  relation  (i.e.  the  moored  temperature  spectrum  and  the 
travel  time  spectra  have  the  same  spectral  slope).  The  500  hour  value  of  Xq  used  in  the  model 
arises  from  the  constraint  of  equal  variance  of  finestructure  and  internal  waves  found  in  the  p- 
doraain  (Levine  and  Irish,  1981).  In  region  II,  we  see  strong  evidence  that  the  internal  wave 
model  is  correct.  The  differing  spectral  forms  of  for  the  moored  spectrum  and  for  the 
travel  time  spectrum  support  the  effect  of  the  internal  wave  dispersion  relation  (i.e.  the  travel 
time  spectmm  differs  in  spectral  slope  by  -1  from  the  temperature  spectrum).  Also,  the  spectral 
cutoffs,  the  value  of  p ,  and  the  normalization  of  the  model  are  supported.  In  region  III,  the  (0~^ 
spectral  slope  of  the  moored  spectrum  and  the  (CT^  spectral  slope  of  the  travel  time  spectrum 
provides  strong  evidence  that  the  high  wavenumber  finestructure  is  advected  by  internal  waves 
(hence  the  effect  of  the  internal  wave  dispersion  relation). 

We  have  attempted  to  show  both  the  complexity  of  the  ocean  TCP  as  well  as  the  large  diversity 
of  oceanographic  data  needed  to  confirm  ocean  spectral  models.  The  ability  of  the  acoustic  field 
to  give  us  an  integral  constraint  on  the  model  through  phase  correlations  must  be  emphasized.  It 
should  also  be  emphasized  that  the  inversion  was  done  individually  on  each  data  set.  A  combined 
inversion  is  also  possible  (and  is  under  proposed  study).  The  combined  inversion  would  impose, 
in  a  consistent  manner,  the  relationships  between  the  oceanographic  and  acoustic  data  sets 
exhibited  in  Figure  6.  A  future  combined  oceanographic/acoustic  experiment  would  exploit  these 
same  relationships  in  a  test  of  the  new  dynamical  internal  wave  model. 


AATE  ACOUSTIC  FIELD  MEASUREMENTS 

MATE  demonstrated  that  the  acoustic  scattering  conditions  can  be  determined  when  extensive 
environmental  measurements  are  made  simultaneously  with  acoustic  field  measurements. 
Although  MATE  provided  a  long  series  of  temporal  acoustic  measurements,  only  a  few  spatially 
separated  receivers  were  used.  To  augment  our  understanding  of  the  spatial  characteristics  of  the 
scattered  field,  AATE  (the  AIWEX  Acoustic  Transmission  Experiment)  was  designed  to  make 
both  vertical  and  temporal  measurements  of  the  acoustic  field.  The  transmission  experiment 
(conducted  under  multi-year  ice  in  the  central  Beaufort  Sea)  consisted  of  four  co-located 
transmitters  (2,4,8,16  kHz)  suspended  beneath  the  ice  at  153  m  depth.  These  were  positioned  6.43 
km  from  a  depth  cycling  array  of  3  receivers,  separated  by  5 1  m  (the  depth  cycle  was  51m 
providing  a  153  m  vertical  aperture).  Simultaneous  environmental  measurements  were  made  by 
several  investigators  from  several  institutions.  A  study  of  AIWEX  moored  data  by  Levine  (1990) 
has  resulted  in  an  internal  wave  model. 

Figure  7  displays  the  travel  time  and  log-intensity  spectra  measured  over  two  time  periods  during 
AATE.  (A  strong  wind  event  occurred  between  the  two  time  periods,  making  interpretation  of  the 
travel  time  measurements  across  the  event  difficult,  if  not  impossible.)  The  spectra  in  Figure  7 
may  be  compared  to  those  taken  during  MATE.  Predictions  from  the  weak-scattering  theory  of 
Desaubies  (1978)  are  shown  with  the  observations  from  before  the  wind  event.  The  acoustic 
fluctuations  are  significantly  less  energetic  ( =  l/50th )  than  those  expected  under  canonical  GM, 
open  ocean  conditions  (the  GM-parameters  have  been  adjusted  for  the  AIWEX  buoyancy 
frequency  profile).  In  addition,  the  spectral  slope  of  the  travel  time  spectra  is  a  power  less  than 
the  prediction.  These  results  are  similar  to  those  obtained  from  measurements  made  at  the 
AIWEX  environmental  moorings  (Levine,  1990).  Note  that  the  travel  time  spectra  observed  after 
the  wind  event  display  a  peak  at  the  local  inertial  frequency.  This  feature  is  also  seen  in  the  two 
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Figure  7.  AATE  observed  log-intensity  and  travel  time  spectra  for  a  3  day  time  period  before  a 
wind  event  and  a  4.3  day  time  period  after  the  same  event.  To  show  the  temporal  behavior,  a 
fixed  depth  data  series  was  obtained.  Spectra  obtained  from  the  2, 4  (dashed)  and  8  kHz  data  sets 
are  shown.  Predictions  obtained  using  the  canonical  GM-model  ate  overplotted  on  the  left-hand 
graphs. 


dimensional  2  kHz  travel  time  spectra  shown  in  Figure  8.  The  presence  of  the  inertial  peak  after 
the  wind  event  shows  a  serious  lack  of  stationarity.  This  complicates  modeling,  but  also  indicates 
that  additional  interesting  oceanographic  processes  were  present  after  the  wind  event.  Sorting  out 
the  mechanisms  requires  close  examination  of  the  environmental  data  taken  during  these  two 
time  periods. 

A  goal  was  to  invert  the  AATE  acoustic  phase  measurements  and  obtain  a  prediction  for  the 
internal  wave/linestructure  spectrum,  analogous  to  what  was  done  with  the  MATE  results. 
Though  the  AATE  travel  time  measurements  were  made  to  accuracies  of  a  few  microseconds  out 
of  a  total  travel  time  of  4  seconds,  the  travel  times  are  contaminated  by  mooring  motions  of  less 
than  1  cm.  This  contamination  makes  tlieir  use  for  an  inversion  problematic.  However,  when  the 
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Figure  8.  AATE  travel  time  spectrum  as  a  function  of  vertical  wavenumber  and  frequency 
estimated  from  the  2  kHz  measurements.  A  peak  is  observed  near  the  inertial  frequency  in  the 
spectrum  from  after  the  wind  event. 


scattering  is  sufficiently  weak,  stochastic  inverse  predictions  are  possible  from  the  amplitude 
measurements.  Under  the  conditions  of  AATE,  we  should  be  able  to  obtain  the  environmental 
field  from  inversion  of  the  log-amplitude  statistics.  This  analysis  remains  to  be  completed.  The 
value  of  the  spatial  inversion  is  implied  by  the  predictions  shown  in  Figure  9.  These  are  the 
wavenumber  spectral  filters  of  acoustic  phase  and  log-amplitude  obtained  from  the  Rytov 
predictions  of  Desaubies  (1978).  The  predicted  phase  and  log-amplitude  spectra  are  obtained  by 
multiplying  the  medium  spectrum,  S  ((3,co),  by  the  appropriate  filter  function. 

Note  that  for  more  traditional  open  ocean  scattering  conditions,  the  acoustic  intensity  probably 
carmot  be  used  as  an  inversion  tool.  It  is  beyond  the  scope  of  this  paper  to  discuss  comparisons 
between  theory  and  measured  intensity  statistics.  But  for  propagation  ranges  of  more  than  a  few 
kilometers  in  most  of  the  ocean,  a  multiple-scattering  theoiy  is  required.  When  the  field  has  been 
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Figure  9.  ITie  acoustic  filters  as  functions  of  vertical  wavenumber  for  co  =  .3  cph  that  act  on  the 
medium  spectrum  for  the  log-amplitude  (a)  and  phase  (b).  These  functions  were  obtained  using 
the  weak-scattering  theoiy  of  Desaubies  (1978). 


multiply  scattered,  the  intensity  statistics  can  no  longer  be  understood  as  the  action  of  a  linear 
filter,  like  that  shown  in  Figure  9.  Fortunately  though,  the  multiple  scattering  effect  on  the 
acoustic  phase  is  small  enough  that  it  can  be  used  as  an  inversion  tool  apparently  even  for  long 
range  cases.  Although  the  AATE  measurements  provided  measurements  both  in  the  vertical  and 
in  time,  the  weak  acoustic  phase  fluctuations  were  masked  by  small  mooring  motions.  Because 
virtually  no  other  space/time  measurements  of  the  acoustic  field  have  been  made  under  conditions 
where  the  scattering  field  is  known,  further  studies  of  the  stochastic  inverse  methodology 
requires,  at  least  for  the  near  future,  taking  a  numerical  approach.  Our  current  work  presents 
some  examples  relevant  to  the  oceanographic  community  and  demonstrates  the  validity  of  this 
approach. 


NUMERICAL  SIMULATIONS  AND  THEORY 

Much  has  been  learned  about  acoustic  fluctuations  from  numerical  simulations.  An  example  is  its 
use  in  testing  acoustic  scattering  theory.  The  technique  of  using  parabolic  equation  propagation 
codes  to  test  moment  theoretical  predictions  was  initiated  by  Macaskill  and  Ewart  (1984).  Since 
then,  their  technique  has  been  modified  to  include  a  point  source  initial  condition  and  other 
important  physics.  The  moment  theories  are  full  range  theories,  and  not  asymptotic  at  short  or 
long  range;  thus,  they  are  important  to  ocean  acoustics. 

Figure  10  shows  a  contour  plot  of  the  normalized  intensity  variance  (traditionally  called  the 
scintillation  index)  as  a  function  of  acoustic  frequency  and  range  (from  Ewart,  1989).  The  input 
ocean  model  used  for  theTCF  is  R  jl(0  =  (1  -h  |^|/Ly)exp(-|^  j/Lv)  which  is  asymptotically 
in  the  vertical  wavenumber  domain.  The  normalization  is  typical  of  mid-ocean  internal  waves 
with  <)t^>  =  3.0- 10“®,  Lp  =  4600  m,  and  Ly  =  150  m.  For  frequencies  above  1  kHz,  the 
scintillation  index  rises  to  a  maximum  at  a  location  called  the  focus  of  the  medium,  and  then 
decays  to  a  value  of  one.  The  noise  cutoff,  plotted  as  a  heavy  solid  line,  demonstrates  that  for 
frequencies  above  1  kHz,  reaching  long  ranges  will  be  difficult  in  the  ocean. 
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Figure  10.  Contours  of  the  normalized  intensity  variance  vs  frequency  and  range.  Crosshatched 
areas  are  the  asymptotic  regions  for  the  log-normal  and  exponential  distributions.  The  solid  line 
shows  the  range  limit  for  a  200  dB  source  (for  Sea  State  IV  noise  levels),  and  the  dashed  line  is 
the  boundary  for  multiple  scattering. 


For  our  purposes,  it  is  important  to  note  that  Uscinski’s  full  range  theory  for  plane  wave 
propagation  is  in  excellent  agreement  with  the  plotted  scintillation  indices,  and  with  the  vertical 
wavenumber  decomposition  of  the  intensity  variance.  Similar  studies  of  the  point  source  initial 
condition  display  a  scintillation  peak  that  is  higher.  These  features  are  also  obtained  with  Jieory. 
Uscimki  (1989)  has  demonstrated  that  when  using  parabolic  equation  propagation  in  polar 
coordinates  (the  natural  coordinates  for  a  point  source)  the  predictions  from  moment  theory  and 
results  of  the  simulations  agree  to  within  statistics.  For  that  work  a  Gaussian  TCP  was  used,  and 
more  work  remains  to  be  done  for  power  law  media  such  as  the  case  with  internal  waves.  But  the 
overall  agreement  demonstrates  that  the  moment  theory  solutions  are  robust  over  diverse 
scattering  conditions  and  ranges.  The  underlying  point  is  that,  for  a  given  medium  transverse 
correlation  function,  the  numerical  experiments  have  shown  that  available  theories  of  stochastic 
wave  propagation  can  predict  the  second  and  fourth  moments  of  the  acoustic  field.  Our  ability  to 
predict  acoustic  fluctuation  statistics  under  true  ocean  conditions  then  depends  upon  the  validity 
of  the  TCF,  and  hence  the  importance  to  acoustics  of  the  new  internal  wave  modeling  effort. 


WHAT  SCALES  ARE  IMPORTANT  FOR  ACOUSTICS? 

Our  last  example  is  from  numerical  evaluation  of  theory.  The  example  comes  from  asking  the 
question,  "If  an  oceanographer  made  vertical  measurements  of  sound  speed  fluctuations,  what 
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scales  in  those  measurements  are  important  in  predicting  acoustic  volume  scattering?".  This 
question  has  been  addressed  in  recent  work  by  Ewart  and  Ballard  (1990).  They  attempted  to 
establish  the  small  scale  limit  for  oceanographic  measurements  required  to  predict  the 
scintillation  index,  given  a  known  TCP.  Because  ocean  scattering  is  characterized  by  weak  but 
multiple  scattering,  all  scales  of  the  medium  can  theoretically  contribute  to  all  scales  in  the 
prediction  of  the  acoustic  intensity.  Using  Uscinski’s  theory  to  predict  the  intensity  fluctuations 
with  depth,  the  following  computation  was  carried  out.  Using  a  TCP  derived  from  the  internal 
wave  model  presented  in  Levine  and  Irish  (1981),  and  a  specific  range  and  scattering  strength,  a 
prediction  for  the  scintillation  index  was  obtained  for  the  condition  of  an  inner  scale  wavenumber 
cut-off  in  the  transverse  spectrum  of  0.1  cpm  (10m).  Denote  this  value  of  the  scintillation  index 
as  Slf.  The  cut-off  wavenumber  was  then  decreased  until  a  scintillation  index  equal  to  .9  or  1.1 
of  SI,  was  reached.  The  two  regions  correspond  to  before  and  after  the  medium  focus.  This 
process  was  then  repeated  for  a  wide  range  of  scattering  strengths  and  ranges.  A  contour  plot  of 
these  90%  and  110%  cut-off  wavenumbers  as  functions  of  acoustic  frequency  and  range  is  shown 
in  Pigure  11.  (This  parameterization  requires  selecting  specific  internal  wave  model  parameters. 


Cutoff  Wavelength  (m) 
unshaded  (limit  =  0.9  x  SI) 
shaded  (limit  =  1.1  x  SI) 


Pigure  11.  The  vertical  scale  to  reach  90  or  110  %  of  the  scintillation  index  calculated  to  a  limit 
of  10  m  (see  text)  as  a  function  of  range  and  acoustic  frequency.  The  contours  are  derived  by 
selecting  the  MATE  values  of  Lp  and  Ly.  As  in  Pigure  10,  the  bold  line  corresponds  to 
the  noise  limit  for  a  200  dBpPa/m  source,  the  thin  line  denotes  the  multiple  scattering  boundary. 
In  the  region  denoted  ">10",  the  cutoff  is  at  the  Levine/Irish  inner  scale,  and  hence  unchanging. 
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the  ones  listed  above  were  used.)  The  bold  line  shown  corresponds  to  the  noise  limit  for  a  200 
dB^iPa/m  source;  the  light  solid  line  denotes  the  multiple  scattering  boundary.  The  result  is  that 
for  ranges  greater  than  a  few  kilometers  and  frequencies  less  than  10  kHz,  small  vertical  scales 
contribute  little  to  the  scintillation  index.  Note  also  that  the  smaller  scales  become  less  important 
as  the  range  (and  hence  cumulative  scattering)  increases. 

In  the  numerical  simulations,  the  medium  is  treated  as  consisting  of  5-correlated  phase  changing 
screens  that  are  statistically  described  by  the  TCF.  The  question,  "Is  it  theoretically  permissible  to 
represent  the  ocean  statistics  in  this  manner?"  has  been  studied  in  additional  research  conducted 
by  Ewart  and  Kaczkowski  (1990).  They  have  studied  medium  models  that  are  correlated  in  range, 
versus  those  described  by  8-correlated  screens  (i.e.  a  Markov  process).  Their  research  shows  that 
little  difference  exists  in  the  acoustic  field  moments  for  the  two  descriptions.  This  result,  when 
considered  with  the  observations  presented  in  the  previous  paragraph  on  the  effects  of  changing 
the  inner  scale,  allows  us  to  simplify  oceanographic  modeling  for  simulating  acoustics.  This 
simplification  is  incorporated  into  our  discussion  of  dynamical  modeling  in  the  Summary  section. 


SUMMARY  AND  WHAT’S  NEXT? 

We  have  provided  a  brief  tutorial  on  the  connectivity  between  ocean  stochastic  modeling  and 
predictions  of  the  moments  of  an  acoustic  wave  propagating  through  such  an  ocean.  In  this 
section  we  include  a  brief  summary  of  our  main  points  and  mention  desirable  future  directions  for 
research. 

Summaiy 

•  Internal  wave  models  (new  and  used),  are  vital  for  predicting  the  statistics  of  acoustic 
propagation. 

•  Stochastic  inverse  methodology  provides  a  tight  check  on  proposed  new  models,  when 
sufficiently  careful  space/time  acoustic  observations  are  made  simultaneously  with 
space/time  oceanographic  observations.  The  use  of  both  oceanographic  and  acoustic 
measurements  in  combination  must  be  emphasized. 

•  The  missing  element  in  research  is  the  availability  of  acoustic  observations  in  depth/time, 
where  the  medium  correlation  function  is  known. 

•  Numerical  experiments,  where  dynamical  models  are  used  to  define  the  index  of 
refraction  field,  may  help  us  to  understand  stochastic  inverse  methods,  BUT, 

•  Field  experiments  with  sufficient  space/time  measurement  bandwidth  must  be  coupled 
with  acoustic  measurements  — - 

-  We  must  measure  the  complex  acoustic  field  E{z,t)  for  several  frequencies  and 
ranges. 

-  When  a  "new  model"  is  available,  a  detailed  experiment  can  be  designed  with 
numerical  modeling. 


3-D  Dynamical  Modeling 

We  have  stated  emphatically  that  the  lack  of  high  quality  data  prevents  us  from  testing  the 
stochastic  inverse  methodology  on  the  range  of  space/time  scales  that  are  relevant  to  the 
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modeling  goals  of  the  ’Aha  Huliko’a  meeting.  Using  the  insight  we  have  gained  from  studying 
modeling  limits,  we  are  collaborating  with  Kraig  Winters  and  Eric  D’ Asaro  (See  their 
contributions  in  this  proceedings)  to  test  the  capabilities  we  have  developed  in  theoretical 
predictions  and  stochastic  inverse  methodology  with  their  dynamic  simulation  modeling.  The 
proposed  model,  to  be  run  on  our  Stardent  Mini-Supercomputer,  will  have  horizontal  scales  of  50 
by  20  km  in  jc  and  y  respectively  (x  is  the  propagation  direction)  and  2000  m  in  the  vertical.  Its 
corresponding  resolution  will  be  20  m  in  the  vertical  and  333  m  in  the  horizontal  with  a  grid  of 
128^/4  cells.  The  model  will  be  initialized  in  several  ways  and  run  with  time  steps  spanning  many 
inertial  periods.  The  resulting  density  fields  will  be  the  input  to  our  PE  propagation  codes  and 
will  provide  simulated  realizations  of  the  acoustic  field.  This  type  of  modeling  is  very  important, 
because  it  allows  us  to  demonstrate  the  necessity  (or  lack  thereof)  of  including  dynamics  in 
acoustic  modeling. 

Realizations  of  3-D  plus  time  density  fields  can  also  be  produced  from  any  proposed  model,  and 
used  via  Monte  Carlo  methods  to  test  the  stochastic  inverse  concepts  discussed  here.  In  verifying 
acoustic  scattering  predictions,  one  can  test  the  robustness  of  the  predictions  to  relaxed 
assumptions  in  the  model,  e.g.,  fully  random  phase  versus  dynamically  consistent,  and  correlated 
versus  Markov  medium  representations.  All  of  these  issues  are  relevant  to  our  computer-limited 
ability  to  model  acoustic  propagation. 

A  Proposed  Experiment 

Eric  D’ Asaro  has  proposed  an  internal  wave  experiment  designed  to  test  many  of  the  existing 
ideas  on  the  cascade  of  energy  from  low  internal  wave  modes  to  higher  modes.  The  experiment 
would  be  conducted  far  from  boundaries  and  sources  of  low  mode  internal  wave  energy.  For 
example  an  area  south  of  a  storm  region  could  be  used  to  study  how  a  changing  flux  of  low  mode 
internal  wave  eneigy  "pumps"  a  local  internal  wave  space/time  spectmm.  An  extensive  suite  of 
dynamic  and  scalar  oceanographic  measurements  would  be  made  over  a  long  period  of  time  in 
order  to  develop  an  understanding  of  the  linear  and  nonlinear  processes  involved.  We  would 
propose  that  an  acoustics  experiment  capable  of  measuring  the  complex  field  at  many  spatially 
separated  points  be  made  an  integral  part  of  the  overall  measurement  program.  Many  of  the  ideas 
we  have  presented  here  could  be  implemented.  By  sensing  such  a  large  volume  of  the 
experimental  region,  the  acoustic  measurements  we  envision  would  provide  a  severe  constraint 
on  possible  space/time  models. 
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ABSTRACT 

Considerable  information  on  the  characteristics  and  variability  of  the  atmospheric  motion 
spectrum  has  emerged  in  the  last  few  years.  As  a  result,  we  are  developing  a  much  better 
understanding  of  the  processes  that  maintain  the  spectral  shape  and  account  for  spectral  variability 
and  its  effects.  This  paper  will  summarize  briefly  some  of  the  recent  atmospheric  spectral 
observations  and  their  implications  for  gravity  wave  saturation  processes,  spectral  shape,  Doppler 
shifting,  momentum  fluxes,  filtering  and  anisotropy.  Also  discussed  are  the  apparent  similarities 
and  differences  between  the  motion  spectra  in  the  atmosphere  and  the  oceans. 


INTRODUCTION 

Gravity  waves  are  now  recognized  by  most  researchers  to  account  for  the  majority  of  the 
mesoscale  motion  field  in  the  lower  and  middle  atmo.sphere.  Because  of  their  ubiquity  and  their 
many  effects,  they  have  been  the  subject  of  considerable  research  efforts  over  the  last  few 
decades.  Unlike  the  oceans,  where  the  role  of  gravity  wave  motions  in  momentum  and  energy 
transports  is  at  present  uncertain,  atmospheric  gravity  waves  are  now  believed  to  be  responsible 
for  much  of  the  vertical  coupling  of  momentum  and  energy  in  the  atmosphere. 

Much  of  our  knowledge  of  gravity  wave  motions  in  the  atmosphere  has  come  from  remote 
sensing  using  ground-based  radar  or  optical  systems.  Also  available,  however,  has  been  a  range  of 
in  situ  data  obtained  with  balloon,  aircraft,  space  shuttle,  rocket,  satellite  and  other 
instrumentation.  These  data  have  yielded  many  insights  into  the  structure  and  variability  of  the 
atmospheric  motion  field.  Radar  and  lidar  systems  have  provided  data  on  the  temporal  nature  and 
vertical  structure  of  atmospheric  motions  at  one  location.  High-resolution  vertical  profiles  have 
also  been  obtained  with  balloon-  and  rocket-borne  systems,  while  data  on  the  horizontal 
variability  and/or  vertical  structure  of  the  motion,  thermal,  and  constituent  fields  have  been 
provided  by  balloon,  aircraft,  space  shuttle,  and  satellite  instrument  systems.  Together,  these  data 
provide  an  increasingly  comprehensive  picture  of  the  processes  controlling  the  atmospheric 
gravity  wave  spectrum  and  its  various  effects. 
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One  intent  of  this  paper  is  to  summarize  some  of  the  more  general  implications  of  the  diverse 
spectral  observations  of  atmospheric  motions  that  are  now  available,  A  second  objective  is  to  note 
some  of  the  areas  in  which  atmospheric  and  oceanic  processes  are  likely  to  be  similar  and  those 
where  we  should  expect  to  see  disparities.  Characteristics  of  and  inferences  drawn  from  vertical 
wavenumber  spectra  at  various  levels  in  the  atmosphere  are  presented  in  the  following  section. 
The  principal  result  here  is  that  several  processes  are  acting  to  control  the  amplitude  of  the 
spectrum  to  a  remarkable  degree.  We  then  examine  the  implications  of  frequency  spectra  of 
horizontal  and  vertical  motions  for  wave  propagation,  Doppler  shifting,  and  wave  field 
anisotropy.  Additional  evidence  of  anisotropy,  and  of  the  extent  to  which  gravity  waves  force  the 
larger-scale  atmospheric  circulation,  is  provided  by  momentum  flux  and  divergence 
measurements  at  a  range  of  sites.  Recent  studies  have  also  emphasized  the  scales  at  which  these 
fluxes  are  preferentially  contained.  We  conclude  with  a  discussion  of  the  similarities  and 
differences  of  atmospheric  and  oceanic  spectra  and  processes. 


VERTICAL  WAVENUMBER  SPECTRA 

Vertical  wavenumber  spectra  of  horizontal  motions  and  density  or  temperature  fluctuations 
obtained  during  the  last  few  years  increasingly  have  been  interpreted  as  evidence  of  gravity  wave 
saturation.  Initially,  it  was  argued  by  Dewan  and  Good  (1986)  and  Smith  et  al.  (1987)  that  linear 
instabilities  should  dictate  a  sauirated  spectrum  al  large  vertical  wavenumbers  with  horizontal 
velocity  and  fractional  temperature  spectra  varying  as  ~  N^/6  m^  and  N'^/10  g^m^.  More  recently, 
other  saturation  mechanisms  have  been  investigated  and  explanations  of  the  saturated  spectrum 
offered  based  on  nonlinear  interactions  and/or  Doppler  shifting  (Dong  and  Yeh,  1988;  Hines, 

1988;  Holloway,  1988;  Dunkerton,  1989;  Fritts,  1989;  Fritts  and  Yuan,  1989a;  Hines,  1991).  In 
all  cases,  however,  these  theories  have  predicted  amplitudes  and  slopes  largely  consistent  with 
linear  theory.  This  suggests  that  the  implications  of  gravity  wave  saturation  will  be  more 
dependent  on  spectral  character  than  on  specific  saturation  processes. 

At  lower  wavenumbers,  vertical  wavenumber  spectra  are  expected  to  have  a  positive  slope  to 
insure  a  finite  vertical  flux  of  wave  action  (VanZandt  and  Fritts,  1989).  Consistent  with  the 
increase  in  energy  density  (per  unit  mass)  with  height  and  the  amplitude  limits  at  large 
wavenumbers,  horizontal  velocity  spectra  exhibit  a  dominant  vertical  wavenumber  m*  =  2nlXj,* 
that  decreases  with  increasing  height  from  ~  3  rad/km  in  the  troposphere  and  lower  stratosphere 
(Fritts  and  Chou,  1987;  Fritts  et  al.,  1988;  Tsuda  el  al.,  1989)  to  ~  0.3  rad/km  near  the  mesopause 
(Smith  et  al.,  1987;  Wu  and  Widdel,  1989).  The  increase  in  energy  density  with  height  is 
generally  attributed  to  a  preferential  upward  propagation  of  gravity  wave  energy  and  the 
associated  decrease  in  atmospheric  density.  Similar  slopes  and  amplitudes  were  noted  in 
stratospheric  temperatiue  spectra  (Fritts  et  al.,  1988)  obtained  with  high-resolution  balloon 
soundings.  Lidar  data,  in  contrast,  yield  spectra  with  similar  slopes,  but  with  amplitudes  that 
depart  from  those  predicted  by  saturation  theory  in  the  middle  stratosphere  (Chanin  and 
Hauchecome,  1987;  Kwon  et  al.,  1990),  due  perhaps  to  the  longer  integration  limes  inherent  in 
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the  lidar  profiles  and  a  lack  of  sensitivity  to  motions  near  inertial  frequencies  which  contain  the 
majority  of  the  velocity  and  temperature  variances. 


A  spectral  form  that  appears  to  fit  well  the  various  observations  is 


E(m) 


4Eq  m/m^ 

^  ,  A  ' 

*  l+(m/m^) 


(1) 


where  Eq  is  the  total  spectral  variance  and  m*  is  the  characteristic  vertical  wavenumber 
corresponding  to  the  wavenumber  of  maximum  spectral  density  in  a  variance  content  form.  To  be 
consistent  with  the  saturated  spectral  amplitudes  estimated  by  Smith  et  al.  (1987),  this  implies 
Eq  »  nN^/24  m*^  and  Eq  =  nN^/40  g^m+^  for  velocity  and  fractional  temperature  fluctuation  spectra, 
respectively. 


A  vertical  wavenumber  spectrum  with  the  above  characteristics  has  a  number  of  implications  for 
atmospheric  circulation  and  structure.  First,  a  form  given  by  Eq.  (1)  with  a  decrease  of  m% 
consistent  with  observations  implies  a  growth  of  wave  energy  at  small  wavenumbers  that  is  less 
than  expected  for  conservative  motions  (Smith  et  al.,  1987)  and  ttius  a  continuous  removal  of 
energy  from  motions  at  all  vertical  scales.  This  implies,  in  turn,  smooth  variations  of  wave  energy 
and  momentum  flux,  and  of  their  vertical  divergences,  with  height  and  corresponding  smooth 
variatio/\s  in  wave  drag  and  induced  diffusion.  B«:ause  the  saturated  spectral  amplitude  depends 
on  the  buoyancy  frequency,  N,  we  also  anticipate  additional,  or  enhanced,  saturation  and  effects 
near  regions  where  increases  with  height.  This  implies  increased  wave  dissipation  and  drag 
above  the  tropopause  and  the  summer  mesopause,  in  particular,  that  can  be  estimated  based  on  the 
observed  spectral  character  (VanZandt  and  Fritts,  1989).  These  effects  are  expected  to  be 
especially  important  at  greater  heights  where  the  wave  energy  and  momentum  flux  divergences 
have  greater  influences. 


Temporal  variations  of  the  vertical  wavenumber  spectrum  provide  evidence  of  isolated 
components  of  the  motion  field  and  thus  may  suggest  the  processes  primarily  responsible  for 
wave  saturation  in  the  atmosphere.  Shown  in  Figure  1  are  series  of  vertical  wavenumber  spectra 
in  variance  content  form  in  the  troposphere  and  lower  stratosphere  at  1-h  intervals  obtained  with 
the  MU  radar  in  Japan  (Fritts  et  al.,  1988).  The  spectra  reveal  good  consistency  with  height  and 
significant  local  deparhires  from  the  canonical  form  of  the  saturated  vertical  wavenumber 
spectrum.  Of  particular  interest,  however,  are  the  persistent  features  both  near  the  maxima  and  at 
higher  vertical  wavenumbers  that  suggest  long-lived  components  of  the  motion  spectrum 
propagating  and  dissipating  in  superposition,  but  without  interaction,  with  other  spectral 
components.  This  seems  to  imply  a  dissipation  process  that  relies  on  local  wave  field  instabilities 
due  to  superposed  wave  amplitudes  rather  than  strong  wave-wave  interactions  and  spectral  energy 
transfers. 


Additional  evidence  of  wave  instability  and  turbulence  generation  is  provided  by  measurements 
of  spectral  characteristics  at  smaller  scales.  One  example  of  a  vertical  wavenumber  spectrum  of 
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neutral  density  fluctuations  infened  with  a  rocket-borne  positive  ion  probe  (PEP)  during  the 
MAC/EPSE,ON  experiment  is  shown  in  Figure  2  and  exhibits  three  distinct  spectral  ranges  (Blix 
et  al.,  1990).  At  scales  larger  than  ~  300  m  the  spectrum  has  a  slope  near  -3,  consistent  with  the 
large  wavenumber  range  expected  for  saturated  gravity  wave  motions.  From  scales  of  ~  5  -  300 
m,  however,  the  spectrum  has  a  slope  near  -5/3,  suggesting  inertial  range  turbulence  and  wave 
energy  dissipation.  Finally,  at  scales  less  than  ~  S  m,  the  spectrum  appears  to  be  consistent  with  a 


Figure  1.  Hourly  area-preserving  spectra  of  northward  radial  velocity  for  (a)  5  - 13  and  (b)  13  - 
20.5  km  heights  with  time  increasing  upward  (Fritts  et  al.,  1988).  Note  the  consistency  and 
persistence  of  specttal  features  in  time  and  the  departures  from  canonical  form. 
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viscous  subrange.  Spectra  obtained  on  other  rocket  flights  provide  similar  views  of  small-scale 
dynamics  and  imply  that  these  spectral  features  are  persistent  components  of  the  motion  field. 
These  spectra  imply  a  nearly  continuous  transfer  of  energy  from  gravity  wave  motions  through 
inertial  range  turbulence  to  viscous  scales.  Estimates  of  the  energy  dissipation  rates  may  be 
obtained  from  the  transition  scales  and  from  the  .spectral  amplitude  within  the  inertial  range, 
leading  to  estimates  of  ~  0.01  W/m^  in  the  middle  and  upper  mesosphere.  Estimates  using  radar 
techniques  suggest  comparable  values,  with  enhancements  near  the  summer  mesopause  that  are 
consistent  with  predictions  of  saturation  theory. 


Figure  2.  Spectrum  of  density  fluctuations  obtained  with  a  positive  ion  probe  showing  three 
spectra  ranges  between  scales  of  ~  3  m  and  8  km  (Blix  et  al.,  1990).  These  suggest  ranges 
consistent  with  gravity  wave  saturation,  inertial  range  turbulence,  and  viscous  dissipation. 


FREQUENCY  SPECTRA  OF  HORIZONTAL  AND  VERTICAL  MOTIONS 

Measurements  of  frequency  .specU'a  using  various  techniques  have  revealed  the  general 
characteristics  and  variability  of  the  motion  field  under  a  variety  of  conditions.  Frequency  spectra 
obtained  using  atmospheric  radars  have  provided  the  greatest  diversity  of  observations  and  have 
shown  the  mean  frequency  spectrum  of  horizontal  motions  to  exhibit  an  amplitude  growth  with 
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increasing  height  and  clear  tidal  peaks  at  upper  levels.  At  frequencies  greater  than  tidal 
frequencies,  most  observations  suggest  a  slope  near  -5/3  (Balsley  and  Carter,  1982;  Vincent, 
1984)  that  is  nearly  invariant  with  height  and  mean  atmospheric  motions.  Observations  of 
frequency  spectra  of  vertical  motions  are  more  varied,  with  slopes  that  are  slightly  positive  under 
weak  wind  conditions  and  which  become  increasingly  negative  as  mean  winds  increase. 
Examples  of  vertical  velocity  spectra  under  weak  and  strong  wind  conditions  are  shown  for 
reference  in  Figure  3. 


LOO  u  (Hz) 

Figure  3.  Vertical  velocity  frequency  spectra  during  the  MAC/SINE  campaign  (Fritts  et  al., 
1990a).  Upper  plot  is  for  light  winds  and  exhibits  a  peak  near  N.  Lower  plot  is  a  mean  spectrum. 
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Assuming  that  the  frequency  and  wavenumber  spectra  of  gravity  wave  motions  are  separable,  for 
which  there  is  some  evidence,  and  an  intrinsic  frequency  spectrum  (relative  to  the  medium)  of 
horizontal  motions  of  the  form  (o'P,  with  p  ~  5/3,  we  expect  the  intrinsic  frequency  spectrum  of 
vertical  velocities  to  vary  as  to^'P.  These  expectations  are  in  agreement  with  observations  under 
light  wind  conditions,  but  depart  significantly  when  mean  horizontal  motions  are  large. 

Departures  of  the  observed  spectra  from  the  anticipated  forms  of  intrinsic  frequency  spectra  may 
arise  for  several  reasons.  As  noted  in  the  previous  section,  vertical  wavenumber  spectra  exhibit 
substantial  deparhnes  from  the  mean  spectral  form  and  suggest  that  similar  variability  might  be 
expected  to  occur  among  frequency  spectra  as  well.  But  this  explanation  is  unable  to  account  for 
departures  of  mean  spectra  from  a  relationship  consistent  with  the  gravity  wave  dispersion 
relation.  Instead,  these  departures  appear  to  be  due  to  the  differing  effects  of  Doppler  shifting  on 
the  frequency  spectra  of  horizontal  and  vertical  motions  (Fritts  and  VanZandt,  1987). 

The  importance  of  Doppler  shifting  depends  on  1)  the  relative  motion  of  the  intrinsic  and 
observed  frames,  2)  the  horizontal  wavenumbers  and  phase  speeds  of  the  motions  containing  the 
majority  of  the  spectral  variance,  and  3)  the  direction  of  wave  propagation  relative  to  the  mean 
motion.  If  the  mean  motion  is  small  compared  to  characteristic  phase  speeds  or  intrinsic 
frequencies  are  small,  as  is  generally  the  case  for  those  gravity  waves  accounting  for  most  of  the 
horizontal  velocity  variance,  then  Doppler  shifting  effects  are  relatively  minor  and  wave 
propagation  directions  are  unimportant.  If,  however,  the  mean  motion  is  large  compared  to  phase 
speeds  containing  the  velocity  variance  or  intrinsic  frequencies  are  high,  then  there  is  a  large 
potential  for  Doppler  shifting  of  velocity  variance  throughout  the  spectrum  and  wave  propagation 
directions  are  very  important. 

More  simply  stated,  it  is  easier  to  Doppler  shift  velocity  variance  from  high  to  low  frequencies 
than  from  low  to  high  frequencies  (a  mean  flow  comparable  to  the  intrinsic  phase  speeds  can 
Doppler  shift  high-frequency  variance  to  co-  0,  but  not  vice  versa).  This  implies  much  greater 
differences  in  the  intrinsic  and  observed  frequency  spectra  for  vertical  motions  (primarily  at  high 
frequencies)  than  for  horizontal  motions  (primarily  at  low  frequencies)  and  suggests  that  vertical 
velocity  spectra  will  be  more  sensitive  to  such  effects  as  a  result.  The  effects  of  Doppler  shifting 
on  two-dimensional,  symmetric,  idealized,  intrinsic  horizontal  and  vertical  velocity  spectra  (with 
p  =  2)  are  illustrated  in  Figure  4  for  various  values  of  P  =  u/c*,  where  u  is  the  relative  motion,  c* 

=  N/m*,  and  m+  is  as  defined  with  Eq.  (1).  These  results  demonstrate  that  the  slopes  of  observed 
symmetric  horizontal  velocity  spectra  remain  nearly  constant  at  high  frequencies,  even  for  large 
P,  while  observed  vertical  velocity  spectra  may  exhibit  significant  changes  in  slope  and  amplitude 
at  small  p. 

The  significant  changes  anticipated  theoretically  in  observed  vertical  velocity  spectra  under 
different  Doppler-shifting  conditions  provide  a  convenient  test  of  these  simple  spectra  effects. 
Such  tests  have  been  performed  by  Vincent  and  Eckermann  (1990),  VanZandt  et  al.  (1990),  and 
Fritts  and  Wang  (1991)  and  reveal  a  remarkable  consistency  with  the  theory,  suggesting  that 
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Doppler-shifting  effects  do  indeed  account  for  much  of  the  observed  spectral  variability.  Vincent 
and  Eckermaim  (1990)  noted  that  Doppler-shifting  appeared  to  explain  the  increase  in  wave 
variance  parallel  to  the  local  flow  associated  with  frontal  circulations  and  Van2^ndt  et  al.  (1990) 
found  good  agreement  between  model  predictions  and  observed,  symmetric  spectra  in  the  lower 
atmosphere.  At  greater  heights,  Fritts  and  Wang  (1991)  found  observed  vertical  velocity  spectra 
to  provide  evidence  of  Doppler  shifting,  wave  field  anisotropy,  and  the  form  of  the  vertical 
wavenumber  spectrum.  These  results  suggest  that  observed  motions  are  largely  consistent  with 
gravity  wave  theory  and  differ  from  the  predictions  of  geostrophic  or  stratified  turbulence,  which 
has  been  offered  as  an  alternative  explanation  of  the  motion  field  (Gage,  1979;  Lilly,  1983). 


Figure  4.  Effects  of  Doppler  shifting  on  two-dimensional  isotropic  horizontal  and  vertical  velocity 
spectra  (Fritts  and  VanZandt,  1987).  See  text  for  parameters. 
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The  observed,  and  inferred  intrinsic,  frequency  spectra  also  have  implications  for  the  dominant 
transport  processes  within  the  gravity  wave  field.  As  noted  by  Fritts  (1984),  the  forms  of  the 
observed  frequency  spectra  of  horizontal  and  vertical  velocities  imply  that  wave  energy  and 
momentum  fluxes  are  accomplished  primarily  by  motions  with  high  intrinsic  frequencies.  While 
horizontal  velocity  variance  (and  thus  total  wave  energy)  resides  mainly  at  low  intrinsic 
frequencies,  (o  ~  f,  momentum  and  energy  fluxes  depend  on  the  speed  of  vertical  propagation, 
causing  the  major  fluxes  to  be  associated  with  motions  with  intrinsic  periods  <  1  h.  These 
motions  were  estimated  to  provide  ~  70  %  of  gravity  wave  transports  by  Fritts  (1984). 
Subsequent  observations  at  a  number  of  sites  have  served  to  confirm  these  estimates  at  lower  and 
upper  levels  (Fritts  and  Vincen^  1987;  Reid  and  Vincent,  1987;  Reid  et  al.,  1988;  Fritts  and 
Yuan,  1989b;  Fritts  et  al„  19901 ;  Wang  and  Fritts,  1990).  More  will  be  said  about  the  spectral 
character  of  gravity  wave  momentum  fluxes  in  the  following  section. 


MOMENTUM  FLUX  SPECTRA 

Relative  to  velocity  spectra,  there  are  very  few  observational  data  at  present  on  the  spectral 
character  of  momentum  fluxes.  Those  that  are  available,  nevertheless,  serve  to  confirm  our 
expectations  based  on  velocity  spectra,  integrated  momentum  flux  measurements,  and  theory. 

One  example  of  the  observed  frequency  spectrum  of  vertically  averaged  westward  momentum 
flux  computed  from  the  difference  of  averaged  radial  velocity  spectra  is  shown  in  Figure  5  in 
standard  and  flux  content  form  (Fritts  et  al.,  1990b).  This  spectrum  suggests  a  dominance  of  the 


Figure  5.  Frequency  spectrum  of  vertically  averaged  westward  momentum  flux  obtained  with  the 
MU  radar  (Fritts  et  al.,  1990b)  in  (a)  standard  and  (b)  flux  content  form. 
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total  momentum  flux  by  low-frequency  motions.  As  noted  by  Fritts  et  al.  (1990b),  however,  the 
disparate  radial  velocity  variances  imply  high  intrinsic  frequencies  despite  the  small  observed 
frequencies  and  thus  wave  motions  and  momentum  fluxes  largely  consistent  with  orographic 
excitation.  This  view  is  supported  as  well  by  the  temporal  variability  of  the  vertically  averaged 
westward  momentum  flux  observed  in  that  data  set. 

It  is  not  possible  to  obtain  an  accurate  estimate  of  the  intrinsic  frequencies  accounting  for  a 
majority  of  momentum  fluxes  at  one  site  without  knowledge  of  the  horizontal  scales  and/or  the 
relative  anisotropy  of  the  motion  field.  Such  an  estimate  is  possible,  however,  with  horizontal 
mtasurements  o?  wave  activity  and  covariances  in  circumstances  in  which  wave  phase  speeds 
may  be  reasonably  approximated.  This  occurs  when  we  expect  the  predominant  wave  motions  to 
be  due  to  orography,  as  in  the  observations  of  variance  enhancements  associated  with  orography 
by  Nastrora  and  Fritts  (1991).  The  momentum  flux  spectra  (or  cospectra  of  u  and  w)  obtained 
from  four  aircraft  flights  during  the  the  Global  Atmospheric  Sampling  Program  (GASP)  are 
shown  in  standard  and  variance  content  form  in  Figure  6.  These  reveal,  consistent  with  the 
inferences  drawn  from  the  MU  radar  data,  that  th';  majority  of  the  momentum  flux  is  due  to 
motions  with  small  horizontal  scales  and  relatively  high  intrinsic  frequencies.  With  the  major 
contributions  at  horizontal  scales  of  ~  20  -  60  km  and  mean  flows  of  -  20  m/s,  we  infer 
characteristic  intrinsic  periods  of  <  1  h.  These  results  are  also  in  agreement  with  momentum  flux 
observations  at  greater  heights  for  which  orographic  influences  are  likely  to  be  less  pronounced 
(Fritts  and  Vincent,  1987;  Reid  and  Vincent,  1987;  Fritts  and  Yuan,  1989b;  Reid  et  al.,  1988; 
Wang  and  Fritts,  1990). 

The  occurrence  of  the  primary  gravity  wave  momentum  fluxes  at  small  horizontal  scales  and  high 
intrinsic  frequencies  has  some  important  implications  for  the  forcing  of  the  large-scale 
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Figiue  6.  Momentum  flux  versus  wavenumber  in  (a)  standard  and  (b)  flux  content  form  (Nastrom 
and  Fritts,  1991).  Integrated  values  are  negative  with  the  major  contributions  at  <  100  km  scales. 
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atmospheric  circulation  and  structure.  Because  such  gravity  waves  have  relatively  steep 
propagation  paths  and  the  sources  of  such  motions  are  often  episodic  and  highly  localized  (Fritts 
and  Nastrom,  1991),  we  might  expect  that  the  forcing  of  the  mean  state  accompanying  wave 
dissipation  will  also  have  similar  attributes.  This  suggests  that  the  response  of  the  middle 
atmosphere  to  gravity  wave  excitation  at  and  propagation  up  from  lower  levels  will  reflect  the 
source  and  filtering  conditions  in  place  at  that  site,  with  horizontal  coupling  over  large  distances 
playing  a  much  smaller  role.  These  effects  are  particularly  important  in  assessing  the  role  of 
gravity  wave  forcing  of  the  middle  atmosphere  because  of  the  large  mean  fluxes  that  have  been 
observed  and  the  significant  influences  on  the  large-scale  circulation  and  structure  that  are 
implied. 


COMPARISON  OF  ATMOSPHERIC  AND  OCEANIC  SPECTRAL  IMPLICATIONS 

Gravity  wave  spectra  in  the  atmosphere  and  oceans  share  many  features  due  to  common  source, 
propagation,  and  dissipation  processes.  There  are  also,  however,  some  important  differences 
between  atmospheric  and  oceanic  spectra  that  ari.se  due  to  quantitatively  different  source 
distributions,  wave-wave  and  boundary  interactions,  and  characteristics  of  the  mean  wave 
environment. 

Tidal  and  inertial-scale  forcing  of  the  oceanic  internal  wave  spectrum  by  surface  winds  and 
currents  over  orographic  features  acts  to  energize  near-inertial  frequencies  and  results  in  a 
pronounced  peak  in  wave  energy  near  o)  ~  f.  These  motions  persist  for  long  times,  may  propagate 
large  distances,  and  interact  with  other  components  of  the  spectrum  on  (arguably)  slow  time 
scales,  resulting  in  an  oceanic  spectrum  in  the  frequency  and  wavenumbers  domains  that  is  nearly 
universal  in  shape  and  amplitude.  Because  dissipation  processes  are  slow  away  from  boundaries 
and  the  wave  spectrum  is  confined  between  two  largely  reflecting  surfaces,  there  is  also  a 
tendency  for  the  spectrum  to  be  nearly  vertically  symmetrized  and  for  net  vertical  fluxes  of 
energy  and  momenhun  to  be  small.  Under  these  conditions,  the  motion  field  can  be  conveniently 
expressed  using  a  modal  description. 

Atmospheric  gravity  waves,  in  contrast,  are  excited  by  a  wide  range  of  source  processes  that 
appear  to  contribute  wave  energy  predominantly  at  intermediate  and  high  intrinsic  frequencies. 
These  include  convective  and  frontal  processes,  orography,  and  wind  shear  and  lead  to 
atmospheric  frequency  spectra  that  do  not  include  an  inertial  spike  characteristic  of  the  oceanic 
spectra.  This  greater  fraction  of  total  wave  energy  at  higher  frequencies  in  the  atmosphere  implies 
several  important  differences  in  atmospheric  and  oceanic  spectra. 

Wave  motions  at  higher  intrinsic  frequencies  propagate  vertically  more  rapidly  than  low- 
frequency  motions  at  comparable  vertical  scales.  This  results  in  larger  vertical  fluxes  of  energy 
and  momentum  and  greater  flux  divergences  (and  a.ssociuted  energy  dissipation  and  body  forces) 
in  regions  of  wave  dissipation  than  would  accompany  lower-frequency  motions.  The  effects  of 
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\  lese  transports  are  enhanced  in  the  atmosphere  at  heights  above  the  primary  wave  sources  due  to 
the  exponential  decay  of  density  with  height,  which  causes  wave  amplitudes  to  increase 
approximately  exponentially  with  height  and  energy  and  momentum  fluxes  and  their  divergences 
to  increase  relative  to  background  levels.  Energy  dissipation  rates  (measured  relative  to  local 
energy  densities)  in  the  stratosphere  and  mesosphere  are  consequently  much  larger  than  in  the 
ocean  and  imply  dissipation  time  scales  for  gravity  waves  of  ~  10  - 100  times  less  than  in  the 
oceans  (~  hours  -  lO’s  of  hours  rather  than  ~  lO’s  of  days).  This  likewise  suggests  differences  in 
the  processes  acting  to  remove  energy  from  the  wave  spectrum,  requiring  fast,  energetic 
dissipation  at  increasing  heights  in  the  atmosphere  (primarily  local  convective  instability)  and 
permitting  slower  and/or  more  systematic  energy  transfers  (primarily  dynamical  instability  or 
wave-wave  interactions)  at  lower  levels  of  the  atmosphere  and  in  the  oceans.  Despite  the  different 
physical  processes  suggested  to  be  responsible  for  wave  dissipation  in  the  oceans  and  at  various 
heights  in  the  atmosphere,  all  those  processes  considered  viable  lead  to  comparable  limits  on 
wave  amplitudes  and  corresponding  samrated  wavenumber  spectra.  Similar  arguments  imply  that 
gravity  wave  momentum  fluxes  play  a  more  significant  role  in  forcing  the  large-scale  circulation 
and  structure  in  the  middle  and  upper  atmosphere  than  in  the  oceans. 

Another  difference  between  atmospheric  and  oceanic  spectra  that  is  due  in  part  to  the  distribution 
of  wave  energy  with  frequency  and  in  part  to  differences  in  the  wave  environment  is  the  relatively 
greater  influence  of  Doppler  shifting  in  observed  spectra  of  atmospheric  motions.  As  noted 
previously,  motions  with  intrinsic  frequencies  that  are  high  are  easily  Doppler  shifted  to  observed 
frequencies  that  are  tow,  while  low-frequency  motions  cannot  be  shifted  to  observed  frequencies 
that  are  high.  Additionally,  typical  mean  motions  of  the  atmosphere  a:e  larger  than  characteristic 
wave  phase  speeds,  particularly  at  lower  levels,  whereas  oceanic  wave  phase  speeds  are  generally 
greater  than  mean  cunents.  This  results  in  a  much  greater  range  of  obseiwed  frequency  spectra, 
especially  of  vertical  velocities  because  of  their  greater  sensitivity  (their  greater  energy 
concentration  at  ©  ~  N),  in  the  atmosphere  than  in  the  oceans.  The  larger  characteristic  anisotropy 
of  the  atmospheric  gravity  wave  field  (due  to  discrete,  high-frequency  sources  and  greater 
departures  from  vertical  symmetry)  also  contributes  to  variations  of  frequency  spectra  of 
horizontal  and  vertical  velocities  and  permits  inferences  of  wave  sources,  filtering,  and  effects 
that  appear  to  be  more  challenging  in  the  oceans. 

In  summary,  the  physical  processes  acting  to  excite,  mould,  and  dissipate  the  gravity  wave  spectra 
in  the  atmosphere  and  oceans  have  some  similarities  and  some  important  differences.  The 
similarities  account,  broadly,  for  the  qualitative  agreement  in  mean  observed  frequency  and 
wavenumber  spectra  in  the  two  systems  (spectral  slopes  and  apparent  saUuation  limits).  But  there 
are  large  differences  in  the  potential  for  energy  and  moraentiun  transports,  dissipation  processes, 
anisotropy,  and  influences  on  the  mean  state  due  to  the  unbounded  and  exponentially  decreasing 
mean  density  in  the  atmosphere,  the  vertically  contained  and  more  vertically  uniform  mean 
structure  of  the  oceans,  and  the  very  different  intrinsic  frequencies  at  which  primary  wave 
excitation  occius  in  the  atmosphere  and  oceans. 
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ABSTRACT 

It  appeared  some  years  ago  that  a  number  of  theoretical  and  observed  features  of  the 
internal  wave  field  can  be  reconciled  with  a  diapycnal  diffusivity  of  no  more  than  about 
10“®  m^s”^.  This  “paradigm”  is  re-examined  here,  with  particular  attention  to  the 
arguments  concerning  the  alleged  universality  of  internal  waves  in  space  and  time.  A  key 
question  concerns  the  influence  of  nonlinear  interactions  on  horizontal  spreading,  but  the 
simple  picture  still  seems  reasonable  for  the  main  thermocline.  However,  there  are  clearly 
significant  departures  from  it  in  various  regons,  such  as  the  upper  ocean  or  close  to  the 
sea  floor.  The  influence  of  a  sloping  bottom  on  both  diapycnal  fluxes  and  the  velocity 
boundary  condition  for  low  frequency  flows  is  emphasized;  some  general  theoretical  results 
are  presente '  ut  there  is  a  need  for  further  observations.  Finally,  a  simple  model  for  the 
mixing  by,  and  decay  of,  an  interfacial  solitary  wave  is  summarised. 

1.  INTRODUCTION 

In  January  1984  I  had  the  pleasure  of  attending  the  Third  ‘Aha  Huliko’a  Hawaiian  Winter 
Workshop  on  “Internal  Gravity  Waves  and  Small-Scale  Turbulence”.  Figure  1  shows  my 
attempt  then  to  present  a  “zeroth  order  view”  of  the  effect  of  internal  waves  on  the  ocean 
interior,  summarising  and  perhaps  oversimplifying  the  theoretical  and  observational 
progress  made  by  many  people.  Seven  years  later  it  seems  worthwhile  to  ask  whether  this 
paradigm  should  be  abandoned  or  merely  qualified. 

Section  2  thus  briefly  reviews  and  extends  the  arguments  leading  to  Figure  1,  pointing  out 
their  weaknesses,  but  suggesting  that  the  synthesis  may  still  be  appropriate  for  the  main 
thermocline.  It  probably  is  not  relevant,  however,  near  the  sea  surface  or  sea  floor.  The 
role  of  the  bottom  boundary  in  determining  the  spectral  shape  of  the  internal  wave 
spectrum  is  discussed  briefly  in  Section  3.  Diapycnal  mixing  by  shear  instability  of  bottom 
reflected  internal  waves,  and  the  way  in  which  this  may  control  the  velocity  boundary 
condition  for  low  frequency  flows,  is  also  reviewed;  the  need  for  more  observational  work 
near  sloping  boundaries  is  emphasized.  Returning  to  the  upper  ocean.  Section  4  briefly 
presents  a  simple  model  for  the  shear-induced  decay  of  an  internal  solitary  wave.  Section  5 
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Figure  1;  Schematic  of  a  zeroth  order  view  of  various  features  of  internal  waves  and  turbu¬ 
lence  that  seem  to  be  consistent  with  a  diapycnal  diffusivity  of  about  10~®  m*s“^  (From 
Garrett,  1984). 

is  a  personal  impression  of  topics  that  need  to  be  emphasized  in  future  research. 

2.  THE  PARADIGM 

The  purpose  of  Figure  1  was  to  demonstrate  that  a  number  of  theoretical  and 
observational  properties  of  internal  gravity  waves  in  the  main  thermocline  are  compatible 
with  a  vertical  eddy  diffusivity  there  of  no  more  than  about  10“®  m*s“^.  Specifically: 

(i)  The  rate  of  energy  transfer  through  a  typical  internal  wave  spectrum  has  been 
estimated  by  McComas  and  Muller  (1981b)  using  weak  interaction  theory  aiid  by  Henyey 
et  al.  (1986)  with  a  theory  based  on  ray  tracing.  As  pointed  out  by  Gregg  (1989),  the  two 
theories  give  essentially  the  same  form  for  the  functional  dependence  of  the  energy 
flux  on  buoyancy  frequency  N  and  total  internal  wave  E,  but  differ  by  a  factor  of  nearly  7. 
Both  theories  depend  on  Jissumptions  of  limited  validity;  it  remains  to  be  established 
whether  they  are  complementary,  by  applying  in  different  regions  of  wavenumber- 
frequency  space,  and  whether  the  factor  of  7  discrepancy  is  an  artifact  of  different,  but 
hidden,  assumptions. 

The  calculations  of  McComas  and  Muller  (1981b)  have  been  criticised  for  violating  the 
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assumption  of  weak  nonlinearity  (Hollowa,y,  1980),  but  the  assumption  does  seem  to  be 
valid  for  the  regions  of  the  spectrum  at  low  frequency  and  low  vertical  wavenumber  which, 
after  all,  contain  most  of  the  internal  wave  energy.  Thus,  provided  that  these  re^ons  are 
not  affected  by  back  fluxes  from  the  much  less  energetic  regions  where  the  assumption 
breaks  down,  it  does  seem  reasonable  to  accept  the  McComas  and  Muller  (1981b) 
estimates  of  the  energy  transfer  to  high  wavenumber  and  ultimately  to  dissipation  e.  For 
typical  spectral  levels,  and  with  the  increase  in  potential  energy  of  the  basic  state  being  20 
to  25%  of  c  (Osborn,  1980;  Oakey,  1982),  the  McComas  and  Muller  (1981b)  results  then 
lead  to  a  depth-independent  Kv  of  less  than  2  x  10“®  m^s"^  (  following  Gregg  (1989)  in 
allowing  for  the  energy  transfer  from  low  modes  by  both  induced  diffusion  and  parametric 
subharmonic  instability). 

(it)  Gregg’s  (1989)  comparison  of  direct  measurements  of  c  at  various  locations  and  depths 
led  him  to  adopt  a  parameterisation  for  e  similar  in  form  to  those  of  McComas  and  Muller 
(1981b)  and  Henyey  et  al.  (1986),  but  a  factor  of  about  3  smaller  than  obtained  by  the 
former  and  a  factor  of  2  more  than  obtained  by  the  latter.  This  in  turn  led  to  Ky  less 
than  about  5  X  10~®  m^s“*  for  typical  internal  wave  energy  levels. 

(lit)  For  Kv  ^  10“®  m^s“\  with  c  =  4  to  per  unit  mass  and  with  an  e-folding 

depth  of  1,300  m  for  N,  the  typical  vertically  integrated  internal  wave  energy  level  of 
about  4,000  Jm“^  is  dissipated  or  converted  to  mean  potential  energy  in  about  40  to  50 
days.  A  decay  time  of  this  order  or  even  longer  is  compatible  with  the  rather  small 
variability  in  internal  wave  energy  levels  in  space  or  time.  If,  for  example,  we  think  of  the 
internal  wave  energy  level  E  in  an  area  as  being  governed  by  the  equation 


dE/dt  +  E/t  =  F  (1) 

where  r  is  the  decay  time  and  F  some  exterior  forcing,  then  the  response  to 
F  =  Fo  +  Fi  cosu)t  is 


E  =  t[Fq  -f  Fi(l  +  w^r^)  cosw(f  -  to)]  (2) 

where  the  time  lag  to  =  tan”*  wr.  This  may  have  some  relevance  to  the  finding  by 
Briscoe  and  Weller  (1984)  and  Briscoe  (1984)  of  a  lag  of  2  to  3  months  between  internal 
wave  energy  levels  and  seasonal  variations  in  wind  stress.  Taking  to  =  75  days  and 
<jJ  =  27r/365  days  implies  r  =  200  days,  somewhat  longer  than  the  50  days  or  so  (requiring 
to  =  40  days)  corresponding  to  Kv  =  10"®  m^s"*  but  not  much  more  than  the  100  days 
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(requiring  to  =  60  days)  or  more  associated  with  Gregg’s  (1989)  value  of  less  than 
5  X  10“®  m*s“^  for  Ky. 

Equation  (2)  also  implies  that  the  variation  of  E  about  its  mean  should  be  less  than  the 
variation  of  the  forcing  by  a  factor  (1  +  For  r  =  50, 100,200  days  this  factor  is 

0.76,  0.52,  0.28.  Briscoe’s  (1984)  North  Atlantic  data  (his  Figures  6b  and  8)  do  suggest 
that  the  internal  wave  energy  has  less  variation  than  the  monthly  average  wind  stress 
which  is  assumed  to  be  the  driving  mechanism;  a  factor  of  about  0.4  seems  appropriate, 
corresponding  to  a  decay  time  of  a  bit  more  than  100  days. 

Any  further  discussion  of  this  should  be  regarded  as  over-interpretation,  but  it  does  seem 
possible  that  the  time  lag  and  variability  of  the  internal  wave  energy  level  is  associated 
with  a  decay  time  of  about  100  days.  Briscoe  (1984)  suggested  that  the  lag  represents  the 
time  for  wind-forced  mesoscale  eddies  to  paiss  on  their  energy  to  the  internal  wave  Held, 
but  has  later  also  recognised  the  connection  with  the  decay  time  of  the  internal  wave 
spectrum  (Mel  Briscoe,  personal  communication) . 

It  has  also  been  suggested  in  the  past  that  the  tendency  for  internal  wave  energy  levels  to 
be  similar  from  place  to  place,  in  spite  of  spatially  variable  forcing,  is  a  consequence  of  the 
rather  long  decay  time  which  permits  significant  horizontal  spreading  of  a  patch  of  high 
energy.  An  important  unpublished  paper  by  Cox  and  Johnson  (1978)  discussed  the  way  in 
which  the  spread  of  a  patch  of  high  internal  wave  energy  is  a  diffusive  process,  with  a 
horizontal  diffusivity  Kjj  proportional  to  the  time  for  horizontal  anisotropy  to  be  removed 
by  wave-wave  interactions.  An  appropriate  model  in  this  situation,  for  forcing  that  varies 
in  strength  with  wavenumber  I  in  the  north-south  direction  y,  is 


KH^Ejdy^  -  Ejr  +  F©  -f  J^i  cos  ly  =  0,  (3) 

with  r  the  internal  wave  decay  time  as  before.  The  response  is 


E  =  r[Fo  + {1  + cos  ly]  (4) 

so  that  variations  in  forcing  are  smeared  out  if  Kurfi  >  1. 

For  Cox  and  Johnson’s  (1978)  estimate  of  1.4  x  10"*  m^s“^  for  Kh,  taking  r  =  100  days 
and  with  /  =  1.9  X  10~®  m”^,  as  for  the  30°  north-south  wavelength  of  wind  stress  in  the 
Atlantic  (Briscoe,  1984),  the  factor  (1  +  KjjtI'^Y^  =  0.70.  Thus  significant  variations  in 
E,  as  reported  by  Briscoe  (1984),  should  be  observed,  but  this  conclusion  is  highly 
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sensitive  to  Kjj  and  hence  to  the  time  for  horizontal  anisotropy  to  be  removed.  Cox  and 
Johnson  (1978)  took  this  to  be  72  hours  for  the  frequency  of  1.3/  contributing  the  most  to 
their  integral  expression  for  Kji,  but  further  analysis  is  long  overdue. 

It  is  also  quite  likely  that  it  is  dangerous  to  lump  together  all  the  frequencies  in  the 
inertio-internal  wave  spectrum.  The  seasonal  variations  reported  by  Briscoe  and  Weller 
(1984)  and  Briscoe  (1984)  were  for  high  frequency  internal  waves  (either  u  >  1.15/  or 
u  >  0.1  cph  in  different  analyses);  the  inertial  band  energy  at  the  LOTUS  site  discussed 
by  Briscoe  and  Weller  (1984)  showed  a  more  complicated  time  dependence,  with 
occasional  bursts  of  high  energy. 

Spatially,  Fu  (1981)  found  that  the  inertial  peak  in  the  abyssal  North  Atlantic  over 
smooth  topography  scaled  as  if  it  had  originated  as  super-inertial  energy  at  a  lower 
latitude  (though  elsewhere  it  had  a  component  due  to  local  generation).  This  seems  to 
imply  that  the  wave  does  not  lose  much  of  its  energy  as  it  travels  to  its  turning  latitude,  is 
internally  reflected  and  travels  back  equatorward  again.  Taking  y  northward,  with  y  =  0 
at  the  latitude  where  /  =  w,  then  /  =  w  +  /?y  with  0  =  uR~^  cot  <i>,  R  being  the  earth’s 
radius  and  ^  the  latitude.  A  wave  of  frequency  u  and  horizontal  wave  number  then 
proceeds  towards  its  turning  latitude  at  a  speed  dujdl^  where  the  dispersion  relation  near 
the  inertial  frequency  /  is  approximately 

(a;2  -  /2)i/2  =  {e  +  Cj  =  Ao6(j7r)-'  (5) 

for  modenumber  j  in  an  ocean  with  a  buoyancy  frequency  that  is  Nq  near  the  surface  and 
decreases  exponentially  downwards  with  a  scale  depth  b  (e.g.  Garrett  and  Munk,  1972). 
Hence,  within  the  limits  of  ray  tracing. 


dyjdt  =  dujdl  w  (2/?/a;)*/*  Cj(-y  +  yof!"^  (6) 

where  yo  =  -Cjl;^(2w/1)"^  defines  the  turning  latitude  for  east-west  wavenumber  k. 
Assuming  that  this  WKB  approximation  is  adequate  to  estimate  the  travel  time  T  from 
some  position  -Y  to  -yq,  then 


r  =  [2iZ(y-yo)tan?i]^/%-L  (7) 

If  we  take  Y  -  yo  =  1,000  km,  ^  =  45°,  No  =  5.2  x  10“^  s“^  and  b  =  1,300  m,  then 
T  =  2Qj  days.  This  suggests  that  any  processes  that  would  tend  to  remove  the  inertial 
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peak  in  the  spectrum  cannot  do  so  in  less  than  several  tens  of  days. 

On  the  other  hand,  as  also  recognised  by  Eric  Kunze  (personal  communication),  the 
latitudinal  scaling  of  spectra  is  a  two-way  process;  perhaps  some  of  the  energy  at 
frequencies  above  /  oripnates  as  inertial  energy  at  a  more  poleward  location.  In  fact,  the 
higher-than-WKB  inertial  peak  found  by  Fu  (1981)in  some  locations  suggests  that  the 
extra  energy  must  be  lost  rather  quickly. 

To  summarise  this  discussion; 


(a)  The  temporal  variability  of  the  typical  high  frequency  internal  wave  field  suggests  a 
decay  time  of  order  100  days,  with  Kv  no  more  than  10"®  m^s"^. 

(b)  Spatial  variability  of  annual  average  high  frequency  energy  levels  can  occur  even  if 
the  decay  time  of  the  energy  is  100  days  or  so,  though  this  conclusion  is  strongly 
dependent  on  the  poorly-known  rate  at  which  horizontal  anisotropy  is  removed  from 
a  spectrum. 

(c)  To  the  extent  to  which  the  inertial  peak  is  a  latitudinal  turning  point  effect,  it  also 
seems  to  imply  a  lifetime  of  several  tens  of  days.  However,  regons  with  more 
elevated  peaks  must  lose  their  energy  in  a  time  less  than  this. 


(iu)  The  last  main  feature  of  Figure  1  concerns  the  kinematics  of  breaking  waves.  Garrett 
(1984)  argued  that  typically  observed  shear  spectra  in  the  ocean  would  lead  to  shear 
instability  and  overturning  on  a  vertical  scale  of  order  1  m  (as  typically  observed;  e.g. 
Gregg,  1989)  and  that,  if  mixing  events  occur  no  more  frequently  than  shear  maxima,  then 
again  Kv  is  no  more  than  about  10"®  m^s"*.  These  arguments  seem  as  valid  now  as  they 
did  in  1984,  and  it  does  seem  appropriate  to  pdnt  out  that  the  estimate  of  the  vertical 
scale  was  based  on  integral  properties  of  the  whole  shear  spectrum  rather  than  on  the 
vertical  wavenumber  of  some  particular  kink  in  the  spectrum! 

In  conclusion,  to  the  extent  to  which  Figure  1  represents  a  paradigm,  it  still  seems 
reasonably  valid  for  the  ocean  interior  away  from  the  surface  or  bottom  topography  where 
bursts  of  inertial  energy  may  lead  to  a  local  increase  in  Kv-  As  before,  though,  it  largely 
remains  as  a  reminder  of  some  of  the  different  conceptual  elements  which  need  to  be 
considered  in  developing  any  unified  picture  of  the  mixing  produced  by  internal  waves.  It 
must  also  be  remembered  that  processes  other  than  internal  wave  breaking  can  lead  to 
diapycnal  mixing. 
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3.  THE  ROLE  OF  THE  BOTTOM  BOUNDARY 
3.1  Effect  on  the  Spectral  Shape. 

Most  discussions  of  the  internal  wave  wavenumber-frequency  spectrum  assume  that  it  is 
determined  by  some  combination  of  generation  (most  likely  at  the  sea  surface  by  wind) 
and  nonlinear  interaction  in  the  ocean  interior.  Calculations  by  Eriksen  (1982), 
Rubenstein  (1988),  Garrett  and  Gilbert  (1988)  and  Xu  (1990),  however,  show  that 
reflection  off  bottom  topography  can  scatter  energy  to  higher  wavenumber  (though  the 
frequency  of  each  wave  is  unchanged).  Thus  waves  which  can  reach  the  sea  floor  in  a  time 
short  compared  with  their  interaction  time  may  have  their  energy  scattered  to  higher 
wavenumbers,  at  the  same  frequency,  sooner  than  they  lose  energy  to  other  frequencies 
and  wavenumbers  by  nonlinear  interactions. 

The  vertical  component  of  the  group  velocity  of  a  wave  of  frequency  u>  and  vertical 
wavenumber  m  is 


(8) 

(9) 


with  m  ~  j‘KN{bNo)~^  in  an  ocean  with  an  exponential  N  profile  of  scale  height  b  (Munk, 
1981),  where  j  is  the  mode  number.  If  b  is  significantly  less  than  the  ocean  depth,  the 
vertical  travel  time  of  waves  with  frequency  less  than  N  at  the  bottom  is  then 
nuj(u'^  -  /^)“S  or  away  from  /. 

Now  McComas  and  Muller  (1981a,  b)  showed  that,  for  a  typical  internal  wave  spectrum, 
the  time  scale  for  parametric  subharmonic  instability  to  drain  energy  from  low  modes  with 
w  >  2/  is  given  by  {0.27 where  m,  is  the  vertical  wavenumber 
bandwidth.  Taking  m  =  jTtN{bNo)~^,  fn*  =  j»TrN{bNo)~^ ,  j*  =  3,  Aq  =  5  x  10~^  s~^, 
b  =  1300  m  and  E  =  2x  x  10”®6^AoA,  this  time  scale  becomes  2  x  lO^{No/N)j~^u~^ . 
Ignoring  the  depth  dependence  here  by  taking  N  =  Nq,  we  see  that  this  interaction  time  is 
greater  than  the  vertical  travel  time  ttjo;”*  if  j  <  25. 

Thus  for  the  energetic  low  modes  at  frequencies  greater  thcin  2/,  interactions  with  bottom 
topography  might  be  as  significant  as  interactions  with  other  waves  in  the  water  column. 
Conceivably  the  tendency  for  non-inertial  waves  to  have  a  less  red  vertical  wavenumber 
spectrum  than  inertial  waves  (Tom  Sanford,  this  volume)  may  reflect  this,  although  such  a 
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tendency  may  also  be  a  consequence  of  nonlinear  wave  interactions  (McComas  and  Muller, 
1981a). 

3.2  Mixing  by  Internal  Waves  Breaking  Near  a  Slope 

Figure  2  presents  a  schematic  of  a  plane  bottom  slope  at  which  internal  waves  are 
reflected,  mainly  into  shorter  vertical  wavelengths  with  higher  energy  (e.g.  Eriksen,  1982). 
This  may  well  lead  to  shear  instability  and  mixing  close  to  the  boundary  (Eriksen,  1985; 
Garrett  and  Gilbert,  1988),  though  less  so  in  concave  repons  (Gilbert  and  Garrett,  1989). 
It  is  assumed  that  the  subsequent  eddy  fluxes  of  momentum  and  buoyancy  can  be 
represented  by  eddy  viscosity  and  diffusivity  profiles  i/(z),  k(2)  as  functions  of  the 
bottom-normal  coordinate  z.  (This  does  not  assume  that  a  mixing  length  theory  is  valid; 

V  and  K  are  the  eddy  fluxes  divided  by  the  mean  gradients).  The  mean  buoyancy  B{z)  is 
reduced  near  the  boundary  by  the  mixing,  but  dBjdz  cos9  as  z  oo  with  the 
constant  interior  stratification.  In  the  upslope  direction  dBjdy  -  sind  for  all  2  as  the 
problem  is  assumed  independent  of  y  to  lowest  order. 

The  physics  and  mathematics  of  this  boundary  mixing  problem  are  discussed  by  Phillips 
et  al.  (1986),  Thorpe  (1987)  and  Garrett  (1990)  amongst  others.  Here  I  wish  merely  to 
draw  attention  to  some  key  factors  that  suggest  the  need  and  opportunities  for 
obser\'ational  work  in  this  rep  on. 

Garrett  (1990)  showed  that  the  vertical  buoyancy  flux  is  the  value  K{z)N‘^dz/  smO 
that  it  would  take  if  the  stratification  was  unchanged  by  the  mixing,  multiplied  by  an 
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“effectiveness” 

I  =  (”  Sin’ «  +  (1^)  CO.’  e  dzj  l\dz  (10) 

This  is  lit  dBfdz  =  cob$  throughout  the  boundary  layer  but  is  reduced  if 
dBjdz  <  N^cosO.  Due  to  secondary  circulation  the  reduction  factor  in  the  second  term 
in  (10)  is  the  square  of  what  it  would  be  due  to  reduced  stratification  alone.  Now  if  i/q,  kq 
are  the  eddy  coefficients  close  to  the  boundary,  then  dBjdz  is  very  small  over  a  thickness 
of  order  hmixed  where 


=  +  (12) 


Here  /lEkmtn  =  is  an  Ekman  depth,  S  st  sin*  ^//*  is  the  Burger  number 

based  on  the  ocean  interior  stratification  and  the  bottom  slope  and  Pr  =:  i^/kq  is  the 
eddy  Prandtl  number  close  to  the  boundary. 

If  significant  mixing  dies  away  outside  a  boundary  layer  of  thickness  approximately 
^mixed*  boundary  mixing  effectiveness  from  (10)  is  small  since  dBjdz  is  small 

where  k  is  large  and  vice  versa.  If,  however,  vigorous  mixing  extends  well  into  the  re^on 
above  hnjixed>  where  buoyancy  driven  flows  ca^-  isstore  tnc  stratification,  then  I  can  be 
significant.  This  may  be  the  case  for  internal  wave  breaking.  The  stratification  is,  of 
course,  tied  to  the  values  of  j/(z),  k{z).  Garrett  (199i)  shows  that  if  v{z)^  k(z)  fall  off  to 
very  small  values  over  a  distance  much  greater  than  but  assuming 

i/jK  =  Pr  =constant  for  simplicity,  then,  for  z^h„^xed} 

(W) 

The  nature  of  this  region  is  that  both  the  thermal  wind  equation  for  the  along-slope  flow 
and  an  advective  (upslope)/diffusive  (bottom-normal)  balance  for  buoyancy  are  satisfied. 
For  this  sdution,  (10)  gives 


'-[liSPrJ 


(14) 
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so  that  the  mixing  is  particularly  effective  if  S  Pr  is  not  small. 

3.3  The  Alongslope  Flow 

Steady  state  boundary  mixing  theories  also  lead  to  formulae  for  the  alongslope  mean  flow 
U{z).  For  arbitrary  profiles  of  i/(z),  k(z)  it  can  be  shown  (Garrett,  1990)  that 

U(z)=  f  f  cot  6[koo  -  ii{dB I dz)fN^  cos  6]u~^dz  (15) 

Jo 

where  Koo  is  the  (small)  value  of  k  as  z  -♦  oo.  The  bottom-normal  buoyancy  gradient 
dBjdz^  which  tends  to  JV^  cosd  as  2  -♦  oo,  is,  of  course,  part  of  the  solution.  For 
Pr  —  u{z)fK{z)  —  constant  and  with  mixing,  as  before,  extending  over  a  distance  H  from 
the  boundary  much  greater  than  hmixed*  (15)  shows  that  SiS  z  oo,U{z)  -*  Uoo  given  by 

(16) 

As  argued  by  MacCready  and  Rhines  (1991)  and  Garrett  (1991),  it  is  this 
downwelling-favourable  alongslope  flow  that  becomes  the  boundary  condition  for  the 
ocean  interior  velocity  and  very  slowly  diffuses  into  the  interior. 

These  steady  state  solutions  for  the  density  stratification,  mixing  effectiveness  and 
alongslope  flow  will  undoubtedly  turn  out  to  be  a  gross  oversimplification  of  events 
occurring  in  the  real  ocean.  They  do,  however,  draw  attention  to  the  need  for 
measurements  of  eddy  momentum  fluxes  as  well  as  eddy  buoyancy  fluxes  near  the  sloping 
sea  floor.  An  observational  program  on  a  sloping  bottom,  using  acoustic  doppler  current 
profilers  to  measure  Reynold’s  stresses  with  the  techniques  described  by  Plueddemann 
(1987)  and  Lohrmann  et  ai  (1990),  could  be  very  rewarding. 

4.  A  SIMPLE  MODEL  FOR  THE  DECAY  OF  AN  INTERFACIAL  SOLITARY  WAVE 

Much  of  the  study  of  internal  waves  has  been  concerned  with  their  generation,  interaction 
and  dissipation  i*.  the  open  ocean.  They  also  exist,  however,  in  the  shallower  water  of 
continental  shelves,  where  they  may  have  very  different  wavenumber /frequency  spectra 
and  have  significantly  different  behaviour  and  effects. 

In  particular,  near-surface  solitary  waves,  usually  ori^nating  from  nonlinear  internal  tides 
at  the  shelf  break,  are  a  rather  common  feature  of  stratified  continental  shelf  waters  and 
also  occur  in  the  deep  ocean  (e.g.  Ostrovsky  and  Stepanyants,  1989).  In  any  location  they 
provide  a  possible  mechanism  for  vertical  mixing. 


A  A 
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Figure  3:  Schematic  of  an  internal  solitary  wave  in  a  two  layer  ocean  with  a  thin  interface. 

In  this  section  I  summarise  the  simple  criteria  for  mixing,  and  associated  solitary  wave 
decay,  derived  by  Bogucki  and  Garrett  (1991)  for  a  fluid  with  two  homogeneous  layers 
separated  by  a  thin  interface.  The  situation  envisaged  is  sketched  in  Figure  3;  layers  with 
thicknesses  Hi,  H-i  and  densities  p-  Ap  and  p  are  separated  by  a  thin  interface  of 
thickness  h  (<  /fi,  H^).  A  solitary  wave  of  amplitude  a  generates  currents  ui,  U2  in  the 
two  layers. 

In  a  frame  of  reference  moving  with  the  wave  speed  c,  continuity  in  the  two  layers  requires 

{c-ui){Hi+a)  =  cHi,  (c  -  U2){H2  -  a)  =  cH2  (17) 

=  ca{Hi  +  a)”*,  U2  =  -ca{H2  -  a)~^  (18) 

if  the  horizontal  length  scale  L  of  the  solitary  wave  is  much  greater  than  Hi  and  H2.  The 
Richardson  number  in  the  interface  is  then 

Ri  =  g'h{ui  -  U2)~*»  9'  =  9^pIp  (19) 

=  g'h{Hi  +  a)\H2  -  afc'^Hi  +  H2)-'^a-\  (20) 

In  the  simplest  situation,  where  H2  >  Hi  and  a  <  /fi ,  we  have  (P  ~  g'Hi  and 


Ri  =  hHi/a\ 


(21) 
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Figure  4:  The  internal  solitary  wave  is  progressing  in  the  x  direction  and  triggers  shear 
instability  at  some  point  on  the  forward  face.  The  interface  quickly  thickens  and  keeps 
thickening  until  the  wave’s  maximum  displacement  is  reached. 

Hence  Ri  <  ^  for  instability  requires 


a  >  2{hHxf\  (22) 

This  simple  criterion  for  instability,  that  the  solitary  wave  amplitude  should  be  greater 
than  twice  the  geometric  mean  of  upper  layer  and  interface  thicknesses,  also  applies  if  we 
relax  the  assumption  that  L  >  H2.  In  that  case,  as  for  “Benjamin-Ono”  solitons  (e.g. 
Ono,  1975)  which  require  I  <  we  still  have  U2  <  ui  and  (22)  still  applies  subject  to 
a  <  as  before. 

For  solitary  waves  of  amplitude  greater  than  it  seems  plausible  that  shear 

instability  would  occur  on  the  forward  face  as  soon  as  the  interfacial  Richardson  number 
drops  below  some  critical  value  R%c  v/hich  is  presumably  5.  The  growth  and  collapse  of 
Kelvin-Helmholtz  billows,  and  restracilication  of  the  fluid  into  a  thicker  interface  layer, 
may  all  occur  in  a  time  scale  given  by  some  multiple  of  where  N  is  the  buoyancy 
frequency  in  the  interface  and  is  given  by  N"^  =  g'  jh.  Hence  N~^  = 

This  is  the  time  taken  by  the  wave  to  travel  a  distance  which  is  very  much  less 

than  L,  indicating  that  the  mixing  proceeds  rapidly  compared  with  the  passage  time  of 
the  wave.  Hence  one  might  expect  that,  after  the  initial  instability,  the  interface  thickens 
rapidly  to  achieve  some  interfacial  Richardson  number  Rit  0.4  according  to  Thorpe 
(1972)).  As  sketched  in  Figure  4,  the  interface  might  then  continue  to  grow  until  the  wave 
crest  passes,  after  which  it  remcdns  at  the  same  thickness  given  by 


ht  =  Rit  ay  Hi. 


(23) 


This  thickening  of  the  interface,  from  an  initial  thickness  of  ho,  has  an  associated  increase 
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in  potential  energy  of  g'p{h\  -  /»o)/24.  If  we  assume  that  this  energy  is  a  fraction  a  of  the 
total  energy  lost  by  the  propagating  soliton,  which  is  assumed  to  hold  together  in  spite  of 
the  dissipation,  we  have 


a  dE/dx  =  -  ho)/24  (24) 

=  -g'pRifHi^{a‘*  -  aJ)/24  (25) 

where  oq  =  is  less  than  the  critical  amplitude  (HihcfRic)^^^  at  which  decay 

of  the  soliton  would  cease. 

Further  development  of  (25)  requires  a  formula  for  the  total  soliton  energy  E.  For  L'^  H2 
the  soliton  interface  displacement  (  as  a  function  of  x  is  given  by  C  =  osech*(a:/i)  where, 
for  a  <  Hi,  =  \H1H2  (e.g,  Benney,  1966).  Hence 

E  =  jjVi  =  (26) 

and,  from  (25)  with  Rit  —  0.4  and  a  —  0.2  (Oakey,  1982), 

dajdx  =  -  «o)-  (27) 

If,  on  the  other  hand,  L  <  H2,  the  “Benjamin-Ono”  solitons  (Ono,  1975)  have 
C  =  a[{x/Ly  +  1]“^  with  aL  =  so  that 


E  =  {‘Kf2)g'pa^L  -  (27r/3)^V^i  o-  (28) 

Hence,  with  a  =  0.2  and  Rit  =  0.4  as  before, 

da/dx  =  -0.016^f '*(o‘‘  -  Oq).  (29) 

In  both  situations,  therefore,  waves  which  meet  the  instability  criterion  (22)  decay  rather 
rapidly  at  first  before  eventually  stabilising  at  Oc  =  {Hiho/Ric)^^^.  As 
a*  =  {RiifRic)^aQ  =  2.56ao  for  Rit  -■  0.4  and  Ric  =  0.25,  the  decay  rate  is  rather 
insensitive  to  ho;  typical  decay  distances  in  either  situation  are  several  tens  of  kilometres 
(Bogucki  and  Garrett,  1991). 
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Application  of  these  simple  ideas  to  the  real  ocean  may  require  allowance  for  other  effects 
such  as  geometrical  spreading  and,  more  importantly,  extension  of  the  model  to  allow  for 
a  continuously  stratified  upper  layer, 

5.  DISCUSSION 

A  picture  of  a  rather  persistent  internal  wave  field,  slowly  losing  energy  to  dissipation  and 
vertical  mixing  with  Kv  10“®  m^s"^,  still  seems  appropriate  for  the  main  thermocline. 
As  remarked  by  Gregg  (1987),  diapycnal  mixing  may  then  be  a  rather  unimportant 
process  compared  with  other  processes  such  as  ventilation  from  the  surface  mixed  layer. 
One  part  of  this  picture  is  the  prediction  of  c  from  nonlinear  internal  wave  interaction 
theories.  The  validity  of  the  model  of  Henyey  et  al.  (1986)  is  still  a  matter  of  debate  (e,g, 
Gargett,  1990),  but  it  is,  in  a  sense,  a  local  model,  giving  the  local  flux  of  energy  to  small 
scales  and  hence  mixing  for  a  typical  spectrum.  The  calculations  of  McComas  and  Muller 
(1981a)  do  seem  to  be  valid  for  the  energetic  low-frequency,  low-mode,  parts  of  the 
spectrum,  but  it  is  just  these  spectral  re^ons  which  are  sufficiently  long-lived  to  propagate 
into  a  region  with  a  different  inertial  frequency  or  to  interact  with  bottom  topography. 
Thus  the  energy  losses  from  the  energetic  part  of  the  spectrum  in  the  McComas  and 
Muller  (1981b)  theory  do  not  immediately  lead  to  turbulence.  They  need  to  be  integrated 
with  consideration  of  other  processes  affecting  the  internal  wave  spectrum  before  we  can 
be  confident  of  the  implications  for  local  mixing. 

In  particular,  the  pioneering  study  by  Cox  and  Johnson  (1978)  of  the  consequences  of 
horizontal  anisotropy  in  the  internal  wave  spectrum  need  to  be  re-examined;  the  problem 
is  central  to  any  consideration  of  the  evolution  of  a  spectrum  that  is  distorted  by  bottom 
reflection,  surface  generation  or  just  the  lateral  spreading  of  a  patch  of  high  energy. 

The  simple  scenario  shown  in  Fig,  1  is  probably  not  valid  near  the  sea  surface.  In 
particular,  if  an  elevated  inertial  peak  is  generated  there  which  is  not  connected  in  a  WKB 
fashion  to  spectra  at  lower  latitudes,  then  some  extra  local  dissipation  must  be  occurring. 

The  region  near  the  seafloor  is  also  likely  to  be  anomalous.  It  has  been  emphasized  here 
that  the  mixing  produced  by  internal  waves  near  a  sloping  bottom  may  be  significant  not 
only  for  basin-average  diapycnal  fluxes,  but  also  for  the  velocity  boundary  condition  for 
low  frequency  flows.  There  is  a  need  to  mount  more  observational  programs,  capable  of 
measuring  eddy  momentum  and  buoyancy  fluxes,  near  sloping  bottoms,  particularly  those 
that  are  convex  (to  avoid  destructive  interference  of  reflected  internal  waves)  and  have  a 
Burger  number  greater  than  1  (to  emphasize  slope  effects). 

Our  developing  understanding  of  the  deep-sea  internal  wave  field  will  probably  be  of 
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limited  applicability  on  continental  shelves,  though  there  are  the  same  concerns  with 
surface  generation  and  the  role  of  a  sloping  bottom.  A  reasonably  common  phenomenon 
of  shelf  seas  is  the  internal  soliton;  this  paper  has  presented  a  simple  preliminary  model  of 
the  mixing  produced  at  a  thin  interface  by  an  internal  soliton  which  is  itself  damped  in 
the  process. 

In  summary,  therefore,  the  paradigm  of  Fig.  1  may  be  appropriate  for  some  parts  of  the 
ocean,  though  some  of  its  foundations  are  still  rather  shaky.  Many  interesting  and 
important  questions  remain,  however,  about  parts  of  the  ocean  where  this  picture  is  not 
appropriate  but  where  internal  waves  have  significant  effects.  In  other  words,  our 
paradigm  may  hold  in  regions  where  internal  waves  do  not  matter  and  be  inadequate  in 
places  where  they  do! 
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ABSTRACT 

We  do  not  know  what  forces  the  internal  wave  field,  except  in  the  broadest  terms.  The  spec¬ 
tral  levels  are  remarkably  uniform,  but  the  likely  sources  have  obvious  spatial  and  temporal  vari¬ 
ability.  This  argues  that  long-range  horizontal  propagation  of  energy  must  be  an  important  factor 
in  “smoothing  out’’  the  irregularity  of  the  sources.  Research  suggests  that  only  low-mode,  low- 
frequency  internal  waves  are  capable  of  propagating  significant  distances.  In  the  short  term, 
measurements  of  the  directional  spectra  of  these  waves  should  therefore  reveal  the  dominant 
energy  sources  for  the  internal  wave  field.  In  the  longer  term,  a  global  model  of  the  internal 
wave  field  and  its  associated  diapycnal  mixing  could  be  constructed  by  simulating  the  genera¬ 
tion,  propagation,  and  dissipation  of  these  low-mode,  low-frequency  waves.  This  is  a  worthy 
long-term  goal  for  internal  wave  research. 

WHAT  DO  WE  WANT  TO  KNOW? 

In  the  last  20  years  we  have  learned  a  great  deal  about  the  spectral  and  spatial  distribution 
of  internal  wave  energy.  Measurements  show  the  spectrum  is  remarkabiy  stable  compared,  for 
example,  with  that  of  surface  waves.  It  is  therefore  useful  to  talk  about  a  “universal”  spectral 
shape  for  internal  waves  (Garrett  and  Munk,  1979).  A  nearly  universal  spectrum  is  consistent 
with  theory  (Muller  et  al.,  1986),  which  predicts  that  wave-wave  interactions  produce  an  inter¬ 
nal  wave  spectrum  that  is  not  very  sensitive  to  the  details  of  the  wave  sources.  More  recently, 
direct  comparisons  between  measurements  of  the  kinetic  energy  dissipation  rate,  e,  and  values 
predicted  by  wave-wave  interaction  theories  (see  Gregg  and  Padman  discussions,  this  volume) 
show  some  agreement,  although  the  story  is  far  from  complete  at  present.  Notably,  although  only 
small  variations  are  seen  in  the  spectral  level,  they  correspond  to  much  larger  variations  in  e,  a 
spectral  transfer  rate.  The  internal  wave  field  thus  looks  much  more  dynamic  and  much  less 
universal  when  viewed  in  terms  of  rates  rather  than  levels. 

In  contrast,  only  modest  progress  has  been  made  in  determining  the  sources  of  the  internal 
wave  field.  There  are  variations  in  the  energy  and  spectral  level  (Wunsch  and  Webb,  1979; 
Levine  et  al.,  1985).  Some  investigators’  have  found  correlations  between  sources  and  internal 
wave  characteristics.  Levine  et  al.  (1985)  find  a  wind  forced  signal  in  the  Arctic  Ocean;  Padman 
and  Dillon  (1991)  and  Levine  et  al.  (1983)  find  tidally  forced  signals;  Kunze  and  Sanford  (1984) 
find  strong  signals  associated  with  mesoscale  rings  and  fronts;  and  D’Asaro  (1985a)  finds  a  sig¬ 
nal  from  strong  storms.  In  general,  however,  it  has  been  difficult  to  find  any  clear  association 
between  the  wave  field’s  sources  and  sinks  and  its  behavior.  This  is  not  due  to  any  lack  of 
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potential  sources  and  sinks.  Idealized  calculations  indicate  that  wind  stress  (D’Asaro,  198Sb), 
surface  waves  (Watson,  this  volume),  bottom  topography  (Bell,  1975),  and  geostrophic  currents 
(Watson,  1985),  among  others,  could  all  potentially  be  important.  The  problem  is  distinguishing 
among  these  sources. 

I  propose  that  the  next  goal  of  internal  wave  research  should  be  to  find  and  quantify  the 
internal  wave  sources.  The  key  to  the  strategy  is  to  realize  that  only  low-mode,  low-frequency 
internal  waves  can  propagate  substantial  distances  (>10(X)  km)  in  the  ocean.  These  waves  must 
therefore  supply  energy  to  the  wave  field  in  regions  where  the  sources  are  weak.  Measurements 
of  the  directional  spectrum  of  these  low-mode  waves  should  reveal  their  sources,  since  different 
sources  will  undoubtedly  be  distributed  differently  in  space  and  time.  In  the  long  term,  we  might 
consider  working  toward  global  models  of  the  internal  wave  field  which  track  energy  from 
sources  into  propagating  low  modes,  back  into  the  local  wave  field,  and  finally  to  local  dissipa¬ 
tion  and  diapycnal  mixing.  The  remainder  of  this  paper  will  elaborate  on  these  ideas. 

THEORETICAL  RESULTS 
Scales 

Internal  waves  span  a  wide  range  of  scales  and  thus  a  wide  range  of  dynamical  regimes. 
Figure  1  shows  the  spectral  domain  of  internal  waves  as  a  function  of  WKB  normalized,  hydro¬ 
static,  vertical  wavenumber  (horizontal  axis),  frequency  (vertical  axis),  and  horizontal 


Fig.  1.  Spectral  density  of  internal  wave  energy  according  to  GM76  [after  McComas,  1977]  as 
a  function  of  vertical  wavenumber  Kz  (horizontal  axis),  frequency  o  (vertical  axis),  and 
horizontal  wavenumber/://  (dashed  diagonal  lines)  using  the  hydrostatic  approximation. 


452 


Internal  Wave  Souices  and  Sinks 


wavenumber  (diagonal  lines).  The  distribution  of  energy  is  contoured  (Garrett  and  Munk,  1975). 
Most  of  the  energy  is  at  low  wavenumbers  and  low  frequencies. 

Propagation 

Internal  waves  can  propagate  horizontally  and  thus  spread  energy  away  from  source 
regions.  The  horizontal  group  speed  is  contoured  in  Fig.  2  (dashed  curves).  Only  the  low  modes 
have  significant  speeds. 

Very  nearly  inertial,  low-mode  waves  cannot  exist,  since  the  p  effect  changes  /by  more 
than  o-/over  their  inverse  horizontal  wavenumber  (Fu,  1981).  This  region  is  indicated  by  the 
shaded  region  in  the  lower  left-hand  comer  of  Fig.  2.  Voiticity  gradients  in  geostrophic  flows  are 
usually  comparable  to  p  and  sometimes  far  exceed  it  (Kunze,  1985).  The  propagation  of  internal 
waves  will  be  strongly  modified  by  interactions  with  these  flows.  The  region  of  limited  propaga¬ 
tion  will  thus  be  considerably  larger  than  the  “no  waves’’  region  in  Fig.  2. 

The  low  phase  speed  of  many  internal  waves  limits  their  propagation.  The  frequency  of 
waves  propagating  in  a  background  flow  will  be  Doppler  shifted  by  an  amount  Ao  where 
Icis  their  horizontal  wavenumber  and  if  is  the  change  in  the  background  velocity  through  which 
they  have  propagated.  If  Ao  exceeds  o-/,  the  waves  may  be  Doppler  shifted  into  a  critical 


Fig.  2.  Contours  of  hydrostatic,  WKB  horizontal  group  speed  Gh  (dashed  curves)  and  the 
background  velocity  necessary  for  critical  layers  (solid  curves).  The  region  of  waves 
excluded  by  the  p  effect  is  shaded. 
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layer.  Even  if  they  are  not,  they  will  be  strongly  distorted.  Contours  of  the  bacl^ound  velocity 
necessary  for  the  formation  of  critical  layers  are  plotted  in  Fig.  2;  Ucr  =  (o-/)/ 1^1.  Because  the 
internal  wave  field  itself  commonly  has  velocities  approaching  10  cm/s,  waves  with  0^  < 

10  cm/s  are  unlikely  to  propagate  far.  This  defines  a  region  of  strong  wave-wave  interaction  at 
mid  and  high  wavenumbers  in  which  wave  propagation  is  limited.  Mesoscale  geostrophic 
motions  commonly  have  velocities  of  10-100  cm/s.  Waves  with  Ucr  <  100  cm/s  will  not  pro¬ 
pagate  far  in  regions  with  such  a  mesoscale  eddy  field.  Oceanic  velocities  in  excess  of  100  cm/s 
are  uncommon  except  in  the  strongest  currents.  The  propagation  of  waves  with  Ucr  >100  cm/s 
will  usually  not  be  inhibited  by  interaction  with  ocean  currents. 

Wave-Wave  Interaction 

The  sources  of  internal  waves  are  believed  to  be  concentrated  at  low  wavenumbers. 
Wave-wave  interaction  theories  predict  a  cascade  of  energy  from  small  to  large  wavenumbers, 
as  indicated  by  the  arrows  in  Fig.  3.  Although  there  is  some  disagreement  (in  details)  between 
the  results  of  resonant  and  eikonal  approximations  (Muller  et  al.,  1986),  there  is  consensus  that 
these  interactions  feed  energy  to  small-scale  dissipation  and  mixing.  The  transfer  of  energy 


Fig.  3.  Decay  time  for  a  10%  spike  in  the  spectrum  shown  in  Fig.  1  [from  McComas,  1977]. 
The  region  where  this  time  is  shorter  than  a  wave  period  is  shaded.  Dashed  contours 
indicate  that  spike  grows.  Arrows  indicate  direction  of  energy  flux  due  to  nonlinear 
interactions:  resonant  theory  [McComas,  1977]  outside  of  shaded  region,  and  eikonal 
[Henyey  et  al.,  1986]  inside. 
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between  waves  of  different  scales  is  due  to  the  nonlinearity  of  the  equations  of  motion,  and  thus 
becomes  stronger  at  higher  wavenumbers.  If  the  rates  are  high  enough,  the  waves  interact  so  fast 
that  they  can  no  longer  be  described  as  freely  propagating.  Estimates  of  the  energy  transfer  rates 
(Fig.  3)  indicate  that  this  limit  is  reached  for  waves  with  wavenumbers  greater  than  10-100  m"* , 
as  indicated  by  the  shading.  At  wavenumbers  smaller  than  this,  waves  can  propagate  for  some 
time  before  they  lose  their  energy  to  the  rest  of  the  wave  field.  Contours  of  this  interaction  time 
(Fig.  3)  show  a  strong  dependence  on  vertical  wavenumber.  Only  the  small  wavenumbers  (i.e., 
the  low  modes)  have  interaction  times  longer  than  10  days  (10®  s). 

Which  Waves  Can  Propagate? 

A  “mean  free  path”  for  horizontally  propagating  internal  waves  is  estimated  as  the 
product  of  the  interaction  time  multiplied  by  the  horizontal  group  velocity  G//.  Approximate 

contours  of  Lf^c  =  1000  km  are  shown  in  Fig.  4.  Only  a  relatively  small  range  of  waves  can  pro¬ 
pagate  1000  km.  Another,  perhaps  more  accurate  estimate  of  is  given  in  E.  Hirst’s  paper  in 
this  volume. 


Fig.  4.  Spectral  location  of  Propagating  Waves.  High- wavenumber  and  high-frequency  waves 
(Nonlinear)  interact  strongly  and  cannot  propagate  far.  Many  near-inertial  waves 
(Refracted)  are  strongly  refracted  by  internal  waves  and  geostrophic  currents  and  also 
cannot  propagate  far.  The  edge  of  this  domain  (dashed  curve)  is  defined  by  = 

0.2  m/s.  Inertial,  low-mode  waves  are  prohibited  by  the  p  effect  (No  Waves).  Propaga¬ 
tion  distance  of  low-mode,  somewhat  superineitial  waves  (Propagating),  computed  by 
hand  from  Figs.  2  and  3,  is  contoured,  'rite  end  of  the  contours  indicates  inability  to 
interpolate  the  figures.  Dotted  contour  indicates  that  perturbations  grow. 
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Figure  4  partitions  the  internal  wave  domain  into  various  dynamical  regions  based  on  the 
above  considerations.  At  high  wavenumbers.  t,H,  is  short,  and  the  waves  are  strongly  nonlinear. 
They  cannot  propagate  far.  At  lower  wavenumbers,  the  waves  become  increasingly  linear  but 
still  have  small  values  of  At  low  wavenumbers,  but  very  close  to  the  inertial  frequency, 
wave  propagation  is  limited  by  the  p  effect  and  interaction  with  the  mesoscale  flow.  Only  low 
modes  with  frequencies  somewhat  above  / can  propagate  basinwide.  I  will  call  these  “Propagat¬ 
ing  Waves.” 

THE  ROLE  OF  PROPAGATING  WAVES 

Now  consider  a  region  of  the  ocean  far  from  strong  sources  of  internal  waves  such  as  wind, 
bottom  topography,  and  internal  tides  generated  on  the  shelves.  Pick  a  region  in  the  middle  of  a 
large  ocean,  over  flat  topography.  The  IWEX  site  might  not  be  a  bad  choice!  The  chances  are 
that  the  local  sources  are  well  below  average.  Nevertheless,  the  internal  wave  field  is  compar¬ 
able  to  that  found  at  more  energetic  sites.  Wave  interaction  calculations  and  typical  d’ssipation 
rates  suggest  that  this  wave  field  should  lose  most  of  its  energy  in  50-100  days,  yet  there  is  little 
evidence  that  this  happens.  Where  does  the  energy  come  from  to  renew  the  wave  field  in  this 
region?  I  suggest  that  it  is  supplied  by  the  low-n  ode,  large  Lfm,  Propagating  Waves  discussed 
above.  ^ 

If,  as  indicated  in  Fig.  3,  the  major  sources  of  internal  waves  are  at  low  modes  and  low  fre¬ 
quencies,  much  of  their  energy  will  be  put  into  the  Propagating  Waves.  These  waves  will 
disperse  from  the  region  where  they  were  generated,  releasing  energy  only  slowly  and  over  a 
wide  region.  Consequently,  the  Propagating  Waves  will  flux  energy  away  from  the  source 
regions.  In  a  sink  region,  therefore,  the  directional  spectmm  of  Propagating  Waves  will  point 
toward  the  sources,  much  as  surface-wave  swell  spectra  point  toward  distant  storms.  Measure¬ 
ment  of  this  spectrum  should  teach  us  about  the  distribution  of  sources. 

Another  consequence  is  that  away  from  strong  local  sources  the  properties  of  the  local 
internal  wave  field  are  determined  by  the  rate  at  which  the  Propagating  Waves  give  up  energy. 
This  rate  is  slow  because  these  waves  are  nearly  linear,  thus  resonant  wave-wave  interaction 
theory  should  be  accurate.  Other  interactions  such  as  scattering  from  topographic  features  may 
also  be  important.  The  local  rate  of  energy  loss  from  the  Propagating  Waves  should  equal,  on 
average,  the  local  rate  of  energy  dissipation  and  thus  govern  the  local  rate  of  internal  wave  mix¬ 
ing.  We  should  therefore  observe  a  relationship  between  the  field  of  Propagating  Waves,  the 
local  internal  wave  spectrum,  and  the  dissipation  rate. 

EVIDENCE  FOR  PROPAGATING  WAVES 

Existing  evidence,  although  limited,  supports  these  ideas.^  During  IWEX  (Muller  et  al., 
1978),  detailed  measurements  were  made  of  the  internal  wave  field  in  the  Sargasso  Sea 
(27°N,70®W),  a  region  probably  weak  in  local  sources.  During  the  limited  time  of  the  measure¬ 
ments  (42  days),  waves  with  frequencies  between  /and  about  4/ were  significantly  anisotropic, 
whereas  those  at  higher  frequencies  we^e  nearly  isotropic.  The  anisotropic  waves  were  all  pro¬ 
pagating  toward  the  southeast,  i.e.,  away  from  the  North  American  continental  shelf.  Semidiur¬ 
nal  tidal  energy,  both  anisotropic  and  dominated  by  low  modes,  looks  like  a  Propagating  Wave 
generated  on  the  shelf.  Interestingly,  Muller  et  al.  (1978)  were  so  unconcerned  with  sources  that 
the  season  of  the  measurements  is  not  even  mentioned! 
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Evidence  for  propagation  of  internal  waves  over  long  distances  is  provided  by  Fu’s  (1981) 
analysis  of  long-tenn  abyssal  moorings  in  the  North  Atlantic,  'fhe  large-scale  internal  wave  field 
was  modeled  by  linearly  propagating  a  Garrett-Munk-like  wave  field  with  no  inertial  peak  north¬ 
ward  from  the  equator.  The  model  (Fig.  5)  produces  both  near-inertial  peaks  and  superinertial 
spectra  which  agree  remarkably  well  with  the  abyssal  data  (given  the  simplicity  of  the  model). 
This  supports  the  idea  that  internal  waves  can  propagate  significant  distances.  The  data  are 
insufficient  to  determine  the  wavenumbers  of  the  waves  that  propagate.  The  model  worked 
poorly  in  the  upper  ocean,  in  the  thermocline,  and  over  rough  topography.  Fu  (1981)  models 
these  features,  with  some  success,  as  due  to  local  sources  of  near-inertial  waves. 

Lai  and  Sanford  (1986)  observed  the  local  generation  of  low  modes  after  the  passage  of  a 
hurricane  near  the  New  England  continental  slope.  First  the  lowest  mode  was  observed  and  then 
higher  modes;  the  timing  was  consistent  with  generation  at  a  site  80  km  away. 
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Fig.  5.  Model  (smooth  curve.s)  and  observed  spectra  of  horizontal  kinetic  energy  at  4000  m 

measured  during  long  -erm  moorings  in  the  North  Atlantic.  Inertial  frequency  and  lati¬ 
tude  are  marked,  [from  Fu,  1981] 
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I  believe  this  idea  originates  with  the  unpublished  Johnson  and  Cox  manuscript. 

3 

Perhaps  my  knowledge,  rather  than  the  evidence,  is  limited. 
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WIND  FORCING 

We  do  not  know  which  of  the  possible  sources  of  internal  wave  energy  is  most  important. 
Rather  than  attempting  to  understand  them  all,  we  might  look  at  just  one  and  ask  whether  the 
data  are  consistent  with  its  being  the  primary  source.  I  propose  that  wind  forcing  is  a  primary 
candidate,  although  tidal  forcing  is  another  possibility.  Internal  waves  in  the  thermocline  usually 
show  a  dominance  of  downward  propagating,  near-inertial  energy.  Examples  include  data  taken 
by  Leaman  and  Sanford  (1975),  D’Asaro  (1984),  and  Muller  et  al.  (1978).  Atmospheric  forcing  is 
the  obvious  source  of  this  asynunetry. 

Mixed  Layer  Inertial  Currents 


Perhaps  the  best  understood  source  of  internal  waves  is  excitation  of  mixed-layer  inertial 
motions  by  the  wind.  Because  atmospheric  wind  fluctuations  are  typically  both  much  larger  than 
a  Rossby  radius  in  the  ocean  and  move  faster  than  the  lowest  baroclinic  phase  speed,  the  wind 
stress  tends  to  excite  mostly  near-inertial  waves  (Gill,  1984).  It  has  been  apparent  since  the  first 
near-surface  current  meter  records  that  strong  mixed-layer  inertial  currents  are  generated  by 
fluctuating  wind  stresses  (Webster,  1968).  A  simple  slab  mixed- layer  model  does  a  decent  job  of 
simulating  this  process  under  most  conditions,  as  was  first  demonstrated  by  Pollard  and  Millard 
(1970).  Mixed-layer  inertial  currents  and  the  energy  transferred  from  the  wind  to  these  currents 
can  be  estimated  from  wind  data  using  this  model. 

How  well  can  we  predict  the  flux  of  energy  from  the  wind  to  mixed-layer  inertial  currents? 
An  example  of  such  a  calculation  using  real  wind  measurements  is  shown  in  Fig.  6.  The  required 
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Fig.  6.  Inertial-energy  flux  computed  for  NOAA  Data  Buoy  Center  buoy  46006  near 

4rN,  140°W.  (a)  Wind  stress  computed  with  Garratt  (1977)  drag  law.  (b)  Mixed-layer 
inertial  velocity  computed  using  50  m  mixed-layer  depth,  (c)  Energy  flux  to  mixed- 
layer  inertial  motions,  (d)  Integrated  energy  flux. 
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data  are  the  wind  stress  (top  panel),  a  drag  law,  and  the  mixed  layer  depth,  here  assumed  to  be 
50  m.  The  resulting  energy  flux  (bottom  two  panels)  is  highly  intermittent  and  is  dominated  by  a 
few  storms.  For  10  years  of  data  from  Ocean  Weather  Station  P,  for  example,  the  kurtosis  of  the 
energy  flux  was  estimated  at  360  and  the  average  November  energy  flux  was  increased  60%  by  a 
single  storm  (D’Asaro,  1985b).  Storms  are  cleaiiy  important,  and  wind  stress  data  are  required  at 
least  every  few  hours.  Operational  weather  products  probably  do  not  give  these  winds  with 
sufficient  accuracy  over  the  ocean,  (Thomson,  1983).  Furthermore,  the  drag  coefficient  can  vary 
by  a  factor  of  2  during  storms  (Geemaert,  1988),  resulting  in  significant  changes  in  the  computed 
inertial  currents  (D’Asaro,  1985a).  Because  of  these  factors,  accurate  predictions  of  mixed-layer 
inertial  currents  can  probably  not  be  made  using  operational  weather  products  until  predictions  of 
winds  over  the  ocean  are  significantly  improved. 

Figure  7  shows  the  10  year  average  annual  cycle  of  energy  flux  to  mixed-layer  inertial 
currents  computed  using  a  simple  slab  model  and  climatological  mixed-layer  depth  (D’Asaro, 
1985b).  The  flux  is  large  in  the  fall  and  winter  and  small  in  the  summer  because  of  the  stronger 
wind  in  the  winter.  It  is  largest  in  the  early  fall  because  of  the  thinner  mixed  layers.  Although 
the  proper  calculations  have  not  been  made,  the  large-scale  spatial  pattern  is  probably  quite  simi¬ 
lar  to  that  of  the  wind  stress  (Fig.  8).  The  important  point  is  that  clear  seasonal  and  large-scale 
geographical  signals  exist.  We  do  not  know  how  well  operational  products  can  predict  these  sig¬ 
nals,  although  prediction  of  seasonal  and  regional  averages  is  likely  to  be  more  accurate  than  that 
of  local  statistics. 
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Fig.  7.  Annual  cycle  of  inertial  energy  flux  at  OWS-P  (50°N,  145°  W).  (a)  Annual  cycle  of 

mixed-layer  depth,  (b)  Annual  cycle  of  energy  flux  to  mixed-layer  inertial  currents  com¬ 
puted  as  in  Fig.  6  but  using  mixed-layer  depth  from  (a). 


Fig.  8.  Annual  wind  stress  magnitude  (Hellerman  and  Rosenstein,  1983).  Contour  level  is 
0.1  Pa.  [from  Briscoe,  1984] 


Low-Mode,  Near-Inertial  Waves 

Most  of  the  energy  in  mixed-layer  inertial  currents  probably  propagates  into  the  stratified 
ocean  in  the  form  of  local  and  propagating  near-inertial  internal  waves.  Figures  9-12  show  a 
simulation  of  the  ocean’s  response  to  a  single  storm.  The  forcing,  latitude,  and  stratification  are 
tuned  to  match  the  conditions  observed  during  eariy  October  1987  as  part  of  the  OCEAN 
STORMS  experiment.  The  model  is  a  two-dimensional  variant  of  Price’s  (1983)  hurricane 
model,  with  21  layers,  ftill  nonlinearity,  hydrostatic  dynamics,  a  p  plane,  and  a  vertical  viscosity 
of  2  X  lO"^  m^/s,  which  improves  its  fit  with  the  data.  It  is  forced  in  the  mixed  layer  by  a  Gaus¬ 
sian  storm  centered  at  y  =  0  (47.5°N). 

The  response  of  the  model  ocean  to  this  storm  is  almost  entirely  near-inertial.  Figure  9 
shows  depth-time  contours  of  the  inertial  amplitude  as  a  function  of  depth  and  time  in  the  upper 
kilometer.  The  model  storm  forces  mixed-layer  inertial  currents  of  about  40  cm/s.  For  the  first 
10  days  after  the  storm,  the  inertial  energy  stays  in  the  mixed  layer  while  the  P  effect  increases 
the  north-south  wavenumber  of  the  currents  as  described  by  D’Asaro  (1989).  There  is  some 
slight  penetration  of  energy  into  the  thermocline  owing  to  the  imposed  vertical  viscosity.  Even- 
tu^ly,  the  horizontal  wavenumber  becomes  large  enough  for  linear  wave  propagation  to  occur. 
Between  days  300  and  320,  almost  all  the  mixed  layer  energy  is  transferred  to  the  upper  thermo¬ 
cline  and  to  low-mode,  near-inertial  waves.  Contours  of  inertial  speed  in  the  latitude-time  plane 
(Figs.  10-12)  show  the  distinct  separation  and  propagation  of  modes  1  (starting  on  day  306)  and 
2  (starting  on  day  320).  Both  modes  are  seen  at  the  surface  (Fig.  10)  and  in  the  upper  thermo¬ 
cline  (Fig.  1 1),  but  only  mode  2  is  seen  at  1000  m  (Fig.  12)  because  this  is  near  the  zero  crossing 
of  mode  1.  Similar  results  were  seen  in  simulations  by  Gill  (1984). 

The  low  modes  rapidly  propagate  southward  away  from  the  source  region.  In  the  simula¬ 
tion,  waves  in  the  thermocline  2000  km  south  of  the  storm  have  speeds  of  about  1  cm/s  and  verti- 


TIME  /  days 

Fig.  9.  Inertial  speed  as  a  function  of  depth  and  time  directly  benea^  the  storm  (y  =  0)  for  simu 
lation  of  ocean  response  to  a  strong  storm.  Contour  interval  is  1  cm/s. 
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Fig.  10.  Inertial  speed  at  the  surface  as  a  function  of  meridional  distance  and  time.  Location 
and  size  of  storm  are  clearly  seen  as  is  propagation  of  energy  to  the  south.  Contour 
interval  is  1  cm/s. 
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Fig.  11.  Inertial  speed  at  100  m  as  a  function  of  meridional  distance  and  time.  Comparison 
with  Fig.  10  shows  propagation  of  energy  from  the  mixed  layer  starting  near  day  286 
and  southward  propagating  modes.  Contour  interval  is  1  cm/s. 

cal  displacements  of  about  1  m  for  at  least  20  days.  These  waves  have  distinct  properties.  They 
are  low  mode  and  have  a  meridional  wavelength  near  100  km.  Their  frequency  is  about  pAy, 
where  Ay  is  the  meridional  distance  from  the  storm,  which  equals  1.3/ near  30®N.  A  fully  three- 
dimensional  calculation  would  show  a  zonal  wavelength  near  U  If,  where  V  is  the  advection 
speed  of  the  storm.  Although  wave-wave  interactions  are  not  included  in  the  model,  f’ese  scales 
are  clearly  in  the  range  of  the  “Propagating  Waves”  shown  in  Fig.  4.  These  waves  should  thero- 
fore  not  be  strongly  attenuated  by  interaction  with  the  rest  of  the  wave  field.  Their  signatures  are 
distinct  and  should  be  easily  measured,  given  the  proper  instrumentation 

In  this  simulation,  the  energy  put  into  the  inertial  currents,  averaged  over  the  30  day  length 
of  the  ocean  response,  is  about  10"^  WAn^.  The  average  wintertime  fluxes  estimated  in  Fig.  7  are 
several  times  this.  Furthermore,  because  the  propagating  waves  always  go  equatorward,  the  total 
southward  flux  is  the  result  of  all  forcing  north  of  a  given  location.  It  would  not  be  unreasonable, 
therefore,  to  expect  the  peak  wintertime  amplitude  of  Propagating  Waves  to  be  several  times  that 
shown  in  Figs.  9-12.  A  far  weaker  signal  should  be  expected  in  the  summer. 

SOME  SUGGESTIONS  FOR  RESEARCH 

How  can  we  detect  Propagating  Waves  generated  by  storms?  The  signal  is  so  weak  that  the 
waves  from  a  single  storm  will  probably  not  be  obvious  unless  the  storm  is  very  strong  (e.g.,  Lai 
and  Sanford,  1986).  Measurements  will  therefore  have  to  be  designed  to  detect  the  signal.  The 
key  appears  to  be  averaging  either  in  the  vertical,  to  isolate  the  low-mode  structure,  or  in  the 
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Fig.  12.  Inertial  speed  at  1000  m  as  a  function  of  meridional  distance  and  time.  Contour  inter¬ 
val  is  0.5  cm/s. 


horizontal,  to  isolate  the  large  horizontal  scales,  as  well  as  filtering  in  time  to  isolate  the  distinct 
frequency.  One  approach  would  be  to  use  integrating  temperature  sensors  to  filter  out  the  high 
modes.  Vertical  or  horizontal  acoustic  propagation  is  another  promising  technique.  Given  the 
strong  seasonal  cycle  expected  of  wind  forcing,  a  long  time  series  of  directional  measurements  of 
the  low-mode  waves  seems  like  the  most  promising  sampling  scheme.  A  subtropical  location 
south  of  the  wintertime  generation  region  that  is  subject  to  Propagating  Waves  generated  by  late 
summer  hurricanes  and  a  large  internal  tide  source  would  seem  ideal. 

We  also  need  better  theoretical  descriptions  of  the  processes  controlling  propagation  of  low 
modes.  Can  we  really  expect  to  see  these  low  mode  signals?  This  depends  on  how  energy  gets 
out  of  them.  Calculations  of  resonant  wave-wave  interaction,  which  should  be  accurate  for  these 
weakly  nonlinear  waves,  should  be  reexamined  to  include  the  effects  of  directionality,  depth,  and 
path-varying  stratification.  Topographic  features  and  mesoscale  eddies  may  scatter  energy  from 
these  propagating  waves  into  the  local  internal  wave  field.  We  don’t  know  how  to  estimate  these 
effects  at  present. 

TOWARD  A  GLOBAL  MODEL  OF  THE  INTERNAL  WAVE  HELD 

Some  oceanographers  consider  small-scale  processes  a  source  of  noise  and  a  sink  for 
money.  But  they  still  look  to  the  small-scale  research  community  for  estimates  of  the  magnitude 
and  variability  of  small-scale  heat,  salt,  and  momentum  transport.  Although  we  have  little  to 
offer  for  momentum  transport,  I  believe  we  can  envision  how  a  predictive  model  of  diapycnal 
mixing  due  to  internal  waves  could  be  constructed. 
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First,  we  need  to  quantify  at  least  some  of  the  sources  of  internal  waves.  The  time  and 
space  variability  of  the  sources  is  a  key  factor  because  it  will  allow  us  to  distinguish  various 
sources  in  data.  As  mentioned  previously,  I  think  we  have  a  good  start  in  quantifying  the  genera¬ 
tion  by  wind.  Tidal  generation  should  also  be  investigated.  Initially,  it  is  probably  not  necessary 
to  quantify  all  the  possible  sources  since  it  will  eventually  become  apparent  if  we  are  missing  a 
major  one.  It  certainly  would  be  enlightening,  for  example,  to  see  what  an  internal  wave  field 
generated  only  by  the  wind  would  look  like! 

Second,  we  need  to  understand  how  the  energy  from  these  sources  is  distributed  between 
the  local  wave  field  and  the  Propagating  Waves.  For  wind-generated  energy  in  the  absence  of 
mesoscale  eddies,  we  can  probably  estimate  this.  The  effect  of  mesoscale  motions  is  not  well 
studied. 

Third,  we  need  to  know  how  far  the  Propagating  Waves  travel  and  how  they  give  up  their 
energy.  It  seems  likely,  as  argued  here,  that  only  a  small  range  of  low-mode  waves  can  pro¬ 
pagate  significant  distances.  If  tme,  this  greatly  simplifies  the  problem.  There  is  ample  room  for 
both  observation  and  theory  here.  Our  ignorance  appears  to  be  due  to  inattention,  not  hard  tech¬ 
nical  problems,  so  advances  should  be  rapid. 

Fourth,  we  need  to  know  how  the  energy  supplied  to  the  local  wave  field  by  local  sources 
and  by  the  Propagating  Waves  cascades  through  the  local  wave  field  to  mixing.  Great  progress  is 
being  made  here,  but  we  are  not  yet  finished. 
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ABSTRACT 

An  incomplete  and  biased  assessment  is  made  of  the  current  state  of  our 
understanding  of  oceanic  internal  waves.  The  purpose  of  this  presentation  is  to 
remind  researchers  of  some  inconsistencies  that  exist  between  the  explanation  and 
description  of  certain  features  of  the  internal  wave  field.  The  goal  is  to  renew  interest 
and  guide  discussion  toward  certain  observations  that  may  ultimately  lead  to  an 
improved  understanding  of  the  dynamics  controlling  internal  waves. 

INTRODUCTION 

The  oceanic  internal  wave  field  has  been  measured  by  many  researchers  for  decades. 
What  have  we  learned?  If  condensed  into  a  single  short  answer,  it  is  that  the  internal 
wave  field  is  remarkably  constant  in  time  and  space.  If  one  puts  instruments 
anywhere  into  the  ocean,  then  it  is  highly  probable  to  expect  that  the  observed 
fluctuations  will  follow  certain  characteristic  spectral  shapes  and  coherence  structures. 
This  realization  led  to  the  development  of  an  empirical  description  of  the  wave  field 
known  as  the  Garrett-Munk  model  (Garrett  and  Munk,  1972,  1975;  hereafter  referred 
to  as  GM).  This  model  provides  a  kine.matically  consistent  framework  for  comparing 
different  types  of  observations  that  may  be  made  at  different  times  and  locations.  It  is 
actually  because  this  first-order  description  works  so  well  that  it  has  been  difficult  to 
answer  basic  questions  about  the  dynamics  of  the  wave  field,  such  as  what  are  the 
important  sources  and  sinks  of  internal  waves.  It  is  difficult  to  tell  from  where  a 
particular  wave  came,  and  to  where  it  is  going,  when  its  identity  is  obscured  by  a 
surrounding  random  sea  of  oscillations. 

Despite  the  success  of  the  Garrett-Munk  formulation,  there  are  notable  omissions 
from  this  steady-state,  climatological  description.  For  example,  waves  in  the  near- 
inertial  frequency  band  vary  dramatically  in  space  and  time,  and  therefore  are  not 
easily  characterized  by  a  steady-state  description.  Much  effort  has  gone  into  studying 
the  transfer  of  energy  from  the  wind  into  the  near-inertial  waves  of  the  upper  ocean. 
The  internal  tide  is  also  not  included  in  the  GM  model.  The  internal  tide  is 
omnipresent  throughout  the  ocean  and  often  represents  a  significant  fraction  of  the 
total  internal  wave  energy.  Deviations  from  GM  are  also  found  near  topography; 
either  the  topography  is  acting  as  a  source  of  waves  or  the  interactions  are  causing  a 
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perturbation  in  the  universal  wave  field.  In  unique  environments,  such  as  beneath  the 
Arctic  ice  pack,  dramatic  differences  in  the  ovei^l  wave  energy  and  spectral  shape 
have  been  found.  Study  of  atypical  systems  may  provide  clues  toward  understanding 
the  more  typical  ocean. 

The  second  question  in  the  title:  "What  can  we  learn?"  really  depends  upon  "What  do 
we  want  to  learn?"  The  answer  will  vary  depending  upon  who  asks  the  question; 
investigators  in  different  specialties  will  be  interested  in  different  aspects  of  oceanic 
internal  waves.  For  example,  some  acousticians  may  be  interested  in  the  internal 
wave  correlation  functions  that  describe  the  fluctuations  of  sound  speed.  Other 
acousticians  may  want  to  know  higher  order  statistics,  such  uS  a  statistical  description 
of  the  occurrence  of  sharp  gradients  in  velocity  or  sound  speed.  The  specific  internal 
wave  information  that  is  useful  will  depend  on  the  particular  acoustic  study.  High- 
frequency  transmission  experiments  would  be  affected  by  a  different  scale  internal 
wave  than  an  acoustic  tomography  experiment. 

Researchers  studying  turbulence  and  mixing  are  primarily  interested  in  internal  waves 
for  their  role  in  providing  small-scale  vertical  shear.  The  ability  to  predict  how  the 
waves  affect  the  time/space  distribution  of  the  Richardson  number  would  be  valuable. 

Can  estimates  of  turbulent  dissipation  be  made  from  observations  of  the  internal  wave 
field  alone,  as  has  been  suggested  (e.g.,  Gregg,  1989)?  To  determiti**.  if  tiiis  is 
feasible,  an  improved  description  of  the  space/time  variation  of  the  internal  wave  field 
is  needed. 

Some  investigators  are  interested  in  the  remote  sensing  of  internal  waves.  The  Initial 
emphasis  in  this  field  has  been  on  detecting  solitons  and  large-ampliiudc  waves  thr.t 
produce  a  significant  surface  expression.  Attention  is  also  focused  on  prcce.''"  ^ 
generate  these  signals,  usually  interaction  of  the  tide  with  topography.  C’ea. 

GM  description  of  the  wave  field  is  less  important  to  this  group. 

And  there  are  those  investigators  that  follow  the  approach  of  the  mamstream  physicist 
and  try  to  understand  the  details  of  the  nonlinear  energy  transfer  among  the  waves. 
Theoreticians  need,  at  the  very  least,  to  have  an  accurate  description  of  the  wave  field 
in  time/space  or  frequency/wavenumber  in  order  to  insure  relevance  to  the  oceanic 
environment.  Estimates  of  higher-order  statistical  quantities  would  undoubtedly  also 
be  of  interest. 

In  each  of  these  examples  a  different  aspect  of  the  internal  wave  field  is  emphasized 
depending  upon  the  objectives  of  the  researcher.  Certainly  there  are  ove'^Iaps,  but  the 
labeling  of  certain  advances  in  internal  waves  as  important  may  depend  on  who  is 
doing  the  labeling. 

So,  where  do  we  go  from  here?  Two  possible  paths  to  follow  are  new  measurenisnts 
and  new  data,  or  old  observations  and  new  analysis.  There  are  a  variety  of  new 
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instrumental  developments  that  will  be  able  to  measure  new  quantities  of  the  wave 
field.  Better  Doppler  sonars,  improved  neutrally  buoyant  drifters,  acoustic  travel-time 
experiments,  and  longer  time-series  observations  may  provide  views  of  the  wave  field 
from  different  perspectives  and  lead  to  an  improved  description  and  understanding. 
However,  the  remarks  here  will  be  confined  to  the  second  track-are  there  different 
ways  to  look  at  the  old  data?  Given  the  large  investment  that  has  been  made  in 
obtaining  these  data  it  makes  sense  to  spend  some  effort  in  exploiting  the  data  to  the 
fullest.  Armed  with  new  ideas,  a  reexamination  of  our  data  banks  may  reveal  some 
interesting  results,  or  possibly,  suggest  new  observations  that  would  be  most  fruitful. 
As  a  step  toward  this  goal,  a  few  topics  are  reexamined  below  to  provide  motivation 
for  continuing  the  search  for  new  types  of  analysis  and  new  ways  of  looking  at  the 
data. 

INTERNAL  WAVE  CONTINUUM 

One  approach  to  describe  the  internal  wave  field  is  to  assume  it  is  composed  of  a  sum 
of  waves  from  a  smooth  continuum  of  frequencies  and  wavenumbers.  This  is  the 
basis  of  the  GM  model  and  provides  a  first-order  statistical  description  of  the  wave 
field.  This  framework  allows  us  to  view  the  wave  field  in  a  variety  of  different 
spaces.  The  energy  spectrum  can  be  displayed  as  functions  of  vertical  wavenumber, 
horizontal  wavenumber  or  frequency.  Different  vantage  points  provide  different 
revelations.  For  example,  the  spectrum  of  vertical  shear  (3u/3z)  is  plotted  as  a 
function  of  frequency  «  and  vertical  wavenumber  j8  (Figure  la).  The  axes  are 
logarithmically  scaled,  as  are  the  contour  levels.  The  GM  shear  spectrum  is  separable 
in  w-i3  space  and  increases  with  before  leveling  off  at  jS  >  /3..  An  ad  hoc  constant 
upper  wavenumber  cutoff  has  been  included.  One  gets  an  entirely  different 
impression  of  the  spectrum  looking  at  the  so-called  volume  preserving  version  (Figure 

lb) .  Here  equal  volumes  contribute  equally  to  the  total  variance.  It  is  clear  that 
more  of  the  shear  variance  comes  from  frequencies  near /and  wavenumbers  near 
Hence,  if  one  is  using  the  GM  model  to  estimate  shear  for  some  mixing 
parameterization  (e.g.,  Gregg,  1989),  then  the  ad  hoc  choice  of  /Sj  is  important. 

Maybe  is  a  function  of  frequency?  Maybe  varies  in  a  more  complicated  way 
(Duda  and  Cox,  1989)?  How  do  uncertainties  in  translate  into  uncertainties  in 
predicting  mixing  from  models? 

Critical  layer  absorption  is  a  process  that  is  thought  by  some  to  play  an  important  role 
in  inteojal  wave  dynamics.  A  critical  layer  occurs  at  the  depth  where  the  horizontal 
phase  speed  of  the  wave  equals  the  horizontal  velocity  of  the  mean  flow.  To  get  an 
idea  of  the  likelihood  of  this  occurring  in  the  internal  wave  field,  the  magnitude  of  the 
phase  speed  is  plotted  in  the  same  region  of  w-/?  space  as  the  shear  spectra  (Figure 

lc) .  The  phase  speed  is  simply  w/a  where  a  is  the  horizontal  wavenumber  and  is 
determined  from  the  linear  dispersion  relationship.  Waves  with  lower  phase  speeds 
are  more  likely  to  encounter  mean  flows  of  comparable  speed  and  be  absorbed  in 
critical  layers.  Considering  Figures  lb  and  Ic  together,  it  seems  that  the  region  of  w- 
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instrumental  developments  that  will  be  able  to  measure  new  quantities  of  the  wave 
field.  Better  Doppler  sonars,  improved  neutrally  buoyant  drifters,  acoustic  travel-time 
experiments,  and  longer  time-series  observations  may  provide  views  of  the  wave  field 
from  different  perspectives  and  lead  to  an  improved  description  and  understanding. 
However,  the  remarks  here  will  be  confined  to  the  second  track-are  there  different 
ways  to  look  at  the  old  data?  Given  the  large  investment  that  has  been  made  in 
obtaining  these  data  it  makes  sense  to  spend  some  effort  in  exploiting  the  data  to  the 
fullest.  Armed  with  new  ideas,  a  reexamination  of  our  data  banks  may  reveal  some 
interesting  results,  or  possibly,  suggest  new  observations  that  would  be  most  fruitful. 
As  a  step  toward  this  goal,  a  few  topics  are  reexamined  below  to  provide  motivation 
for  continuing  the  search  for  new  types  of  analysis  and  new  ways  of  looking  at  the 
data. 

INTERNAL  WAVE  CONTINUUM 

One  approach  to  describe  the  internal  wave  field  is  to  assume  it  is  composed  of  a  sum 
of  waves  from  a  smooth  continuum  of  frequencies  and  wavenumbers.  This  is  the 
basis  of  the  GM  model  and  provides  a  first-order  statistical  description  of  the  wave 
field.  This  framework  allows  us  to  view  the  wave  field  in  a  variety  of  different 
spaces.  The  energy  spectrum  can  be  displayed  as  functions  of  vertical  wavenumber, 
horizontal  wavenumber  or  frequency.  Different  vantage  points  provide  different 
revelations.  For  example,  the  spectrum  of  vertical  shear  (3u/3z)  is  plotted  as  a 
function  of  frequency  w  and  vertical  wavenumber  j3  (Figure  la).  The  axes  are 
logarithmically  scaled,  as  are  the  contour  levels.  The  GM  shear  spectrum  is  separable 
in  W-/3  space  and  increases  with  ^  before  leveling  off  at  |S  >  jS..  An  ad  hoc  constant 
upper  wavenumber  cutoff  has  been  included.  One  gets  an  entirely  different 
impression  of  the  spectrum  looking  at  the  so-called  volume  preserving  version  (Figure 

lb) .  Here  equal  volumes  contribute  equally  to  the  total  variance.  It  is  clear  that 
more  of  the  shear  variance  comes  from  frequencies  near /and  wavenumbers  near  jS,,. 
Hence,  if  one  is  using  the  GM  model  to  estimate  shear  for  some  mixing 
parameterization  (e.g.,  Gregg,  1989),  then  the  ad  hoc  choice  of  /3c  is  important. 

Mayb.^  i^c  is  a  function  of  frequency?  Maybe  /3c  varies  in  a  more  complicated  way 
(Duda  and  Cox,  1989)?  How  do  uncertainties  in  iSc  translate  into  uncertainties  in 
predicting  mixing  from  models? 

Critical  layer  absorption  is  a  process  that  is  thought  by  some  to  play  an  important  role 
in  internal  wave  dynamics.  A  critical  layer  occurs  at  the  depth  where  the  horizontal 
phase  speed  of  the  wave  equals  the  horizontal  velocity  of  the  mean  flow.  To  get  an 
idea  of  the  likelihood  of  this  occurring  in  the  internal  wave  field,  the  magnitude  of  the 
phase  speed  is  plotted  in  the  same  region  of  w-iS  space  as  the  shear  spectra  (Figure 

lc) .  The  phase  speed  is  simply  w/a  where  a  is  the  horizontal  wavenumber  and  is 
determined  from  the  linear  dispersion  relationship.  Waves  with  lower  phase  speeds 
are  more  likely  to  encounter  mean  flows  of  comparable  speed  and  be  absorbed  in 
critical  layers.  Considering  Figures  lb  and  Ic  together,  it  seems  that  the  region  of  co- 
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space  with  the  highest  shear  variance  is  the  most  susceptible  to  critical  layer 
absorption.  This  realization  casts  some  doubt  on  the  reliability  of  parameterizing  the 
vertical  shear  from  the  GM  model-variations  of  the  background  shear  may  lead  to 
variations  in  wave  induced  vertical  shear.  Even  if  critical  layer  absorption  may  not 
be  important  in  the  total  energy  budget  of  internal  waves,  it  may  be  significant  in  the 
waves  that  contain  most  of  the  shear. 

INTERNAL  TIDE 

The  internal  tide  is  a  ubiquitous  feature  in  the  world  ocean.  Its  existence  has  been 
documented  from  early  in  this  century.  While  not  included  in  the  GM  formulation, 
the  energetic  internal  tide  is  important  to  some  investigators,  e.g.  acousticians, 
because  of  its  significant  contribution  to  the  vertical  displacement  and  straining  of  the 
stratified  ocean.  However,  does  the  internal  tide  play  a  role  in  the  dynamics  of  the 
wave  field? 

The  internal  tide  is  generated  by  the  interaction  of  the  barotropic  tide  with 
topography.  The  continental  shelf  break  is  believed  to  be  a  significant  source. 
However,  the  sea  floor  as  a  whole,  although  much  less  steep,  may  actually  provide 
significantly  more  flux  of  internal  tidal  energy  into  the  ocean  than  the  entire 
continental  shelf  region  (Baines,  1982).  There  are  varying  opinions  as  to  whether  the 
intern?.:  's  is  a  significant  source  of  energy  to  the  internal  wave  continuum.  The 
tide  is  Ui  attractive  candidate  for  an  internal  wave  source  because  it  is  widespread  in 
space  and  steady  in  time.  This  fact  is  consistent  with  the  observed  universality  of  the 
internal  wave  continuum.  Also,  estimates  of  the  energy  flux  into  the  internal  tide 
from  the  sea  floor  of  order  1  mW  m'^  are  comparable  to  that  needed  to  maintain  the 
entire  internal  wave  field  (Bell,  1975). 

But  can  nonlinear  interactions  transfer  energy  out  of  tidal  frequencies  at  a  significant 
rate?  Or  does  the  internal  tide  propagate  passively  through  the  internal  wave 
continuum?  One  theoretical  estimate  from  weak-interaclion  theory  suggests  that  the 
tide  could  not  be  a  significant  source  (Olbers  and  Pomphrey,  1981),  however  this 
study  was  not  comprehensive.  Perhaps  including  non-resonant  interactions  will  yield 
a  aifferent  resuU. 

It  has  also  been  argued  that  if  me  tide  were  a  significant  source,  then  there  should  be 
a  different  internal  wave  spectrum  in  non-tidal  seas.  The  Mediterranean  Sea  would 
provide  an  int  esting  testing  ground  since  there  are  regions  where  the  tide  is  weak. 
The  author  hai.  not  yet  located  convincing  evidence  (although  some  may  exist)  that 
compart:  observations  there  to  the  GM  spectrum.  The  Black  Sea  is  another  nontidal 
sea;  some  evidence  (albeit  limited)  indicates  that  the  spectral  levels  are  highly  variable 
and  well  below  GM  (Ivanov  and  Sereoryanyy,  1982). 

There  is  some  suggestion  from  observations  of  a  link  between  internal  tide  and  the 
continuum  (Figure  2).  Time  series  of  velocity  from  the  JASIN  experiment  near 


Levine 


Figure  2.  Variance  of  horizontal  kinetic  energy  in  the  continuum  (.1  to  .3  cph)  is  plotted 
against  variance  in  the  tidal  band  (.076  to  .090  cph)  from  nominal  depths  of  200  (x), 

600  (+),  1000  (O)  and  1500  m  (a).  The  straight  line  indicates  a  constant  ratio  of  tidal  to 
continuum  variance  fitted  to  data  at  200  and  600  m.  (Adapted  from  Levine  et  al,  1983.) 


Scotland  indicate  a  correlation  between  energy  in  the  tidal  band  and  in  the  continuum. 
A  higher  energy  internal  wave  continuum  was  found  with  larger  internal  tides.  This 
correlation,  of  course,  does  not  prove  cause  and  effect  as  the  higher  energy  was  found 
near  steeper  topography.  Perhaps  the  entire  internal  wave  spectrum  was  enhanced  by 
interaction  with  topography-the  tidal  band  and  continuum  could  have  no  dynamic 
link. 

Another  interesting  set  of  moored  observations  from  the  equator  (Eriksen,  1985) 
suggests  that  a  change  in  the  spectral  slope  occurs  at  the  semidiurnal  frequency 
(Figure  3).  If  the  tide  did  not  interact  with  the  background  wave  field,  then  there  is 
no  obvious  reason  for  different  spectral  slopes  above  and  below  the  semidiurnal 
frequency.  The  persuasiveness  of  this  argument  may  depend  somewhat  on  one’s 
artistry  with  pen  and  ruler. 

If  energy  at  the  semidiurnal  frequency  were  being  nonlinearly  transferred,  one  might 
expect  spectral  pei^..^  .'t  harmonics  of  the  tidal  frequency.  Indeed,  harmonics  are 
often  observed  in  the  open  ocean  in  deep  water.  High  resolution  spectra  suggest  that 
the  smooth  continuum  spectrum  may  actually  consist  primarily  of  harmonics  of  the 
tide  and  near-inertial  waves  (Pinkel  1981  and  1983). 
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Figure  3.  Autospectra  of  current  and  temperature  from  mooring  near  the  equator 
(0*20.7’N,144®32.6’W).  There  is  an  apparent  change  in  the  spectral  slope  at  the 
semidiurnal  frequency.  (Adapted  from  Eriksen,  1985.) 

Even  if  the  internal  tide  is  not  a  significant  energy  source  to  the  continuum,  it  may  be 
worthy  of  study  as  a  test  wave;  consider  the  ocean  as  a  wave  tank  with  the  tide  acting 
as  a  steady  wave  maker.  It  might  be  possible  to  track  the  propagation  of  the  internal 
tide  because  of  its  high  amplitude  and  thereby  estimate  its  interaction  with  other 
waves.  Perhaps  theoretical  ideas  of  nonlinear  interaction  could  be  tested  in  ’his  way. 


NEAR-INERTIAL  WAVES 

Waves  in  the  near-inertial  frequency  band  have  been  studied  extensively  for  decades. 
Although  these  waves  are  included  in  the  universal  GM  formulation,  there  is  a  large 
amount  of  space/time  variability  in  the  signal.  A  substantial  fraction  of  the  near- 
inertial  energy  comes  from  loc^  generation  (Fu,  1981)  and  has  been  modeled 
deterministicdly  by  many  (e.g.,  Pollard  1970).  Since  most  of  the  shear  variance 
comes  from  the  near-inertial  band  (Figure  lb),  it  may  be  risky  to  use  the  GM  model 
to  estimate  vertical  shear  for  purposes  of  predicting  turbulent  mixing.  Perhaps  a 
better  way  is  needed  to  express  the  intermittency  of  these  waves  so  that  a  more 
accurate  parameterization  of  the  wave  field  could  be  made.  Some  ideas  of 
intermittency  will  be  explored  in  the  next  section. 
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Can  the  wind-generated,  near-inertial  waves  be  the  source  of  energy  for  the  entire 
internal  wave  continuum?  Based  on  a  linear  model,  the  overall  near-inertial  energy 
flux  input  estimated  from  real  wind  fields  in  the  N.E.  Pacific  gives  ~  1  mW  m’^ 
(D’Asaro,  1985),  enough  to  make  a  significant  contribution  to  the  internal  wave 
continuum.  Note  that  most  of  the  flux  occurs  in  relatively  few  storm  events- 
demonstrating  the  danger  of  using  average  values.  To  check  for  correlation,  the 
temporal  variability  of  the  near-inertial  band  is  compared  with  the  higher  frequency 
continuum  in  Figure  4.  The  mean  spectrum  has  been  divided  out;  hence,  a  contour 
value  of  2  indicates  that  the  spectral  level  is  twice  the  average  value.  These 
observations  are  from  140  m  on  a  mooring  deployed  in  the  N.E.  Pacific  during  the 
Ocean  Storms  experiment.  It  appears  that  the  fluctuations  in  the  continuum  are 
correlated  with  the  near-inertial  band,  most  of  the  time.  Fluctuations  in  the  high- 
frequency  band,  from  0.1  to  2  cph,  seem  to  occur  at  all  frequencies  by  about  the 
same  factor.  However,  the  variation  of  the  near-inertial  band  is  usually  greater  than 
the  high  frequencies.  It  remains  to  determine  if  these  observations  are  consistent  with 
the  notions  of  nonlinear  interaction.  Perhaps  it  is  possible  that  the  increased  high- 
frequency  waves  are  directly  forced  by  the  wind  by  a  linear  process?  Or  maybe  the 
increased  high-frequency  signal  is  merely  the  result  of  the  enhanced  Doppler  shifting 
of  existing  waves? 

THE  RANDOM  WAVE  FIELD  HYPOTHESIS 

The  description  of  the  internal  wave  field  as  a  superposition  of  waves  with  random 
phase  is  a  basic  tenet  of  the  GM  model.  The  notion  of  a  random  wave  field  is  also 
used  extensively  by  theoreticians  when  modeling  nonlinear  interactions.  How 
accurate  is  this  assumption?  What  if  there  is  significant  correlation  between  some  of 
the  waves?  What  are  the  ramifications  to  the  description  and  modeling  of  the  wave 
field  if  the  assumption  of  random  phase  is  violated,  even  slightly? 

Rather  than  tracking  each  wave  component  in  a-j8-w  space  perhaps  it  is  more  efficient 
to  follow  the  modulation  or  envelope  of  the  wave  field.  Of  course,  if  the  wave  field 
is  modeled  as  a  sum  of  random  waves,  then  the  statistical  properties  of  the  envelope 
can  be  inferred.  But  it  still  may  be  more  straightforward  to  concentrate  on  modeling 
the  modulation  directly  as  it  is  a  quantity  of  real  interest-the  wave  energy.  The 
relationship  between  individual  waves  and  their  envelope  has  been  studied  extensively 
for  surface  waves  by  Longuet-Higgins  (1984)  and  has  recently  been  applied  to  internal 
waves  by  Moustafa  and  Rubenstein  (1990).  For  a  random  wave  field  with  a  given 
spectral  bandwidth,  say  in  frequency,  the  statistics  of  the  temporal  modulation  can  be 
predicted.  Does  the  observed  modulation  of  the  internal  wave  field  follow  the 
prediction?  The  analysis  by  Moustafa  and  Rubenstein  (1990)  indicated  that  the 
temporal  modulation  of  the  internal  wave  field  seemed  consistent  with  the  hypothesis 
of  random  phase  between  components.  Further  analysis  of  this  type  with  more  data 
and  extended  to  include  the  spatial  dimensions  is  needed  to  determine  if  this  behavior 
is  universal. 
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Figure  4.  Frequency  spectrum  of  horizontal  kinetic  energy  as  a  function  of  time  as  observed 
at  140  m  during  OCEAN  STORMS.  Plotted  values  are  the  ratio  of  the  spectral  density 
divided  by  the  average  value.  Hence,  a  value  of  2  implies  2  times  the  average  spectral 
density.  The  modulation  of  the  high-frequency  internal  wave  field  is  often  correlated  with 
the  near-inertial  variations.  However,  there  are  times,  such  as  in  early  May  when  high- 
frequency  waves  inciease  without  an  associated  increase  in  near-inertial  energy. 


An  interesting  extension  of  this  approach  might  be  to  consider  the  consequences  when 
all  the  phases  between  components  are  not  random.  Or  turning  the  question  around, 
what  does  failure  of  the  random  phase  test  imply  about  the  correlation  of  the  phases. 
This  is  undoubtedly  a  complicated  problem  since  there  are  many  ways  that  waves  can 
be  correlated,  but  only  one  way  they  can  be  uncorrelated. 
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The  tracking  of  the  modulation  of  the  wave  field  rather  than  each  wave  component 
has  been  applied  to  observations  by  many  investigators,  e.g.  Frankignoul  and  Joyce 
(1979),  Briscoe  (1983),  and  Brown  and  Owens  (1981).  The  approach  is  usually  to 
estimate  the  energy  or  momentum  in  a  frequency  band  as  a  slowly  varying  function  of 
time.  The  temporal  variability  can  then  perhaps  be  related  to  a  source  or  sink  of 
energy  or  momentum  in  a  deterministic  manner.  For  example,  an  observed  temporal 
correlation  between  the  internal  wave  energy  and  the  large  horizontal  shear  may 
indicate  a  cause  and  effect  relation  and  lead  to  identification  of  an  internal  wave 
source. 

Another  approach  would  be  to  consider  the  modulation  of  energy  itself  as  a  random 
process  and  try  to  describe  its  variability.  The  results  might  not  identify  specific 
sources  of  wave  energy,  but  might  lead  to  an  improved  statistical  description,  For 
example,  consider  a  formulation  that  tracks  wave  packets  or  groups.  Suppose  a  wave 
packet  consists  of  waves  within  a  small  frequency/wavenumber  bandwidth  (6Jfe„,  5wn) 
centered  around  (Jt^,  wj  (Figure  5a).  The  total  energy  of  the  wave  group  will  vary  in 
space  and  time  bex:ause  of  the  finite  bandwidth.  The  statistical  properties  of  the 
modulation  will  depend  on  the  relative  magnitudes  of  the  waves  included  in  the  band 
as  well  as  the  degree  to  which  the  phases  of  these  waves  are  correlated.  The 
conjecture  is  that  it  is  simpler  to  ignore  the  details  of  the  infinite  number  of  waves  in 
the  packet  and  just  describe  the  time  space  variation  of  the  packet  itself.  Let  the  total 
modulation  M(x,t)  of  the  wave  field  be  written  as 

=  E.E.  x  -  o„0]  where  (/(r„,  Q  J  is  the 

wavenumber  and  frequency  of  the  modulation  of  the  wave  packet  composed  of 
individual  waves  with  frequency/ wavenumber  centered  at  (k„,  wj.  The  quantity 
B(K,Q)  is  a  spectral  distribution  function,  not  of  the  waves  themselves,  but  of  the 

modulation  of  the  waves.  Note  that  the  wave  speed  c  =  QJK^  in  this  case  is 

the  group  velocity,  not  the  phase  speed,  since  it  is  the  speed  of  the  wave  packet  or 
energy.  Perhaps  a  universal,  statistical  model  of  the  wave  energy  can  be  formulated 
with  this  approach  in  a  spirit  similar  to  the  GM  framework.  That  is,  observed  spectra 
and  coherences  of  the  modulation  would  be  used  to  define  <  B(K,Q)  B'(K,U)  > , 
just  as  observed  spectra  and  coherences  were  used  by  GM  to  establish  E(k,o}).  As  an 
example,  an  estimate  of  the  spectra  of  the  modulation  of  vertical  displacement  in  the  1 
to  4  cph  frequency  band  is  given  in  Figure  5b.  This  spectrum  can  be  characterized 
by  an  dependence  with  a  hint  of  a  few  peaks.  These  observations  are  from  a 
month-long  time  series  recorded  during  AIWEX  (Arctic  Internal  Wave  Experiment). 

Is  this  universal,  and  what  does  it  tell  us?  The  feasibility  and  usefulness  of  employing 
this  approach  remains  an  open  question. 

Instead  of  resorting  to  a  Fourier  representation  for  M(x,t),  it  may  be  useful  to  try  an 
entirely  different  representation.  For  example,  a  wavelet  transform  of  the  mcdulation 
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Figure  5.  Schematic  diagram  in  wavenumber  space  (a)  of  a  group  of  waves  with  bandwidth 
(So), 5k).  Spectrum  of  the  temporal  modulation  of  the  vertical  displacement  variance  of  waves  is 
in  the  1  to  4  cph  band.  The  spectral  density  is  expressed  as  the  log  of  the  ratio  relative  to 
the  average  variance.  These  data  were  recorded  for  1  month  during  AIWEX  (Arctic  Internal 
Wave  Experiment)  in  the  Beaufort  Sea  at  257  m  depth. 

field  may  provide  insight.  This  transform  would  express  the  modulation  time  series 
as  a  sum  of  localized  "packets"  of  varying  length.  Of  course,  any  representation  of 
the  wave  field  must  also  behave  somewhat  like  the  GM  model,  at  least  to  the  extent 
that  the  GM  statistics  mimic  observations.  However,  a  different  representation  may 
lead  to  significant  differences  in  determining  higher-order  statistics,  estimating  the 
consistency  relationships,  and  modeling  nonlinear  interactions. 
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CONCLUSIONS 

Theoretical  studies  of  the  dynamics  of  oceanic  internal  waves  rely  on  a  description  of 
the  oceanic  internal  wave  field.  The  more  accurate  the  description,  the  better  the 
chance  for  a  realistic  theory.  The  GM  model  has  provided  the  first  order  statistical 
formulation  of  the  wave  field.  However,  effort  is  needed  to  improve  the  description 
of  aspects  of  the  wave  field  that  do  not  follow  GM.  Features  of  the  non-GM  wave 
field  that  need  further  study  include  internal  tides,  near-inertial  motion  and  the 
random  wave  assumption.  While  these  areas  of  research  are  not  new,  they  need  to  be 
updated  and  refined  to  incorporate  new  data  and  theoretical  ideas. 
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DSTTRODUCriON 

In  this  paper  we  would  like  to  consider  some  aspects  of  the  oceanic  background  and  the  results  of 
some  modeling  studies  that  pertain  to  the  generation  and  propagation  of  internal  waves  in  the  ocean. 
We  will  look  at  this  background  state  as  deteraiined  from  the  various  field  surveys  and  will 
consider  the  feasibility  of  modeling  these  background  conditions  and  phenomena.  One  of  the 
motivations  for  the  current  studies  is  that  the  propagation  of  internal  waves  is  strongly  affected  by 
velocity  and  density  gradients  and  that  the  ocean  exhibits  a  high  spatial  and  temporal  variability  of 
these  gradients.  This  background  description  encompasses  various  elements,  of  which  we  consider 
the  mixed  layer  region,  the  mesoscale  variability  and  associated  eddies,  fronts,  fine  stracture,  and 
their  interaction  with  internal  waves. 

EXAMPLES  OF  INTERNAL  WAVE  PROPAGATION  AND  SHEAR 

Figure  1  shows  the  results  of  the  simulation  of  a  collapsing  turbulent  patch  in  a  large  scale  oceanic 
shear  field  (Piacsek  and  Roberts,  1975).  Note  the  generation  of  internal  waves  indicated  by  the 
streamfunction  patterns  in  the  form  of  rays.  There  is  a  prescribed  mean  vertically  sheared  flow 
present  that  moves  from  left  to  right.  As  the  collapse  progresses,  more  rays  come  out  and  are  bent 
to  the  right.  In  the  upper  right  hand  side  the  presence  of  a  critical  layer  sets  up  a  region  into  which 
the  waves  cannot  propagate.  On  the  left  side  the  rays  are  refracted  toward  the  vertical  and  undergo 
reflection  at  the  surface,  setting  up  standing  wave-like  patterns. 

Propagating  internal  waves  have  often  been  observed  at  the  bottom  of  the  mixed  layer  and  in  the 
seasonal  thermocline.  The  results  depicted  in  Figure  2  were  obtained  with  a  200-meter  thermistor 
chain  during  a  1987  Planet  cruise  in  the  Norwegian  Sea  (Sellschopp.  1987).  The  top  portion  of  the 
figure  shows  the  time  series  of  the  temperature  profile  versus  depth.  The  corresponding  isotherms 
are  shown  in  the  bottom  {x.rtion.  Note  the  presence  of  internal  waves  at  the  base  of  the  mixed  layer 
and  in  the  thermocline. 
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It  has  been  established  that  shear  and  internal  wave  activity  depend  on  certain  environmental 
parameters.  These  are  the  Brant-Vaisala  frequency,  atmospheric  forcing,  geostrophic  currents,  and 
topography.  The  conclusions  were  reached  on  the  basis  of  field  surveys  and  theoretical 
considerations  (Garrett  and  Munk,  1979;  Ruddick  and  Joyce,  1979;  Brown  and  Owens,  1981; 
Briscoe  and  Weller,  1984). 


Figure  1.  Internal  wave  generation  by  a  collapsing  turbulent  patch  in  a  stratified  fluid,  in  the 
presence  of  a  mean  shear  (flow  from  left  to  right)  (Piacsek  and  Roberts,  1975). 


Figure  2.  Internal  wave  propagation  at  the  bottom  of  the  mixed  layer  and  in  the  seasonal 
thermocline  (Sellschopp,  1987). 
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Strong  vertical  geostrophic  shears  have  been  measured  near  fronts  using  an  ADP  (acoustic  doppler 
profiler),  during  the  previously  mentioned  cruise  in  the  Norwegian  Sea  along  a  different  track. 
Figure  3  shows  the  measured  shear  at  the  edges  and  middle  of  a  warm  feature.  Strong  positive 
shear  occurs  when  passing  from  cold  to  warm  water  (cut  a).  There  is  a  lack  of  shear  in  the  middle 
of  the  eddy  (cut  b)  and  the  presence  of  a  negative  shear  when  passing  from  warm  to  cold  water  (cut 
c).  The  average  vertical  shears  are  about  10'3  sec^  in  the  frontal  region,  which  is  about  five  times 
smaller  than  the  magnitude  found  near  the  base  of  mixed  layers. 


Figure  3.  Examples  of  geostrophic  shear,  as  observed  by  an  acoustic  Doppler  profiler,  in  passing 
into  and  out  of  a  warm  eddy  in  the  Faroe  area  (Sellschopp,  1987). 

An  example  of  strong  horizontal  geostrophic  shear  in  the  confluence  region  of  the  Icelandic  current 
and  the  North  Atlantic  inflow  is  shown  in  Figure  4.  Horizontal  shears  are  about  10  cm/sec/10  km, 
and  in  some  sections  can  be  larger.  The  results  are  based  on  the  analysis  of  the  Icelandic  Current 
and  the  Atlantic  Inflow  Experiment  surveys,  carried  out  by  the  SACLANT  Research  Center  in  1987 
(Hopkins  et  al.  ,1989). 

An  analysis  of  the  internal  wave  energy  budget  has  been  performed  for  the  JASIN  survey  data  by 
Briscoe  (1983).  The  results  show  that  sometimes  the  rate  of  change  of  internal  wave  energy 
correlates  with  the  mesoscale  horizontal  shear,  the  wind,  and  inertial  wave  activity  (Figure  5).  The 
correlation  is  not  present  all  the  time,  however.  Part  (b)  of  tlie  figure  shows  the  dependence  of 
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Figure  4.  Example  of  strong  horizontal  geostrophic  surface  shears  in  the  North  Atlantic  Inflow 
between  Faroes  and  Shetland  Islands  (Hopkins  et  al.,  1989). 

internal  wave  energy  on  surface  wave  amplitude  delayed  by  1 1  days.  The  correlation  is  very  high 
throughout  the  measurement  period.  Internal  wave  activity  exhibits  a  seasonal  variation:  the 
analysis  and  interpretation  of  the  LOTUS  data  demonstrate  this  (Figure  6)  (Briscoe  and  Weller, 
1984).  Note  the  mariced  decrease  in  internal  wave  activity  during  the  summer  at  the  1(X)-5(X)  meter 
depth  levels.  Near  the  surface  the  decrease  occurs  in  the  fall. 

Figure  7  shows  an  example  of  stepped  T,S  structures  in  the  Eastern  Caribbean  region  southeast  of 
Barbados  observed  during  the  C-SALT  experiment  (Boyd  and  Peridns,  1987).  The  steps  gradually 
increase  with  depth  from  about  5  to  30  meters  at  the  200  to  350-meter  depth  levels,  respectively. 
The  temperature  and  salinity  jumps  at  the  profile  'steps'  are  thought  likely  to  be  set  up  by  strong  salt 
fingering  processes;  such  fingers  have  actually  been  observed  in  the  ocean  by  optical  means. 

FOCUS  OF  CURRENT  STUDIES 

Our  current  objectives  are  concerned  with  the  provision  of  a  deterministic  forecast  (or  calculation 
from  forecasted  variables)  for  environmental  parameters  of  interest  at  resolvable  computational 
scales.  For  the  unresolvable  scales  statistical  predictions  of  various  kinds  would  be  used,  adapted, 
and  developed.  In  such  fashion  a  combined  deterministic  and  statistical  information  on 
environmental  parameters  of  interest  would  be  provided. 

In  the  upper  ocean  successful  prediction  of  the  mixed  layer  behavior  has  been  achieved  in  situations 
where  the  atmospheric  forcing  activity  is  dominant  vis  a  vis  mesoscale  advection.  Figure  8  displays 
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Figure  5.  Dependence  of  internal  wave  energy  on 
surface  forcing  during  the  JASIN  experiment  in 
the  Northeast  Atlantic  (Briscoe,  1983). 
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Figure  6.  The  depth  dependence  of  the  seasoned 
variation  of  internal  wave  energy  during  the 
LOTUS  expenment  in  the  Sargasso  Sea  (Briscoe 
and  Weller,  1984). 


mixed  layer  simulations  with  three  different  models  at  a  former  ocean  station  November  (SON, 

140W  in  the  Pacific)  (Martin,  1985).  The  Niiler  (1975)  and  Garwood  (1977)  models  are  of  the 
'bulk'  type  (they  assur  le  the  existence  of  a  mixed  layer  and  woik  with  the  vertically  integrated  or 
'bulk'  equations),  whereas  the  Mellor-Yamada  model  is  of  a  differential  type  (i.e.,  set  up  by 
differencing  on  a  vertical  grid).  Initial  conditions  were  set  to  the  temperature  profile  obtained  with 
an  XBT  and  the  atmospheric  forcing  was  derived  from  meteorological  measurements.  All  the 
simulations  show  the  seasonal  trends  in  sea  surface  temperature  and  mixed  layer  depth  that  are 
observed  in  the  data.  However,  detailed  differences  do  exist  in  relation  to  the  data.  The  models 
show  a  quicker  spring  transition.  The  ML2  model  mixes  down  less  deep  in  the  winter  than  the 
other  two  and  is  more  at  variance  with  the  data. 

Simulations  of  mixed  layer  behavior  that  resolved  the  diurnal  (Price  et  al.,  1986)  and  synoptic  time 
scale  (Wam-Vamas  et  al.,  1981)]were  also  performed.  Some  investigators  studied  the  mixed  layer 
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Figure  7.  Step  structures  in  temperature  and  salinity  profiles  as  observed  in  the  C-SALT 
experiment  off  Barbados  Boyd  and  Perkins,  1987). 

response  to  hurricanes  (Martin,  1982;  Price,  1981).  Figure  9  shows  one  such  study  for  hurricane 
Eloise  that  occurred  in  the  Gulf  of  Mexico.  A  comparison  is  shown  between  the  predicted  and 
measured  u  and  v  velocity  components.  The  measurements  were  made  by  the  NDBO  buoy  EB-10. 
Both  phase  and  amplitude  show  agreement  with  data  with  some  slight  differences. 

A  system  to  predict  regional  mesoscale  behavior  has  been  developed  by  the  Harvaid  University 
group  (Robinson  et  al.,  1986).  The  dynamical  model  is  initialized  from  field  survey  data  and  is 
forced  by  observed  boundary  conditions.  Data  can  be  assimilated  into  the  model.  The  boundary 
conditions  play  a  crucial  role  in  the  forecast  Figure  10  displays  dynamical  simulations  of  the 
California  Current  with  such  a  system.  Note  that  on  day  14,  the  simulation  with  the  boundary 
condition  obtained  by  linear  interpolation  of  the  measurements  gives  agreement  with  the  data.  The 
persistence  boundary  conditions  leads  to  substantial  deviations  from  the  actual  observed  state. 

At  present  a  capability  has  been  developed  to  predict  various  environmental  parameters  in 
conjunction  with  a  real-time  upper  ocean  nowcasting  system  that  is  operational  at  FNOC  (Fleet 
Numerical  Oceanographic  Center)  (Qancy  and  Poliak,  1983).  Other  prediction  systems  and 
approaches  for  describing  environmental  parameters  of  interest  exist  in  research  environments. 
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Figure  8.  Mixed  layer  simulation  with  different  models  at  weather  ship  November  in  the  Pacific 
(Martin,  1985). 
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Figure  9.  The  mixed  layer  development  under  Hurricane  Eloise  (Martin,  1982). 

The  one  that  we  are  focusing  on  has  the  advantageous  feature  of  being  run  operationally  every  day 
in  conjunction  with  an  objective  analysis  of  all  available  data  for  the  world's  oceans.  This  system, 
called  TOPS  (thermodynamic  ocean  prediction  system)  (Qancy  and  Martin,  1981),  encompasses  a 
mixed  layer  model  (formulated  as  a  three-dimensional  boundary  layer  model  for  the  upper  ocean), 
prognostic  Ekman  and  inertial  velocities  (predicted  by  the  mixed  layer  model),  and  a  geostrophic 
velocity  (provided  by  a  diagnostic  calculation  or  a  prognostic  forecast).  The  equations  of  this 
model  (Wam-Vamas  et  al.,  1984)  take  the  form 
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where  T  is  the  temperature,  S  the  salinity,  u  and  v  the  x-  and  y-components  of  the  current  velocity 
(the  X  and  y  horizontal  coordinates  are  defined  relative  to  the  grid),  w  the  z-component  of  the 
current  velocitj',  F  the  downward  flux  of  solar  radiation,  rw  a  reference  density,  c  the  specific  heat 
of  seawater,  D  a  damping  coefficient,  v  a  diffusion  coefficient,  f  the  Coriolis  parameter,  A  the 
horizontal  eddy  diffusion  coefficient,  t  the  time,  and  z  the  vertical  coordinate  (positive  upward  from 
the  level  sea  surface).  Ensemble  means  are  denoted  by  an  oveibar  and  primes  indicate  departure 
from  these  means.  The  quantities  ua,  va  ate  the  x-,  y-,  and  z-  components  of  an  advection  current, 
which  will  be  defined  subsequently. 

The  advective  terms  are  retained  in  the  temperature  and  salinity  equations  and  neglected  in  the 
momentum  equations  on  the  basis  of  scale  analysis  (Haney,  1974).  Such  an  analysis  shows  that 
the  advective  terms  in  the  thermal  energy  equations  are  of  order  unity,  while  the  advective  terms  in 
the  momentum  equations  are  of  the  order  of  the  Rossby  number.  Since  the  Rossby  number  is  verj 
small  in  most  regions  of  the  open  ocean,  the  advective  terms  are  dropped  in  the  momentum 
equations. 

Because  there  are  no  horizontal  pressure  gradient  terms  in  Eqs.  (3)  and  (4),  u  and  v  represent  the 
wind-drift  components  of  the  current.  Neglect  of  horizontal  pressure  gradients  here  is  motivated  by 
the  fact  that  geostrophic  currents  generally  do  not  play  an  important  role  inside  the  mixed- layer 
region  which  is  the  issue  of  most  concern  in  this  study. 

The  terms  involving  the  damping  coefficient  D  in  Eqs.  (3)  and  (4)  represent  th.e  drag  force  caused 
by  the  radiation  stress  at  the  base  of  the  mixed  layer  associated  with  the  propagation  of  internal 
wave  energy  downward  and  away  from  the  wind-forced  region  (Pollard  and  Millard,  1970;  Niiler 
and  Kraus,  1977)]  The  terms  involving  v  in  Eqs.  (l)-(4)  account  for  very  weak  "background" 
eddy  diffusion  (due  to  intermittent  breaking  of  internal  waves,  for  example)  that  exists  below  the 
mixed  layer.  We  take  D  =  0.1  day^  and  v  =  0.1  cm2  g-l  and  note  that  these  values  are  within  the 
range  of  estimates  for  these  quantities. 
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Figure  10.  Example  of  a  mesoscale  ocean  prediction  experiment  in  the  California  Current  (Robinson 
et  al.,  1986). 


The  Level'2  turbulence  closure  theory  of  Mellor  and  Yamada  (1974)  is  used  to  parameterize  the 
vertical  eddy  fluxes  of  temperature,  salinity,  and  momentum.  This  turbulence  model  has  been 
described  in  a  number  of  papers  (Mellor  and  Durbin,  1975;  Qancy  aitd  Martin,  1981)  and  will  not  be 
presented  here.  Its  energetics  are  essentially  the  same  as  those  of  Pollard  et  al.  (1973)  and  Thompson 
(1976),  with  the  increase  in  potential  energy  during  mixed-layer  deepening  due  to  the  buoyancy 
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flux  at  the  layer  base  balanced  locally  by  mean  flow  shear  generation  minus  viscous  dissipation  of 
turbulent  kinetic  energy. 

The  horizontal  eddy  diffusion  coefficient  A  is  simply  taken  to  be  equal  to  a  constant  value  of 
10^  cm2  s*^,  and  the  divergence  of  the  solar  radiation  flux  is  based  on  the  data  of  Jerlov  (1968)  for 
seawater  optical  type  lA. 

A  vertically  stretched  grid  of  17  points,  extending  from  the  level  sea  surface  to  500  m  depth,  is  used 

in  the  model.  The  horizontal  grid,  on  which  T,  S,  u,  v,  and  wa  are  defined,  is  a  rectangular  subset 
of  the  standard  FNOC  63  x  63  Northern  Hemisphere  Polar  Stereographic  Grid. 

The  current  used  to  advect  the  temperature  and  salinity  is  given  by 


ua  =  ui  +  ug*,  va  =  Vi  +  vg*,  wa  =  wi 


(5) 


where  Ui  and  vi  are  the  x-  and  y-components  of  the  instantaneous  wind-drift  current,  wi  is  the 
vertical  component  of  the  cuirent  resulting  from  the  divergence  of  ui  and  vi,  and  ug*  are  vg*  arie  the 
components  of  a  divergence-free  geostrophic  current. 

The  system  TOPS  provides  information  on  the  following  environmental  parameters:  (a)  Ekman  and 
Inertial  shears,  (b)  temperature  and  salinity  profiles,  (c)  Brunt-Vaisala  frequency,  (d)  Richardson 
number,  (e)  mixed  layer  depth,  and  (f)  eddy  coefficients 

We  have  analyzed  the  archived  forecasts  of  the  TOPS  prediction  system  for  the  year  1987.  The 
analysis  for  environmental  parameters  was  performed  at  eight  former  ocean  station  locations. 

Figure  1 1 ,  with  four  locations  each  in  the  Pacific  and  the  Atlantic,  respectively.  Figure  12  shows 
the  monthly  averaged  mixed  layer  depth  at  the  eight  stations.  Observe  the  almost  simultaneous  spring 
shallowing  around  the  May-June  period,  and  the  more  diverse  fall  deepening.  Another 
striking  feature  of  these  results  is  the  much  deeper  winter  values  of  the  MLD  (mixed  layer  depth)  in 
the  Atlantic  than  in  the  Pacific,  due  to  the  presence  of  a  halocline  in  the  latter  than  tends  to  inhibit 
deep  mixing  in  the  winter.  Figure  13  exhibits  the  simulated  seasonal  shear  at  ocean  station  Papa  in 
the  Atlantic.  Note  tliat  the  maximum  shear  occurs  in  the  summer.  This  happens  because  during  the 
summer  the  mixed  layer  is  shallow  and  contains  the  momentum  generated  by  the  atmospheric 
forcing  at  the  surface  (in  the  winter  the  momentum  is  contained  in  a  deeper  mixed  layer). 

CONCLUSION 

We  advocate  the  use  of  upper  ocean  and  mesoscale  models  to  provide  the  deterministic  part  of  the 
forecast  of  the  environmental  parameters.  There  are  aspects  of  internal  wave  statistics  and  their 
non-staiionarity  which  can  be  predicted  by  thermodynamic  and  hydrodynamic  models  of  ocean 
circulation.  Figure  14  elucidates  the  proposed  approach.  Internal  wave  activity  depends  on  Brunt- 
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Figure  11.  Locations  of  the  three  weather  ships  and  one  TOPS  model  grid  in  the  North  Pacific,  and 
of  the  4  weather  ships  in  the  North  Atlairtic,  where  XBT  observations  and  routine  model 
predictions  have  been  carried  out  with  me  TOPS  operational  3-D  mixed  layer  model. 


Vaisala  frequency  times  a  non-dimensional  parameter  (Briscoe  and  Weller,  1984;  Rubenstein, 
1984).  Thus  the  model  -forecasted  Brunt- Vaisala  frequency  will  enable  us  to  calculate  the  internal 
wave  activity. 

Furthermore,  we  propose  to:  (a)  collect  statistics  on  internal  wave  and  fine  stmcture,  (b)  determine 
the  critical  environmental  parameters  on  which  the  statistics  depend,  and  (c)  use  the  statistical 
empirical  relations  together  with  the  model  forecast  to  detemiine  the  environmental  parameters  of 
interest  in  terms  of  the  mean  and  the  deviations. 
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Figure  12.  The  average  mixed  layer  depth  (MLD)  at  the  8  locations  illustrated  in  Figure  1 1  for  the 
year  1985,  as  obtained  by  the  operational  model  TOPS  forced  by  GCM  fluxes  and  updated  by 
analyzed  temperature  fields  using  all  available  XBTs  (Piacsek  et  al.,  1988). 
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Figure  13.  ITie  maximum  vertical  shear  at  the  eight  locations  illustrated  in  Figure  1 1  for  the  year 
1985,  as  obtained  by  the  operational  model  TOPS  forced  by  GCM  fluxes  and  updated  by  analyzed 
temperature  fields  using  all  available  XBT's  (Piacsek,  1988). 


MEAN  S**2  (E-5  SEC**-2) 

0  5  10  1.5 


Oceanic  Background  and  Modeling  Internal  Waves 


DZ  =  6  M 


o 


05  I  2  5  10  20  50 

BRUNT- VAISALA  FREQUENCY  fcphj 

Figure  14.  (a)  The  mean-square  shear  across  6m  intervals  vs.  BV  frequeney  during  period  1  (31 
July  to  9  August  1978)  and  period  2  (23  Aug  to  6  Sept  1978)  (Rubinstein,  1984). 

(b)  Profiles  of  inertial  and  high-frequeney  internal  wave  energy  together  with  the  BV  profile  for 
October  1982  in  the  Hatteras  abyssal  plain,  showing  the  WKB  scaling  of  energy  (Briscoe  and 
WeUer,  1984). 
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Oceanic  internal  gravity  waves  span  a  range  between  mesoscale  eddies  and  small-scale 
turbulence,  providing  an  important  link  in  the  overall  energy  cascade  from  the  large 
scales  of  generation  to  the  small  scales  of  dissipation.  To  discuss  progress  at 
understanding  internal-wave  dynamics,  the  sixth  'Aha  Huliko'a  Hawaiian  Winter 
Workshop  brought  together  oceanographers  and  meteorologists.  Conclusions  of  the 
workshop  are 

•  Considerable  progress  is  being  made  in  predicting  the  diapycnal  mixing  rates 
associated  with  the  shear  instability  of  small-scale  internal  waves  (Figure  1). 

•  Large-scale  internal  waves  are  forced  by  the  atmosphere  and  (possibly)  other 
oceanic  flows.  These  waves  are  the  most  energetic  and  can  propagate  over 
distances  of  0(1000  km). 

•  Intermediate-scale  waves  couple  the  large-scale  waves  to  the  scale  waves  by  a 
spectral  cascade.  There  exist  a  good  kinematic  description  of  these  waves  (Garrett- 
Munk  model)  and  a  reasonable  account  of  their  dynamics  (nonlinear 
interactions). 

•  It  is  timely  to  proceed  toward  a  global  model  to  predict  the  internal  wave  field  and 
diapycnal  mixing. 

This  report  discusses  these  conclusions  in  more  detail. 

Parameterization  of  Dissipation 

Gregg  (1989)  suggested  a  parameterization  of  the  rate  of  kinetic  energy  dissipation  in 
terms  of  the  internal-wave  10-m  vertical  shear  and  the  buoyancy  frequency,  which  is 
consistent  with  McComas  and  Muller's  (1981)  and  Henyey  et  al.'s  (1986)  theoretical 
predictions  of  the  energy  cascade  rate  to  high  wavenumbers.  This  parameterization  has 
considerable  skill  even  in  complex  environments,  as  seen  in  Figure  2,  which  compares 
predicted  with  observed  dissipation  rates  in  the  Florida  Straits  (M.  Gregg).  Also,  the  large 


Figure  1.  Visualization  of  an  internal  wave  packet  breaking  at  a  critical  level.  Shown  are 
four  isopycnal  surfaces  from  a  numerical  simulation  in  which  a  wave  packet  propagates 
downward  through  a  horizctal  shear  flow  U(z)  and  encounters  a  critical  level  z^.  Near 
regions  of  high  shear  and  overturned  isopycnals  develop.  The  wave  eventually  "breaks", 
owing  to  a  three-dimensional  instability.  The  results  of  this  and  other  simulations  are 
being  used  to  investigate  diapycnal  mixing  in  the  deep  ocean.  (Figure  courtesy  of  Winters 
and  D'Asaro,  Applied  Physics  Laboratory,  University  of  Washington.) 


diapycnal  diffusivity  inferred  from  a  tracer  experiment  in  the  Santa  Monica  Basin 
implies  an  elevated  level  of  internal-wave  shear  that  was  indeed  found  (M.  Gregg, 

E.  Kunze).  On  the  other  hand,  Gregg's  scaling  law  has  been  questioned  by  Gargett  (1990) 
and  regions  exist  where  the  scaling  is  not  observed,  such  as  the  Yermak  Plateau  in  the 
Arctic  Ocean  where  dissipation  rates  much  higher  than  predicted  have  been  found 
(L.  Padman). 


The  observed  scaling  of  the  dissipation  rate  in  terms  of  internal-wave  parameters  provides 
a  stringent  test  of  nonlinear  wave-wave  interaction  theories. 
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Longitude  (minutes  along 

Figure  2.  Contours  of  normalized  kinetic  energy  dissipation  rate  along  a  section  through 
the  Florida  straits  (along  28°  N  from  West  Palm  Beach  to  Little  Bahama  Bank).  In  the 
interior,  the  observed  rates  <e>  are  comparable  to  the  rates  <e,w>,  which  are  inferred  from 
internal  wave  parameters  using  Gregg’s  (1989)  scaling  law.  The  higher  values  around  the 
periphery  are  likely  due  to  interactions  with  topography.  (Courtesy  of  M.  Gregg,  University 
of  Washington.) 


The  Saturation  Range 

Existing  parameterizations,  such  as  that  of  Gregg  (1989),  bridge  the  gap  from  small-scale 
internal  waves  of  0(10  m)  wavelengths  to  the  dissipation  scales  in  the  centimeter  range 
(Figure  3).  Considerable  progress  has  been  made  in  describing  these  small-scale  internal 
waves,  which  are  not  represented  by  the  Garrett  and  Munk  spectral  model.  First,  a 
universal  "saturation"  range  with  a  -1  spectral  slope  in  the  shear  or  strain  spectra  is 
observed  between  the  roll-off  wavenumber  and  the  Ozmidov  or  buoyancy  wavenumber 
m^.  The  spectral  level  is  proportional  to  the  buoyancy  frequency  N  squared.  Above  and 
below  this  saturation  range,  the  spectrum  is  much  more  variable.  Second,  the  low 
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Figure  3.  Schematized  vertical  wavenumber  spectra  of  the  vertical  shear  of  internal 
gravity  waves  in  the  ocean,  troposphere,  stratosphere,  and  mesosphere,  scaled  to  a  common 
value  of  the  buoyancy  frequency  N.  The  wavenumber  power  law  ranges  are  indicated.  The 
transitional  wavenumbers  for  the  ocean  are  the  bandwidth  m’,  the  cut-off  or  roll-off 
wavenumbers  the  buoyancy  or  Ozmidov  wavenumber  mu  =  and  the 

Kolmogorov  dissipation  wavenumber  mn  =  with  e  being  the  kinetic  energy 

dissipation  rate  and  the  molecular  viscosity  u.  The  analogous  wavenumbers  for  the  tropo-, 
strato-,  and  mesosphere  are  indicated  by  superscripts  t,  s  and  m,  respectively.  The  oceanic 
spectrum  consists  of  a  large-scale  part  (m  <  m*)  which  is  not  well  established,  an 
intermediate-  scale  part  (m*  <  m  <  mj  which  is  well  described  by  the  Garrett  and  Munk 
spectral  model,  a  small-scale  or  "saturation"  range  between  and  Wb  with  a  -1  slope, 
and  an  inertial  and  viscous  dissipation  range  for  m  >  mo.  The  variability  of  the  spectrum 
is  indicated  by  the  shading.  The  "saturation"  range  is  much  less  variable  than  the  other 
ranges.  The  atmospheric  spectra  also  show  a  saturation  range  with  the  same  spectral  slope 
and  level  as  the  oceanic  spectra.  The  line  NVm  represents  theoretical  predictions  by 
Lumley  (1964)  and  Holloway  (1983)  for  buoyant  turbulence  or  nonlinear  wave 
interactions. 
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wavenumber  (m  <  mj,  i.e.,  Garrett  and  Munk,  spectral  level  and  the  roll-off  wavenumber 
/ttu  vary  in  such  a  way  as  to  maintain  the  universal  saturation  range  (M.  Gregg).  Third, 
the  probability  distribution  function  of  the  observed  strain  field  is  well  represented  by  a 
gamma  distribution.  Moments  at  different  scales  are  thus  related  to  a  single 
(dimensional)  parameter  (R.  Pinkel). 

Atmospheric  spectra  have  also  been  included  in  Figure  3  because  they  share  the 
"saturation"  slope  and  spectral  level.  Atmospheric  gravity  waves  are  generated  at  low 
altitudes  by  topography  and/or  convection.  When  these  waves  propagate  upward  their 
amplitudes  increase  due  to  the  decrease  in  density,  and  the  wave  spectrum  slides  along  the 
-1  slope  and  "saturates"  at  the  roll-off  wavenumber  (D.  Fritts).  Figure  1  shows  that 
atmospheric  gravity  waves  are  a  narrow-band  process  with  a  peak  at  m^,  whereas  oceanic 
internal  waves  represent  a  broad-band  process  with  a  roll-off  at  nta.  Also,  atmospheric 
gravity  waves  have  shorter  lifetimes  than  oceanic  waves,  and  dissipation  rates  are  higher 
in  the  atmosphere  than  in  the  ocean. 

Resonant  or  eikonal  wave-wave  interaction  calculations  predict  only  the  energy  transfer 
from  low  wavenumbers  to  the  roll-off  wavenumber  mu,  not  the  energy  transfer  across  the 
"saturation"  range  to  the  dissipation  wavenumbers.  The  classical  "buoyancy  subrange" 
theory  of  Lumley  (1964)  predicts  the  observed  AT-'/m  spectral  form  on  the  premise  that  the 
buoyancy  flux  term  is  dominant  in  the  turbulence  kinetic  energy  equation.  The  same 
spectrum  is  also  predicted  by  Holloway  (1983)  who  assumes  that  strong  wave-wave 
nonlinearities  transfer  kinetic  and  potential  energy  nearly  independently  to  high 
wavenumbers.  For  the  atmosphere  a  wave  theory  has  been  advanced  that  ascribes  the 
"saturation"  range  to  random  refractive  broadening  of  an  upward  propagating  band- 
limited  wave  field  (C.  Hines).  This  wave  theory  also  reproduces  the  observed  spectral  slope 
and  level.  On  the  other  hand,  rapid  changes  of  the  atmospheric  spectrum  during  vertical 
propagation  suggest  that  wave  breaking  may  occur  at  "saturation"  scales  (D.  Fritts).  In  the 
ocean,  structures  at  "saturation"  scales  often  persist  for  many  buoyancy  periods;  this  is 
indicative  of  wave  rather  than  turbulent  dynamics  (R.  Pinkel).  The  distinction  between 
wave  and  turbulent  processes  may  be  one  of  degree.  Numerical  simulations  show  a  smooth 
transition  from  wave  refraction  to  vigorous  overturning  with  increasing  Froude  number 
(D.  Ramsden). 

Diapycnal  Mixing 

Internal  wave  theory  predicts  the  energy  flux  to  mixing  scales;  observations  provide  the 
kinetic  energy  dissipation  rate.  Additional  assumptions  are  needed  to  infer  the  diapycnal 
mixing  rate.  Traditionally,  diapycnal  mixing  is  inferred  from  the  buoyancy  flux,  which 
is  assumed  to  be  equal  to  the  dissipation  rate  multiplied  by  a  mixing  efficiency  factor. 
Therefore,  to  infer  mixing  rates  from  internal  wave  parameters  one  needs  to  quantify  the 
mixing  efficiency.  An  increasingly  useful  tool  to  address  this  problem  is  direct  numerical 
simulation.  Both  visualization  of  the  flow  field  (D.  Siegel,  K.  Winters)  and  diagnosis  of 
the  dynamics  are  now  possible.  It  appears  that  spatial  separation  of  sources  and  sinks, 
which  clearly  occurs  in  the  ocean,  affects  the  dynamical  balances  and  must  be  taken  into 
account  (D.  Ramsden).  Multiple  scale  interactions  and  separated  source  and  sink  regions 
require  extreme  numerical  resolution.  To  infer  mixing  rates  one  must  also  carefully 
separate  changes  in  available  and  base-state  potential  energy  (K  Winters). 
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Overall,  present  observations  and  theory  indicate  a  typical  diapycnal  diflfusivity  near 
10  ®  m^S’'  in  the  upper  ocean  and  thermocline,  with  much  larger  values  in  some  areas  due  to 
local  wave  generation  (L.  Padman),  storm-induced  mixing  (C.  Eriksen),  or  double 
diffusive  processes  (M.  Gregg).  This  value  is  generally  consistent  with  estimates  from 
inverse  models,  although  in  some  places  these  estimates  are  subject  to  great  uncertainties 
due  to  incorrect  formulation  and  neglect  of  the  nonlinearities  in  the  equation  of  state 
(T.  McDougall). 

Whereas  the  internal  wave-induced  diapycnal  diffusivity  that  describes  the  fluxes  of 
buoyancy  and  tracers  across  isopycnals  is  being  quantified,  there  is  little  information 
about  the  internal  wave-induced  diapycnal  viscosity  that  describes  the  momentum  flux 
across  isopycnals.  Indeed,  even  the  sign  of  the  internal  wave  or  "eddy"  Prandtl  number  is 
subject  to  dispute.  There  is  also  little  information  about  isopycnal  transports  induced  by 
internal  waves. 

Boundary  and  Abyssal  Mixing 

Several  distinct  regions  of  mixing  can  be  identified  in  the  ocean  (C.  Garrett).  In  the 
ventilated  part  of  the  thermocline,  vertical  transport  is  primarily  caused  by  advection 
along  isopycnals,  and  diapycnal  mixing  of  0(10®  m^s  ')  might  perhaps  be  secondary.  Most 
of  our  measurements  are  from  this  region  or  from  the  even  more  variable  upper  ocean.  In 
contrast,  in  the  unventilated  abyssal  ocean  mixing  processes  are  likely  to  be  more 
important.  There  are  few  internal-wave  measurements  in  the  deep  ocean.  The  few  that 
have  been  made  indicate  that  the  spectral  distribution  of  internal-wave  energy  might  be 
different  there  (T.  Sanford).  Characteristics  of  the  internal-wave  field  in  shallow  seas 
have  also  not  been  established  yet. 

A  special  mixing  regime  may  occur  in  the  vicinity  of  benthic  boundaries.  Understanding 
such  boundary  mixing  is  important  for  the  parameterization  of  mixing  and  the 
formulation  of  boundary  conditions  in  large-scale  numerical  models.  Internal  waves 
might  play  a  very  important  role  in  boundary  mixing  because  both  the  reflection  at  critical 
angle  slopes  (Eriksen,  1985)  and  the  scattering  at  rough  bottom  topography  (N.  Xu)  result  in 
a  transfer  of  energy  to  high  wavenumber  waves  that  are  more  likely  to  break  and  mix.  A 
careful  search  for  signatures  of  critical  angle  reflection  at  two  locations  has  yielded 
frustratingly  ambiguous  results  (D.  Gilbert). 

The  stratification  of  water  mixed  at  the  boundary  is  a  key  factor  in  determining  how 
efficiently  the  surrounding  ocean  is  mixed.  Simple  models  have  been  developed  for  the 
restoration  of  stratification  by  buoyancy-driven  secondary  flows  and  for  the  net  buoyancy 
flux  (C.  Garrett). 

Potential  Vorticity 

Potential  vorticity  is  a  conserved  quantity  that  is  not  carried  by  internal  gravity  waves. 
Theoretically  we  expect  non-wave  motions,  often  called  "vortical"  motions,  to  carry 
potential  vorticity  at  internal-wave  scales.  Vortical  motions  can  interact  with  internal 
waves  (J.  Riley)  and  may  thus  affect  the  internal-wave  field.  Potential  vorticity 
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conservation  expresses  the  invariance  of  fluid  motion  under  fluid  particle  relabeling.  A 
formulation  of  the  equations  of  motion  in  terms  of  truncated  Hamiltonian  equations  that 
exhibit  this  invariance  has  been  achieved  (H.  Abarbanel). 

Attempts  to  observe  small-scale  potential  vorticity  carrying  motions  have  yielded 
ambiguous  results.  Analysis  of  IWEX  data  shows  an  excess  of  vertical  relative  vorticity  at 
25  m  horizontal  separation  above  that  expected  for  internal  waves  but  no  such  excess  at  250 
m  (R.  C.  Lien).  Analysis  of  data  taken  downstream  of  Ampere  Seamount  shows  no 
contribution  to  potential  vorticity  fluctuations  from  relative  vorticity  but  only  from  vortex 
stretching  (E.  Kunze). 

Much  of  the  velocity  and  density  finestructure  often  attributed  to  vortical  motion  can  be 
explained  equally  well  as  distortions  of  an  internal-wave  field  that  is  vertically  advected 
and  strained.  The  use  of  vertically  Lagrangian  (isopycnal  following)  coordinates  that 
eliminate  the  effects  of  vertical  advection  might  simplify  the  kinematical  description  and 
dynamical  evolution  of  internal  waves  (F.  Henyey). 

Forcing 

Various  sources  have  been  suggested  for  the  oceanic  internal-wave  field.  Fluctuations  in 
the  windstress  excite  mixed-layer  inertial  oscillations  and  a  large  fraction  of  energy  from 
these  oscillations  penet.  ates  the  ocean  as  near  inertial,  low-modenumber  internal  waves. 
Although  the  details  of  this  process  can  be  complicated  by  mesoscale  eddies  and  storm- 
induced  mixing  (C.  Eriksen)  there  is  little  reason  to  doubt  that  windstress  fluctuations  are 
a  major  source  of  large-scale  internal  waves  (E.  D'Asaro). 

Internal  waves  of  tidal  frequency  are  commonly  observed  in  the  ocean  and  may  also  be  a 
major  energy  source.  Several  clear  examples  of  generation  by  the  barotropic  tide  have  been 
found.  However,  the  amplitude  and  propagation  direction  of  the  internal  tide  are  highly 
variable  and  this  variability  is  not  well  understood  (M.  Levine). 

Surface  waves  have  also  been  suspected  as  being  a  source  for  internal  waves.  Recent 
calculations  (K.  Watson)  show,  however,  that  surface  waves  draw  energy  from  the  high- 
frequency,  low-modenumber  internal-wave  field,  except  during  periods  of  very  strong 
surface  waves.  These  energy  transfers  indicate  that  imbalances  between  the  internal  and 
surface  wave  fields  may  relax  rapidly. 

Despite  the  large  energy  contained  in  mesoscale  low  frequency  motions  there  is  little 
evidence  that  these  motions  are  a  major  source  of  energy  for  the  internal-wave  field. 
Refraction  and  the  resulting  trapping  of  waves  in  frontal  or  eddy  features  can  lead  to 
strong  localized  wave  dissipation  and  mixing  (Kunze,  1985).  Similar  interactions  in  a 
weaker  eddy  field  have  been  predicted  to  result  in  a  net  energy  flux  from  the  eddy  field  to 
the  internal-wave  field  (Watson,  1985).  Recently,  radiation  of  internal  waves  from  newly 
formed  small  coherent  eddies  has  been  observed  (T.  Sanford,  R.  Pinkel). 
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A  Global  Internal  Wave  Model 

Sufficient  progress  in  theory  and  observations  has  been  made  to  outline  the  structure  of  a 
global  model  to  predict  the  internal-wave  field  and  diapycnal  mixing.  Such  a  model  would 
follow  the  propagation  of  large-scale  internal  waves  from  their  sources,  with  transfer  of 
energy  across  the  time-variable  Garrett  and  Munk  spectrum  to  its  local  dissipation.  To 
achieve  the  understanding  of  the  physics  necessary  for  the  construction  of  such  a  model  the 
following  issues  need  to  be  addressed: 

•  Generation:  Wind  and  t-des  may  be  sufficient  to  drive  the  global  internal- 
wave  field.  The  wind  so  arce  function  is  limited  by  the  resolution  of  wind  data 
and  the  accuracy  of  tht  drag  coefficient.  Nevertheless,  the  general  spatial 
distribution  and  seasonal  cycle  can  perhaps  be  estimated  from  current 
operational  weather  products.  Presently,  we  have  less  confidence  in  the 
construction  of  the  source  function  for  internal  tides. 

•  Propagation:  Estimates  of  the  mean  free  path  from  group  velocity  and 
nonlinear  interaction  rates  indicate  that  wind-generated,  large-scale  waves 
propagate  significant  distances,  0(1000  km),  from  their  sources  (E.  D'Asaro, 

E.  Hirst).  The  generation  and  propagation  of  large-scale  waves  might  thus  be  a 
basically  linear  problem  (D.  Rubenstein)  and  can  perhaps  be  modeled  by  ray 
tracing.  The  interaction  of  these  large-scale  waves  with  topography  and  the 
mesoscale  eddy  field  remain  challenging  research  areas. 

•  Spectral  Transfer:  We  anticipate  that  resonant  interaction  theory  will  predict 
the  transfer  of  energy  from  the  propagating  large-scale  waves  to  the  Garrett  and 
Munk  spectrum  with  sufficient  accuracy  (E.  Hirst).  The  necessary 
calculations  have  not  yet  been  done  for  a  highly  directional  wave  field.  Energy 
transfer  by  scattering  at  topography  is  probably  important  as  well,  but  has  also 
not  been  investigated  yet.  The  subsequent  energy  transfer  across  the  Garrett 
and  Munk  spectrum,  its  spectral  shape,  and  the  final  dissipation  and  diapycnal 
mixing  rate  will  be  controlled  by  more  highly  nonlinear  interactions.  To  test 
the  accuracy  of  nonlinear  intereaction  theory,  comparisons  with  direct 
numerical  simulations  need  to  be  carried  out. 

•  Dissipation:  We  also  anticipate  that  present  research  linking  dissipation  and 
its  associated  mixing  to  internal-wave  parameters  at  the  roll-off  wavenumber 
mu  will  converge  on  a  parameterization  with  significant  skill.  This  area 
remains  a  high  priority  for  research  since  it  will  likely  result  in  the  ability  to 
estimate  diapycnal  mixing  from  routine  internal  wave  measurements. 
However,  such  measurements  alone  will  be  insufficient  to  prescribe  mixing 
rates  in  large-scale  models.  A  global  internal  wave  model  is  needed. 

To  make  progress  on  these  issues  requires  coordinated  theoretical  and  observational 
studies  of  specific  processes.  We  suggest  as  priority  issues  the  quantification  of  internal- 
wave  sources,  of  the  propagation  of  large-scale  waves  from  their  sources,  and  of  the 
transfer  of  energy  from  these  waves  to  the  rest  of  the  spectrum. 
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Direct  numerical  simulation  will  be  a  powerful  tool  in  this  effort.  Although  the  dynamics 
are  clearly  three-dimensional  (3D),  some  processes  might  be  modeled  in  two  dimensions 
(2D,  vertical  plane)  affording  higher  resolution.  By  careful  intercomparison  of  2D  and  3D 
models,  the  range  of  applicability  of  2D  can  be  addressed  (D.  Ramsden). 

Observationally,  the  measurement  of  the  directional  spectrum  of  large-scale  waves 
requires  techniques  that  integrate  vertically  (oi  horizontally).  Acoustics  is  a  natural 
candidate  for  this  (T.  Ewart).  Measuring  the  directionality  of  large-scale  waves  away 
from  obvious  sources  may  yield  clues  about  the  location  of  sources. 

Finally,  comparison  of  data  and  model  prediction  might  require  multivariate  analysis  to 
arrive  at  definite  conclusions  (C.  Frankignoul).  Actual  predictive  models  will 
undoubtedly  also  need  to  be  integrated  with  models  of  other  oceanic  processes  that  affect  the 
internal-wave  field  (A.  Warn-Varnas). 


Conclusions 

Internal  waves  and  their  effect  on  larger  scales  remain  a  basic  and  important  issue. 
Recent  progress  suggests  that  we  have  the  tools  and  conceptual  framework  to  predict 
diapycnal  diffusivities  globally  in  the  not  too  distant  future.  Such  optimism  is  not 
warranted  for  the  prediction  of  internal-wave  induced  momentum  fluxes  and  isopycnal 
dispersion.  In  these  problems  the  vortical  mode  may  turn  out  to  be  important.  Present 
understanding  is  focused  on  the  upper  ocean  and  thermocline.  We  are  less  clear  about 
internal-wave  behavior  in  shallow  seas,  the  abyss  and  near  boundaries. 
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